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Motivation

What to use Time Series Models for

Applications:

> Prediction
» Estimation and hypothesis testing

» Control and decision making

We want a good model!

Use data to fit a model
Basically, any modelling technique can be used, there are no rules!
Pros and cons: robustness, complexity, computation time, man hours to set up, ...

WE ONLY DO LINEAR MODELS in this course (multiply and add using matrices)! Very fast
and reliable, always a good starting points when developing models, can be tweaked later to
include non-linear effects...

vV v vy
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What you should be able to do
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Introductory example — shares (COLO B log(all) )
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Take log(y): Often we can do non-linear transformations, resolve in cos and sine or splines,...
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Consumption of District Heating (VEKS) — data
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Consumption of DH — simple model
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Discussion: What is a dynamical system?
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Last year!
=
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Simplest first order RC-system

Single state model of the temperature in a box:
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Discretize the ODE

ar _ 1
dt ~ RC

(Te - Ti)
It has the solution

Ti(t + At) = To(t) + e~ 70 (T3(t) — Te(t))
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a1
dt  RC
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It has the solution
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Add a noise term and we have the ARX model
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An ARMAX model
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Linear Dynamic Systems — notation

z FI y
Input Output
Linear
—_—

System

z(t) Differential eq., h(u) y(t)

T Difference eq., hg, h(B) i
X(w) H(w) Y (w)
X(z2) H(z) Y(2)
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Consumption of DH — We use the model error to validate the model

Model Error (GJ/h)
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Multivariate random variables

» What is a multivariate random variable?
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Multivariate random variables

» What is a multivariate random variable?

» Why are multivariate random variables essential in time series analysis?
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Multivariate random variables

» Definition (n-dimensional random variable; random vector)

X1
X>

» Joint distribution function:
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Multivariate random variables - joint densities

> Joint distribution function (repeated from last slide):
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Multivariate random variables - joint densities

> Joint distribution function (repeated from last slide):

X1 Xn
F(Xl ..... Xn): / f(tl ..... tn)dtl...dtn
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Our Favourite Multivariate Distribution

22/34



The Multivariate Normal Distribution
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The Multivariate Normal Distribution

» The joint p.d.f.

oL )T x — )

1
f) =——"—¢
x(X) = opvaers O |72

23 /34



The Multivariate Normal Distribution

» The joint p.d.f.

! )T (x— )

f) =——"—¢
0= Gy vaes P2

> 3 is symmetric and positive semi-definite
> Notation: X ~ N(u, X)
» Standard multivariate normal: Z ~ N(O0, /)
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The Multivariate Normal Distribution

v

The joint p.d.f.

S e L o = VOV
(%)H/QMeXD S —p) 2 (x—n)

fx(x) =
3 is symmetric and positive semi-definite
Notation: X ~ N(u, X)
Standard multivariate normal: Z ~ N(O, /)
If X ~N(u,X)and Y =a+ BX then Y ~N(a+ Bu, BEB")

vvyyypwy
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The Multivariate Normal Distribution

v

The joint p.d.f.

S e L o = VOV
(%)H/QMeXD S —p) 2 (x—n)

fx(x) =
3 is symmetric and positive semi-definite
Notation: X ~ N(u, X)
Standard multivariate normal: Z ~ N(O, /)
If X ~N(u,X)and Y =a+ BX then Y ~N(a+ Bu, BEB")

Notice that this implies that linear combinations of normal distributed variables are still normal
distributed.

vVvyVvyyvyy
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Stochastic variables and distributions
> If X ~ N(0,1), then what is the distribution of —X?
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Stochastic variables and distributions
> If X ~ N(0,1), then what is the distribution of —X?
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» X, —X are different variables but have the same distribution 24 /34



Marginal density function
When we only consider part of the variables.
» Vector of random variables: X = (Xy,..., X"
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Marginal density function
When we only consider part of the variables.
» Vector of random variables: X = (Xq, ..., X,)"
» Sub-vector: (X1,...,Xx)", (k< n)
» Marginal density function:

Two dimensional example:

Joint density marginal density
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Conditional distributions
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Conditional distributions

» The conditional density of X; given X5 = xo
is given by: (joint density of (X3, X») divided by the marginal

density of X5 evaluated at x»)

1., (X1, X2)
fX1\X2:x2(X1) = lf; ()(12) 2
2
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Conditional distributions

» The conditional density of X; given X5 = xo

is given by: (joint density of (X1, X2) divided by the marginal
density of X5 evaluated at x»)

fx,, 2(X ,X)
fX1\X2:x2(X1) = %

n
—

0.25
|

0.10
|

0.05
|
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Independence

> If knowledge of X does not give information about Y, we get that fy|x—x(v) = fy(y)
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Independence

> If knowledge of X does not give information about Y, we get that fy|x—x(v) = fy(y)

» This leads to the following definition of independence:

X, Y stochastically independent %

ey (x,y) = Ix () (y)
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Expectation

» The average of unrealised random variables.
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Expectation

» The average of unrealised random variables.

» Let X be a univariate random variable with density fx(x). The expectation of X is then
defined as:

E[X] = / x fx(x)dx  (continuous case)

—0Q0

E[X] = Z xP(X =x) (discrete case)

all x
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Expectation

» The average of unrealised random variables.
» Let X be a univariate random variable with density fx(x). The expectation of X is then

defined as: -
E[X] = / x fx(x)dx  (continuous case)

—0Q0

E[X] = Z xP(X =x) (discrete case)

all x

» Expectation is a linear operator:

E[a+bX1+CX2] :a+bE[X1]+CE[X2]
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Moments and Variance

» n'th moment: -
E[X"] :/ x"fx(x) dx

—00
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Moments and Variance

» n'th moment: -
E[X"] :/ x"fx(x) dx
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» n'th central moment:

E[(X — E[X])"] = / " (x— EIX)™x(x) dx
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Moments and Variance

» n'th moment: -
E[X"] :/ x"fx(x) dx

—00

» n'th central moment:

E[(X — E[X])"] = / " (x— EIX)™x(x) dx

» The 2'nd central moment is called the variance:

VIX] = E[(X — EIX])’] = E[X®] = (E[X])?
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Covariance

» How random variables co-vary.

30/34



Covariance

» How random variables co-vary.
> Covariance:

Cov[X1, Xo] = E[(X1 — E[Xa])(X2 — E[X2])] = E[X1Xa] — E[X1]E[X2]
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Covariance
» How random variables co-vary.

» Covariance:
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» Variance and covariance:

V[X] = Cov[X, X]
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Covariance
» How random variables co-vary.
» Covariance:

Cov[X1, Xo] = E[(X1 — E[Xa])(X2 — E[X2])] = E[X1Xa] — E[X1]E[X2]

» Variance and covariance:

V[X] = Cov[X, X]
» Calculation rules:

Cov[aXi + bXa, c X3+ dX4] =
ac Cov[Xy, X3] + ad Cov[X1, X4] + bc Cov[Xa, X3] 4+ bd Cov[Xa, X4]
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Covariance
» How random variables co-vary.
» Covariance:

Cov[X1, Xo] = E[(X1 — E[Xa])(X2 — E[X2])] = E[X1Xa] — E[X1]E[X2]

» Variance and covariance:

V[X] = Cov[X, X]

» Calculation rules:
COV[QXl + bXQ, CX3 + dX4] =
ac Cov[Xy, X3] + ad Cov[X1, X4] + bc Cov[Xa, X3] 4+ bd Cov[Xa, X4]

» The calculation rule can be used for the variance as well. For instance:

V]a+ bXs] = b*V[X3]
V[aXy + bXa] = a®V[X1] + b*V[X2] + 2abCov[X1, X3]
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Moment representation

» All moments up to a given order.
» Second order moment representation:

» Mean
» Variance
» Covariance (If relevant)
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» All moments up to a given order.
» Second order moment representation:
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Have you seen something similar to this before?
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Moment representation

» All moments up to a given order.
» Second order moment representation:

> Mean
> Variance
» Covariance (If relevant)

Have you seen something similar to this before? Taylor approximations?
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Expectation and Variance for Random Vectors

> Expectation: E[X] = [E[X4], E[X2], ..., E[X T
» Covariance matrix: £x = V[X] = E[(X —p)(X —u)"] =
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Expectation and Variance for Random Vectors

> Expectation: E[X] = [E[X4], E[X2], ..., E[XaT
» Covariance matrix: £x = V[X] = E[(X —p)(X —u)"] =

V[X1] Cov[X1, Xa] --+ Cov[Xy, X,]
COV[XQ, Xl] V[Xg] s COV[X2, Xn]
Cov[Xn X1] Cov[Xm Xa] -+ V[X,]
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Expectation and Variance for Random Vectors

> Expectation: E[X] = [E[X4], E[X2], ..., E[XaT
» Covariance matrix: £x = V[X] = E[(X —p)(X —u)"] =

V[X1] Cov[X1, Xa] --+ Cov[Xy, X,]
COV[XQ, Xl] V[Xg] s COV[X2, Xn]
Cov[Xn X1] Cov[Xm Xa] -+ V[X,]

» How do you think that typical covariance matrices of time series differ from covariance
matrices of other multivariate distributions?
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Conditional expectation

oo

EIVIX = x] = E[V|X] = / ¥ Frixx(y) dy
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Conditional expectation
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1. E[Y|X] = E[Y]if X and Y are independent
2. ElY] = E[E[YIX]]
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Conditional expectation

oo

EYIX =x] = EVIXI = [y frxealy) dy
1. E[Y|X] = E[Y]if X and Y are independent
2. ElY]=E[EIYIX]
3. E[g(X)Y[X] = g(X)E[Y|X] - E[g(X)Y[X = x] = g(x)E[Y|X = ]
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Conditional expectation

oo

EYIX =x] = EVIXI = [y frxealy) dy
E[Y|X] = E[Y] if X and Y are independent
ElY] = E[E[YVIX]]
Elg(X)YIX] = g(X)E[Y[X] - E[g(X)Y|X = x] = g(x)E[Y|X = X]
Elg(X)Y] = E[g(X)E[Y[X]]

Sl o
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Conditional expectation

oo

EIVIX = x] = E[V|X] = / ¥ Frixx(y) dy

1. E[Y|X] = E[Y]if X and Y are independent

2. ElY] = E[E[YIX]]

3. E[g(X)YIX] = g(X)E[Y[X] - E[g(X)Y|X = x] = g(x)E[Y|X = x]
4. E[g(X)Y] = E[g(X)E[Y[X]]

5 Ela|X]=a
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Conditional expectation

oo

EVIX =X = EVIXI = [y fxely) dy
E[Y|X] = E[Y] if X and Y are independent
E[Y] = E[E[Y|X]]
Elg(X)YIX] = g(X)E[Y[X] - E[g(X)Y|X = x] = g(x)E[Y|X = X]
Elg(X)Y] = E[g(X)E[Y[X]]
Ela|X] = a
Elg(X)|IX] = g9(X) - E[g(X)|X = x] = g(x)

ook =
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Conditional expectation

EVIX =x] = EVIX = [ yfoxen(y) oy
E[Y|X] = E[Y] if X and Y are independent
ElY] = E[E[YVIX]]
Elg(X)YIX] = g(X)E[Y[X] - E[g(X)Y|X = x] = g(x)E[Y|X = X]
Elg(X)Y] = E[g(X)E[Y[X]]
Ela|X] = a
Elg(X)|IX] = g9(X) - E[g(X)|X = x] = g(x)
E[cX +dZ|Y] = cE[X|Y] + dE[Z]Y]

No o s n =
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A brief outline of the course

» General aspects of multivariate random variables
» Prediction using the general linear model
» Time series models

» Some theory on linear systems

» Time series models with external input
Some goals:

» Characterization of time series / signals; correlation functions, covariance functions,
stationarity, linearity, ...

» Signal processing; filtering and smoothing
» Modelling; with or without external input

» Prediction with uncertainty
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