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Overview
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Overview

Tomography is the mathematics, science, and engineering
used to reconstruct internal information about an object from
indirect data.

@ X-ray Computed Tomography (X-ray CT) reconstructs the
internal structure of the body from X-ray images.
Advantages: Fast, accurate, excellent with bone, lungs, etc., and
for nondestructive testing.

@ Thermoacoustic Tomography (TAT) uses radio waves (PAT:
laser light) to indirectly image a small part of the body
(more later).

Advantages: Is sensitive to tumors in soft tissue, can combine
the resolution of ultrasound with contrast of EM imaging.

@ Motion-Compensated CT: CT when the body moves during
the scan. Tufts



Limited Data Tomography: When some data are missing. J
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Example:

@ Limited angle X-ray CT [A. Louis, X. Pan, G. Wang. . . ]
the scanner cannot move all the way around the object—it

images the object from lines in a limited range of directions.

Where: Dental CT, ~electron microscope tomography.
Limited angle data over “somewhat” vertical lines.
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Limited Data Tomography: When some data are missing.
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Example:

@ Limited angle X-ray CT [A. Louis, X. Pan, G. Wang. . . ]
the scanner cannot move all the way around the object—it

images the object from lines in a limited range of directions.

Where: Dental CT, ~electron microscope tomography.
Limited anale data over “somewhat” vertical lines.
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~Horizontal lines are missing.




Goals of this talk:

@ Determine what features of the body will be easy to
reconstruct from limited CT data, and which will be difficult.
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Goals of this talk:

@ Determine what features of the body will be easy to
reconstruct from limited CT data, and which will be difficult.

@ Understand, geometrically, how this depends on the data.
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The Model of X-ray CT

f a function in the plane representing the density of an object
L a line in the plane over which the photons travel.
The X-ray (Radon) Line Transform:

Tomographic Data ~ Rf(L) = J f(x)ds
xel

—The ’amount’ of material on the line the X-rays traverse.
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The Model of X-ray CT and the Goal

f a function in the plane representing the density of an object
L a line in the plane over which the photons travel.
The X-ray (Radon) Line Transform:

Tomographic Data ~ Rf(L) = J f(x)ds

XxelL

—The ’amount’ of material on the line the X-rays traverse.

The goal: Recover a picture of the body (values of f(x)), from
X-ray CT data over a finite number of lines. J
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The Model of X-ray CT and the Goal

f a function in the plane representing the density of an object
L a line in the plane over which the photons travel.
The X-ray (Radon) Line Transform:

Tomographic Data ~ Rf(L) = J f(x)ds

XxelL

—The ’amount’ of material on the line the X-rays traverse.

The goal: Recover a picture of the body (values of f(x)), from
X-ray CT data over a finite number of lines. J

With complete data (lines throughout the object in fairly evenly
spaced directions), good reconstruction methods exist (e.g.,
Filtered Backprojection [Natterer, Natterer-Wubbling]).
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Parallel Beam Geometry (~fan beam but simpler):
The angle: ¢ € [0,27], 6(p) = (cos(y),sin(y))

The line over which X-rays travel: L(p,p) is the line
perpendicular to ¢ and p units from the origin (in opposite
direction if p < 0)

L(¢ .p)
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Parallel Beam Geometry (~fan beam but simpler):
The angle: ¢ € [0,27], 6(p) = (cos(y),sin(y))

The line over which X-rays travel: L(p,p) is the line
perpendicular to ¢ and p units from the origin (in opposite
direction if p < 0)

L(¢ .p)

The object: fis the density function of an object in the plane.

Tomographic data: Rf(p,p) = f(x)ds is given when
xel(p,p)
X-rays travel along the line L(y, p). Tufts



Limited Angle Tomography, o~ '[—7 /4, 7/4]

Brain phantom (left) [radiopedia.org], FBP reconstruction [Frikel, Q 2013]
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Limited Angle Tomography, o~ '[—7 /4, 7/4]

Brain phantom (left) [radiopedia.org], FBP reconstruction [Frikel, Q 2013]
@ Which features of the object are visible in the reconstruction?
Which are invisible? Tufts
@ Are there added artifacts? Hac



@ The features of the object are (partly) characterized by the
singularities of the object.
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@ The features of the object are (partly) characterized by the
singularities of the object.

© What are singularities?

The function
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Big Question

@ The features of the object are (partly) characterized by the
singularities of the object.

© What are singularities?

e Practically: Density jumps, boundaries between regions,
discontinuities of f.
e Mathematically: Where the function is not C* smooth.

oo()

The function Its singularities (sing. supp.) Tufts



Find line integrals Rf over vertical lines if f is the characteristic
function of the unit disk.—
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Find line integrals Rf over vertical lines if f is the characteristic

function of the unit disk.—
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Characterization of Visible Singularities

Theorem (Microlocal Regularity Theorem [Q 1993])

Singularities of f produce singularities of Rf:
Let Ly = L(yg, po) be a line in the plane.
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Characterization of Visible Singularities

Theorem (Microlocal Regularity Theorem [Q 1993])

Singularities of f produce singularities of Rf:
Let Ly = L(yg, po) be a line in the plane.
@ If a singularity of f is tangent to Ly, it will cause a
singularity in the data, Rf(y, p) at (o, pPo)-
@ Other singularities of f not tangent to Ly do not cause
singularities in the data Rf(y, p) at (¢, Po)-

This is proven using a precise definition of singularity and math
related to the Fourier transform (Fourier Integral Operators).

In terms of wavefront sets: If some wavefront direction of f is
perpendicularto L(yg, po), then Rf has WF above (g, po)-
Tufts



The Moral:

@ The Microlocal Regularity Theorem= If f has a singularity
tangent to the line Ly, then Rf will have a singularity at L.
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The Moral:

@ The Microlocal Regularity Theorem= If f has a singularity
tangent to the line Ly, then Rf will have a singularity at L.
In this case, the singularity should be “easy” to reconstruct
stably from limited data as long as L, is in the data set.

@ If a singularity of f is not tangent to any line in the data set,
then, it will be harder to see in the data
and harder to reconstruct stably from that limited data (it
could be “blurred out”).

Moral for limited data CT: If the line Ly is in a limited data set,
then singularities of f tangent to Ly should be “easy” to
reconstruct from that data.

Singularities of f not tangent to any line in the data set will be
harder to reconstruct (less stable).

1ufts



Limited Angle Reconstruction Revisited

Reconstruction for lines with ¢ € [—7/4, /4] [Frikel, Q 2013]. —
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Limited Angle Reconstruction Revisited

Reconstruction for lines with ¢ € [—7/4, /4] [Frikel, Q 2013]. —
@ As predicted, the visible singularities are tangent to lines in
the data set. They are the “~vertical’ boundaries.

@ Singularities not tangent to lines in the data set-the
“~horizontal” boundaries—are blurred.
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Limited Angle Reconstruction Revisited

Reconstruction for lines with ¢ € [—7/4, /4] [Frikel, Q 2013]. —
@ As predicted, the visible singularities are tangent to lines in
the data set. They are the “~vertical’ boundaries.

@ Singularities not tangent to lines in the data set-the
“~horizontal” boundaries—are blurred.

@ But, what about the streaks.....? Tufts



The Added Artifacts for data with ¢ € [—7/4, /4]
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The Added Artifacts for data with ¢ € [—7/4, /4]

Note how the singularities of f tangent to lines at the ends of
the angular range, L(+7/4, p), generate added artifacts all
along the lines tangent to them.

Tufts



Added Artifacts for data with ¢ € [—7/4, /4]
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Added Artifacts

Theorem ([Frikel Q 2013])

For limited angle tomography, added artifacts will occur on lines
at the end of the angular range

—from X-rays at the start and end of the scan—
that are tangent to some singularity in the object.
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Added Artifacts

Theorem ([Frikel Q 2013])

For limited angle tomography, added artifacts will occur on lines
at the end of the angular range

—from X-rays at the start and end of the scan—
that are tangent to some singularity in the object.
If data are given for o between a and b, then artifacts will occur
on lines with o = a and v = b when those lines are tangent to a
singularity (boundary) of the object.

Jafts



Our (simple practical) Artifact Reduction Procedure

Assume the limited angle data are given for ¢ € [a, b].
modified data = [k(¢)Rf] (¢, p)

where  is a smooth cutoff function equal to zero off of [a, b]
and equal to one on most of [a, b].
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Our (simple practical) Artifact Reduction Procedure

Assume the limited angle data are given for ¢ € [a, b].
modified data = [k(¢) Rf] (¢, p)

where « is a smooth cutoff function equal to zero off of [a, b]
and equal to one on most of [a, b].

then there will be no added streak artifacts and most visible

singularities will be recovered [Frikel Q 2013,2015]. Tufts



Hybrid imaging: Thermoacoustic Tomography (TAT)

@ Pulsed electromagnetic (EM) radiation (radio waves (PAT:
laser light)) is beamed into a part of the body (e.g., breast).

@ The body heats up and generates sound pressure waves
that are measured by acoustic transducers.
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Hybrid imaging: Thermoacoustic Tomography (TAT)

@ Pulsed electromagnetic (EM) radiation (radio waves (PAT:
laser light)) is beamed into a part of the body (e.g., breast).

@ The body heats up and generates sound pressure waves
that are measured by acoustic transducers.

@ Sometimes TAT/PAT transducers are collimated to a plane
and they move along the unit circle [Razansky 2009, Elbau
2012].

@ These transducers measure the sound pressure over time
and, by solving the wave equation (with constant sound
speed), this can be reduced to the integrals over circles of
the initial value of the acoustic pressure, f.

Tufts






- O(a)

o) ..

Limited Data Acquisition Curve

Limited Data PAT: When transducers cannot scan all around
the object (e.g., because of specimen holder), so data are
given only for centers 0(p) for a < ¢ < b.



Limited data PAT reconstructions

Simulated data, ¢ € [25°,155°] Real data, p € [—45°,225°]
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Limited data PAT reconstructions

Simulated data, ¢ € [25°,155°] Real data, p € [—45°,225°]

@ Why is the circle not completely imaged?




Limited data PAT reconstructions

Simulated data, ¢ € [25°,155°] Real data, p € [—45°,225°]

@ Why is the circle not completely imaged?
@ Why are there streak artifacts in both reconstructions?

Tufts




PAT data are ~averages over circles.

Theorem (Frikel Q 2015)

Visible singularities of f are tangent to circles in the data set

Acquisition curve

“visible singularity”



PAT data are ~averages over circles.

Theorem (Frikel Q 2015)

Visible singularities of f are tangent to circles in the data set
Invisible singularities are tangent to NO circle in the data set.

Acquisition curve

“invisible singularity” )



Theorem ([Frikel Q 2015])

Added artifacts occur when a circle at the ends of the data set
(center 6(a) or (b)) is tangent to a singularity of f.

Acquisition curve
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Theorem ([Frikel Q 2015])

Added artifacts occur when a circle at the ends of the data set
(center 6(a) or (b)) is tangent to a singularity of f.
The singularity spreads along the entire circle!

Acquisition curve




Limited view reconstructions revisited

(9 f

Lambda reconstruction for range of view [25°, 155°]. Note the
added artifacts are along circles centered at §(25°) and
6(155°).
Tufts



Real data reconstructions, ¢ between —45° to 225°

No artifact reduction  With artifact reduction  Difference Image

Paper phantom with ink as acoustic absorber' .
' Data by courtesy of Prof. Daniel Razansky (Institute of Biological and
Medical Imaging, Helmholtz Zentrum Minchen).
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Real data reconstructions, ¢ between —45° to 225°

No artifact reduction  With artifact reduction  Difference Image

Paper phantom with ink as acoustic absorber' .
' Data by courtesy of Prof. Daniel Razansky (Institute of Biological and
Medical Imaging, Helmholtz Zentrum Minchen).

The added artifacts are exactly as predicted—they occur on
circles at the ends of the data set Tufts



The Paradigm: f is the function to be reconstructed.

If the tomography problem is modeled by a transform that
averages over curves (e.g., X-ray CT, TAT/PAT, Motion
compensated CT), then:

@ If a curve in the data set is tangent to a singularity of f then
it should be stably reconstructed.

@ If no curve in the data set is tangent to a singularity, it will
be difficult to reconstruct.
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The Paradigm: f is the function to be reconstructed.

If the tomography problem is modeled by a transform that
averages over curves (e.g., X-ray CT, TAT/PAT, Motion
compensated CT), then:

@ If a curve in the data set is tangent to a singularity of f then
it should be stably reconstructed.

@ If no curve in the data set is tangent to a singularity, it will
be difficult to reconstruct.

© Artifacts can be spread along curves at the end of the data
set when those curves are tangent to some singularity of f.

Our reconstructions are of filtered backprojection type. Other
reconstruction methods might reconstruct the invisible
singularities better, but invisible singularities will always

be difficult to reconstruct (highly ill-posed). Tufts
u RSIT



The Proof

[Q 1993, Frikel Q 2013, Frikel Q 2015, Hahn Q 2016] use the
following keys.
@ Singularity: Fourier transform and the wavefront set.
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The Proof and The Final Word

[Q 1993, Frikel Q 2013, Frikel Q 2015, Hahn Q 2016] use the
following keys.
@ Singularity: Fourier transform and the wavefront set.
© Fourier Integral Operator (FIO): the X-ray and TAT/PAT
transforms are elliptic FIO (Radon transforms are elliptic
FIO [Guillemin] ) and they do precise things to
singularities.
© This math works for man tomographic inverse problems
including higher dimensional ones (e.g., sonar, 3-D
ultrasound) under certain conditions.
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The Proof and The Final Word

[Q 1993, Frikel Q 2013, Frikel Q 2015, Hahn Q 2016] use the

following keys.
@ Singularity: Fourier transform and the wavefront set.

© Fourier Integral Operator (FIO): the X-ray and TAT/PAT
transforms are elliptic FIO (Radon transforms are elliptic
FIO [Guillemin] ) and they do precise things to
singularities.

© This math works for man tomographic inverse problems
including higher dimensional ones (e.g., sonar, 3-D
ultrasound) under certain conditions.

© When these conditions don’t hold, one can still use the
basic framework (discussions at DTU: Borg, Frikel,
Jargenson, Lauze, Q).
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The Proof and The Final Word

[Q 1993, Frikel Q 2013, Frikel Q 2015, Hahn Q 2016] use the
following keys.
@ Singularity: Fourier transform and the wavefront set.
© Fourier Integral Operator (FIO): the X-ray and TAT/PAT
transforms are elliptic FIO (Radon transforms are elliptic
FIO [Guillemin] ) and they do precise things to
singularities.
© This math works for man tomographic inverse problems
including higher dimensional ones (e.g., sonar, 3-D
ultrasound) under certain conditions.
© When these conditions don’t hold, one can still use the
basic framework (discussions at DTU: Borg, Frikel,
Jargenson, Lauze, Q).

Final word: Invisible singularities and added artifacts are
intrinsic to limited data tomography and they can be understood

using the geometry of the data set. afts
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The reconstruction operator for Limited angle CT
Bof = R* («/ a2/dp?x(a Rf)

where R* is the X-ray backprojection operator.

@ In [FrQu2013], we prove that By is a singular
pseudodifferential operator, and we use a theorem of
Hérmander to characterize the added artifacts.

Vo = {s8(p)|s # 0, pe (—b,0)}

Bof(x) = 5- ICAREZGLS
€Vo
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where R* is the X-ray backprojection operator.
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The reconstruction operator for Limited angle CT
Bof = R* <4/ a2/dp?x(a Rf)

where R* is the X-ray backprojection operator.

@ In [FrQu2013], we prove that By is a singular
pseudodifferential operator, and we use a theorem of
Hérmander to characterize the added artifacts.

Vo = {s8(p)|s # 0, pe (—b,0)}

Bof(x) = — [ &1 F(¢)de
T JeeVe
@ The symbol of By as a pseudodifferential operator is
p(x, &) = 1y, (&), which is elliptic on Vs, so By recovers
singularities of 7 in V. But it is not smooth, so the operator
is singular Therefore, By adds the singularities described Tufts

in the theorem.



Observations about the artifact reduction procedure

If x is the smooth function supported in (—®, ®) and equal to
oneon (—® + ¢, d — ¢), then we prove that

1 x. 3
By . f = — LS ( > f(¢)d
onf = g Jo, @ (107 PO

@ Note that the symbol of By as a pseudodifferential operator
is p(x,§) = <||€H) which is elliptic, at least on

V(—+e,0—c)-
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Observations about the artifact reduction procedure

If x is the smooth function supported in (—®, ®) and equal to
oneon (—® + ¢, d — ¢), then we prove that

1 x. 3
By . f = — LS ( > f(¢)d
onf = g Jo, @ (107 PO

@ Note that the symbol of By as a pseudodifferential operator
is p(x,§) = <||€H) which is elliptic, at least on
V(—o4e,0-c)- Iherefore, By recovers most of the visible
singularities of f.

@ Furthermore, since the symbol is smooth, B, ,. is a
standard pseudodifferential operator and does not adds
singularities.

Tufts



Fourier Integral Operators

Z and X are open subsets of R™:

F(f)(z) = f o e'?ZXw)p(z, x,w)F(x)dx dw
xeX,weR"
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Fourier Integral Operators

Z and X are open subsets of R™:

F(f)(z) = f o e'?ZXw)p(z, x,w)F(x)dx dw
xeX,weR"

Phase Function: ¢(z, x,w) (e.g.,) linear in w, smooth.
Amplitude: p(z, x,w) smooth, increases like (1 + |Jw])®

Canonical Relation:
C={(z,0:0(z,x,w); X, —0x®(Z, X,w))|0,P(Z, X,w) = 0}

C

HL/ \HR
Z x (RM{0}) X x (RM{0})
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Fourier Integral Operators

Z and X are open subsets of R™:

F(f)(z) = f o e'?ZXw)p(z, x,w)F(x)dx dw
xeX,weR"

Phase Function: ¢(z, x,w) (e.g.,) linear in w, smooth.
Amplitude: p(z, x,w) smooth, increases like (1 + |Jw])®

Canonical Relation:
C={(z,0:0(z,x,w); X, —0x®(Z, X,w))|0,P(Z, X,w) = 0}

C

HL/ \HR
Z x (RM{0}) X x (RM{0})

WF relation: WE(F(f)) < My, (n;1 (WF(f))).
What it means: FIO change singularities in specific ways Tufts
determined by the geometry of C. L



Pseudodifferential operators

P(f)(2) — f &'z, x, w)f(x)dx dw

Phase Function: ¢(z,x,w) = (z — X) - w is linear in w, smooth.
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Pseudodifferential operators

P(f)(z) = J e'Z)%p(z, x, w)f(x)dx dw

Phase Function: ¢(z,x,w) = (z — X) - w is linear in w, smooth.
Amplitude: p(z, x,w) increases like (1 + |lw|)® (order ~ s).
Canonical Relation:
C= {Zv az¢(Z,X,W);X, —ax¢(Z,X,W))|aw¢(Z,X,W) = 0}
={(z,w,z,w)|ze R",w e RN\{0}} = A, the diagonal

C

RN
X x (R™{0}) X x (R™{0})
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Pseudodifferential operators

P(f)(z) = J e'ZX)wp(z, x,w)f(x)dx dw

Phase Function: ¢(z,x,w) = (z — X) - w is linear in w, smooth.
Amplitude: p(z, x,w) increases like (1 + |w]|)® (order ~ s).
Canonical Relation:

C= {Zv az¢(Z,X,W);X, _6X¢(Z7X7w))|aw¢(zawi) = 0}
={(z,w,z,w)|ze R",w e RN\{0}} = A, the diagonal

C
o N\
X x (RM{0}) X x (RM{0})
WF relation: WE(P(f)) < I, (n;1 (WF(f))) — WE(f). Tufte

What it means: YDO do not move wavefront set.



Limited Angle Operators

Limited Angular Range: ¢ € (0, 7/2)

pe[-0,0]: O(p) = (cos(p),sin(p))

Lines: L(y,p) perpendicular to ¢ and p units from the origin,
e[-P,®],peR.
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Limited Angle Operators

Limited Angular Range: ¢ € (0, 7/2)
€ [=®,0]: 0(p) = (cos(p),sin(p))

Lines: L(y,p) perpendicular to ¢ and p units from the origin,
e[-P,®],peR.

The filter:  Apg(p.p) = = §,_ ., & TP |r|g(p,s) dsdr
(like a derivative).

Filtered Back Projection Operator:

f(x) = 4175’* (ARf) (x)
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Limited Angle Operators

Limited Angular Range: ¢ € (0, 7/2)
€ [-®,®]: 0(p) = (cos(p),sin())
Lines: L(y,p) perpendicular to ¢ and p units from the origin,
e[-P,®],peR.
The filter:  Apg(ep, p)
(like a derivative).

= L e 9 |r|g(p.5) dsdr

Limited Angle Filtered Back Projection Operator:

f(x) = 417/?* (ApRF) (x) Bof(x) := 417/?* (Ao [—0.0)RE) (X)

Where 1/_4 4|(¢) is 1 on the interval [-®, ®] and 0 elsewhere.

It sets data outside the known region to zero.
Tufts



Microlocal Analysis of By

Data over lines: L(y, p) for ¢ € [P, ®]
Visible Singularities: Vo, those perpendicular to lines in the
data set (corresponding to “side” boundaries of the object).
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Visible Singularities: Vo, those perpendicular to lines in the
data set (corresponding to “side” boundaries of the object).

Theorem (Frikel, Q 2013)

Let f e £ (R?). Then
@ By f shows the visible singularities of f (those

perpendicular to lines in the data set),
WE(f) n Vo < WF (Bo(f))
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Microlocal Analysis of By

Data over lines: L(y, p) for ¢ € [P, ®]
Visible Singularities: Vo, those perpendicular to lines in the
data set (corresponding to “side” boundaries of the object).

Theorem (Frikel, Q 2013)

Let f e £ (R?). Then

@ By f shows the visible singularities of f (those

perpendicular to lines in the data set),
WE(f) n Vo € WF (Bo(f)) < (WE(f) n Vo) U Ao(f).

@ The singularities Bof are either visible singularities of f

@ or added artifacts that spread from singularities of f with
angles at first and last lines in the data set, o = +® Those
artifacts spread on lines perpendicular to the original
singularity.

'i'ufts



For Further Reading |

General references:

>
>

Frank Natterer, The Mathematics of Computerized
Tomography, Wiley, New York, 1986 (SIAM 2001).

Frank Natterer, Frank Wuebbling, Mathematical Methods in
Image Reconstruction, SIAM, 2001.

Introductory

Peter Kuchment, The Radon transform and medical
imaging. CBMS-NSF Regional Conference Series in
Applied Mathematics, 85. Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA, 2014. xvi+240 pp.

Gestur Olafsson, E.T. Quinto, The Radon Transform,

Inverse Problems, and Tomography, (Proceedings of the

2005 AMS Short Course, Atlanta, GA) Proceedings of

Symposia in Applied Mathematics, vol. 63, 2006. Tufts



For Further Reading |l

[§ E.T. Quinto, An Introduction to X-ray tomography and
Radon Transforms, Proceedings of Symposia in Applied
Mathematics, Vol. 63, 2006, pp. 1-24.

Local and Lambda CT

[§ A. Faridani, E.L. Ritman, and K.T. Smith, SIAM J. App!.
Math. 52(1992), 459484,
+Finch II: 57(1997) 1095-1127.

[§ A. Katsevich, Cone Beam Local Tomography, SIAM J. Appl.
Math. 1999, Improved: Inverse Problems 2006.

[A A. Louis and P. MaaB, IEEE Trans. Medical Imaging,
12(1993), 764-769.
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For Further Reading

Microlocal references:

[§ Intro + Microlocal: Microlocal Analysis in Tomography, joint
with Venkateswaran Krishnan, chapter in Handbook of
Mathematical Methods in Imaging, 2e, pp. 847-902, Editor
Otmar Scherzer, Springer Verlag, New York, 2015
www.springer.com/978-1-4939-0789-2

¥ Petersen, Bent E., Introduction to the Fourier transform &
pseudodifferential operators. Monographs and Studies in
Mathematics, 19. Pitman (Advanced Publishing Program),
Boston, MA, 1983. xi+356 pp. ISBN: 0-273-08600-6

¥ Strichartz, Robert, A guide to distribution theory and
Fourier transforms. Reprint of the 1994 original [CRC, Boca
Raton; MR1276724]. World Scientific Publishing Co., Inc.,
River Edge, NJ, 2003. x+226 pp. ISBN: 981-238-430-8
Tufts



For Further Reading IV

¥ Taylor, Michael Pseudo differential operators. Lecture
Notes in Mathematics, Vol. 416. Springer-Verlag,
Berlin-New York, 1974. iv+155 pp.

¥ Taylor, Michael E. Pseudodifferential operators. Princeton
Mathematical Series, 34. Princeton University Press,
Princeton, N.J., 1981. xi+452 pp. ISBN: 0-691-08282-0

References to the work in the talk:
3 E.T. Quinto, SIAM J. Math. Anal. 24(1993), 1215-1225.

[§ Characterization and reduction of artifacts in limited angle
tomography, joint with Jargen Frikel, Inverse Problems, 29
(2013) 125007 (21 pages). See also
http://iopscience.iop.org/0266-5611/labtalk-article/55769
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For Further Reading V

[ Artifacts in incomplete data tomography with applications to
photoacoustic tomography and sonar, joint with Jirgen
Frikel, SIAM J. Appl. Math., 75(2),(2015) 703-725. (23
pages) Preprint on arXiv: http://arxiv.org/abs/1407.3453.

[§ A paradigm for the characterization of artifacts in
tomography, joint with Jargen Frikel. (arXiv:
http://arxiv.org/abs/1409.4103). (an application of the
algorithm in [ibid.] to an instructive but simpler case).
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