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Author's note

To

A former professor of mine once described a popular textbook on
di�erential geometry as `toilet reading'. Admittedly, he used more crude
terms. This description meant that the text was so easily accessible
that he could read the book while frequenting the bathroom. That
description wasnot meant as a compliment. . .

This brief book aims to be `toilet reading' for machine learners.
Di�erential geometry is all too often presented abstractly with the
driving intuitions hidden well away. Instead, I have tried to make this
text as easy as possible to digest. . .

That said, I assume you have some experience with machine learning
and the standard mathematical tools associated with this �eld. That
is, you should be familiar with elementary calculus, linear algebra, and
probability theory.
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Mathematical notation

I have limited the mathematical rigor of this text, with the aim of only
providing enough detail for an operational understanding of the topic.
For a deeper dive, existing textbooks are available. We cannot, and
should not, completely skip mathematics, so some notation is in order.

In general, boldface variables of lower case, e.g.,x , are vectors,
while matrices are boldface capital letters, e.g.,J. Scalars are lowercase,
such asa. Di�erent spaces are denoted with calligraphic letters, such
as M , or `mathematical bold', such asR, which denotes the set of
real numbers. The table below gives a list of commonly used symbols
and variables. These will be de�ned throughout the text and are only
listed here for reference.

RD The space ofD-dimensional real vectors.

 � Rd The input domain of a manifold.

In machine learning jargon: the latent space.
M A manifold, usually M = f (
) � RD .
Tx The tangent space atx 2 
.
Symd� d

+ The space of symmetric positived � d matrices.

xn ; xm 2 
 Points in the input domain.
In machine learning jargon: latent variables.

yn ; ym 2 RD Point in the ambient space, usually y = f (x).
These may be thought of as observational data.

� n ; � m In�nitesimals, i.e. very small vectors.
[x ]i The i th element of vectorx .

Similar notation is used for matrices.

Jx 2 RD � d The Jacobian matrix of f at x 2 
.
G x 2 Symd� d

+ The Riemannian metric J |
x Jx .

c A curve of the form c : [0; 1] ! 
. The curve is
indexed by t, and we write ct = c(t) to
determine the point along the curve at time t.

_c The derivative of the curve c, i.e. _c = dc=dt .
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cnm The shortest path (geodesic) connectingxn

and xm .

k � k The norm of a vector.
h�; �i The inner product between vectors.
k � kx The norm of a vector with respect to the metric

at x 2 
.
h�; �i x The inner product with respect to the metric

at x 2 
.
Length[c] The length of a curve c.
E[c] The energy of a curvec.
dist( �; �) The geodesic distance between two points.

Logx n
(xm ) The logarithm map of xm evaluated at xn .

Expx (v) The exponential map of v starting from x.



Chapter 1

Introduction

In which we meet our �rst manifolds,
and the story begins.

The �gure below shows a manifold. It is a collection of points in R3

that are somehow connected to form a smooth object. It is these kinds
of objects we will investigate together to build useful models derived
from observed data. You may notice that data does not appear in the
�gure | don't worry we will eventually get to data, but it will not be
our initial focus.

Fig. 1.1. A sim-
ple two-dimensional
manifold embedded
in R3 .

Geometry tells us how to measure; statistics rely on our choice of
measure. This book touches on some geometric foundations that are
useful when constructing statistical models. In particular, we will work
towards understanding Riemannian manifolds as they can appear in
machine learning. We won't focus on how to learn models, but rather
on what to do with models once they have been learned.

The existing literature is focused on the mathematics of geometry,
often presented abstractly. From a practical perspective, this is unwar-
ranted as the topic is often simple and intuitive. This book aims to
be a starting ground that establishes the most basic constructions to
preserve intuition. As such, this is by no means a complete exposition,
but rather an opening that allows the reader to get started.

On that note, let's get started. . .
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I. Example: Identi�ability issues

In latent variable models, we describe our hypothesis of how the ob-
served data was generated through the use of an underlying `hidden'
quantity. For example, we may assume that an observationy is gener-
ated as

y = f (x); (1.1)

where both the function f and its input x are `hidden', i.e. not ob-
served. In probabilistic terms, we would perhaps prefer to work with a
conditional distribution rather than a function, such that the latent
variable model becomes

p(y) =
Z

p(y jx)p(x)dx: (1.2)

Here x is called the latent variable, and the intuition is that this
variable captures the essence of our observations. This is a reasonably
general approach to building statistical models, and depending on
the assumptions we are willing to make the model may have di�erent
degrees of feasibility.

II. Probabilistic PCA

Let us assume that we observeD-dimensional data y 2 RD and that
the latent variable is a lower-dimensional vectorx 2 Rd; d < D . We can
now create theprobabilistic principal component analysis[46] model if
we assume that there is ana�ne relationship betweenx and y, i.e.

p(y jx ) = N (y jAx + b; � 2I ): (1.3)

Here N denotes the density of a multivariate normal distribution,
A 2 RD � d; b 2 RD re
ect the a�ne relationship, and I 2 RD � D is an
identity matrix. Informally

y = f (x) = Ax + b + noise: (1.4)
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If we further assume that p(x) = N (x j0; I ), then we have a fully speci-
�ed model. As normal distributions are reasonably easy to manipulate
one can carry out the integration of Eq. 1.2 in closed form and get that

p(y) = N (y jb; AA | + � 2I ): (1.5)

This gives a likelihood that can be optimized to estimate the model
parameters.

This model is commonly used to visualize and otherwise understand
the data, by inspection of the latent variable x. The intuition is that
x is a low-dimensional projection of the observationy.

Here, some care should be taken as the model is notidenti�able ,
i.e. the distribution p(y) may be parametrized di�erently without
changing the density. For example, ifx ; A ; b, and � 2 are the maximum
likelihood estimators of the model parameters, then we can create a
new set of parameters that gives an identical likelihood. LetR 2 Rd� d

be a rotation matrix. 1 Now replace the (unobserved) latent variables
with

x̂ = Rx (1.6)

then p(x̂ ) = N (x j0; I ). That is, if we rotate the latent variables, then
they still follow a unit Gaussian. Then de�ne Â = AR | and let

p(y jx̂ ) = N (y jÂ x̂ + b; � 2I ): (1.7)

We have now constructed a new model by rotating the latent variable
and changing the a�ne mapping correspondingly. The resulting data
density is

p(y) = N (y jb; AR | RA | + � 2I ); (1.8)

which is identical the original model (1.5) as R | R = I . So the latent
variable can be arbitrarily rotated without seeing a change in the
resulting data density. Practically speaking, this implies that we can
only estimate (identify) the latent variable x up to an unknown rotation.
If we plot the latent variable, we should, thus, expect it to be arbitrarily
rotated. This is illustrated in Fig. 1.2.

1a rotation matrix is de�ned as satisfying R | R = I
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Fig. 1.2. In probabilistic principal component analysis, we can get two equally
good models by rotating the latent variable of one model and adapting the a�ne
mapping correspondingly.

III. Deep generative models

Instead of an a�ne model, as in probabilistic PCA, we can also consider
general nonlinear functions, such as neural networks. This can, e.g.,
give rise to probabilistic models of the form

p(x) = N (x j0; I ) (1.9)

p(y jx) = N (y jf (x ); � 2I ): (1.10)

That is, the latent variable is mapped through a function f : Rd ! RD ,
after which independent Gaussian noise is added. Assumingf is
nonlinear, then this results in a more 
exible model than probabilistic
PCA. This, however, also implies that the identi�ability problem just
got worse.

Consider a nonlinear invertible function h : Rd ! Rd with the
property

x � N (0; I ) ) h(x) � N (0; I ): (1.11)

One example of such a function is

h(x) = R � (x ) x; (1.12)
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Fig. 1.3. Two example transformations h : Rd ! Rd that preserve distances
to the origin. The left rotates by a constant angle, while the right rotates by a
position-dependent angle. The �gure has two panels. The �rst panel shows a
rotation of the plane. The second panel shows a deformation of the plane obtained
by rotating points with an angle that depends on the distance to the origin. The
latter is akin to rotating concentric disks.

where R � is a linear transformation that rotates points by � (x) =
sin(� kxk). This is illustrated in the right panel of Fig. 1.3.

Note that, in practice, we never work explicitly with h. This
unknown function merely expresses the inherent 
exibility of the model
that we must take into account when trying to make sense of the latent
representations (Fig. 1.4).

Using the function h, we can signi�cantly distort the latent space
without changing the distribution of the latent variables. Speci�cally,
we can repeat the exercise from the previous section, and introduce a
new model from x̂ = h(x),

p(x̂ ) = N (x̂ j0; I ) (1.13)

p(y jx̂ ) = N (y jf (h� 1(x̂ )) ; � 2I ): (1.14)

Thus, if we are working with a function class for f (�) that is su�ciently
general to also containf (h� 1(�)), then we can construct the same
probabilistic model using very di�erent parametrizations. As before,
this may in
uence our ability to understand the generative process
through inspection of the latent variables.
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Fig. 1.4. Fitting a model twice to the same data may yield di�erent latent
representations. Mathematically, we can connect the two representation spaces
through a (unknown) function g : Rd ! Rd . Our goal is a set of tools for analyzing
the latent representations that give identical conclusions for all equally good models.

IV. Outline & reading guide

The structure of this text is trivial: you are supposed to start
at the beginning and stop at the end. A few sections and
chapters here and there may be skipped; these are marked
with a `yawn' in the margin (see example on the right).

The text emphasizes the parts of di�erential geometry that are of
most use in the statistical analysis of data. As such, many central
topics of di�erential geometry, such curvature or topology, at best only
play a secondary role. The predominant focus is on the tools needed
for making quantitative statements, such as distances, angles, and
volumes, as this is what the practitioner will tend to need.

Related work is only cited sparsely throughout the text. The
concluding chapter provides some, albeit limited, remedies to this.

Exercises

Exercise 1.1: PPCA distances and angles.
Probabilistic PCA can be equivalently expressed as

p(y jx) = N (y jAx + b; � 2I ) (1.15)
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(with latent variables x) or

p(y jx̂ ) = N (y jÂ x̂ + b; � 2I ) (1.16)

(with latent variables x̂ = Rx and Â = AR | , where R is a rotation
matrix). The two latent representations x and x̂ are clearly di�erent
(for R 6= I ). Show that

1. Euclidean distances between points in these representations are
identical, i.e. kx i � x j k = kx̂ i � x̂ j k, and

2. angles between points in these representations are identical, i.e.
\ (x i � x j ; x k � x j ) = \ (x̂ i � x̂ j ; x̂ k � x̂ j ).

Exercise 1.2: Autoencoder distances and angles.
An autoencoder is a nonlinear generalization of PCA. Letg� : RD ! Rd

be a neural network with weight parameters� , and let f  : Rd ! RD

be another network with parameters  . Furthermore, let D denote
the dimensionality of training data y and let d < D . The autoencoder
learns a mapping of datay 2 RD into a low-dimensional latent repre-
sentation x 2 Rd alongside a mapping that reconstructs the data from
the representation. Speci�cally, the autoencoder is trained to minimize
the reconstruction error

� � ;  � = argmin
�; 

NX

n =1

kf  (g� (yn )) � yn k2 : (1.27)

1. Implement an autoencoder for a simple dataset. Pick the la-
tent dimension d = 2 and plot the resulting low-dimensional
representations.

2. Plot the latent representations for di�erent models trained from
di�erent random initialization. Do you recover the same repre-
sentations?

3. Compute pairwise distanceskg(y i ) � g(y j )k between latent rep-
resentations in di�erent models. Are the distances between rep-
resentations identical across models? Discuss what the answer
implies.
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Exercise 1.3: Reparametrizations.
Consider the function h(x) = R � (x ) x (see Eq. 1.12 and Fig. 1.3) in two
dimensions (i.e.x 2 R2). This is an example of a reparametrization of
a representation space.

1. Numerically simulate 100 standard normally distributed points
xn � N (0; I ) and plot howh(xn ) changes compared toxn .

2. Visualize how the reparametrization changes pairwise distances.
Speci�cally, compute dnm = kxn � xm k and d̂nm = kh(xn ) �
h(xm )k and make a scatter plot containing points(dnm ; d̂nm ).
What conclusion do you draw from the plot?



Chapter 2

Making maps

In which we pause to look at the world.

Fig. 2.1. Planet Earth.
Image courtesy of NASA.

Planet Earth is approximately spherical,
making it a prototypical manifold. Since carry-
ing around spherical maps is impractical, much
e�ort has gone into making 
at maps, such as
the one in Fig. 2.2 below. One reason so much
e�ort has been required is that the task is fun-
damentally impossible. The impossibility was
made precise by Carl Friedrich Gauss in 1827
through his Theorema Egregium.1

This theorem states that the Gaussian cur-
vature of a surface is preserved by local isome-
tries. Admittedly, we haven't de�ned most terms in this statement,
but we can try to understand it nonetheless. An isometry is a trans-
formation that preserves all distances, and the Gaussian curvature is a
measure of how much a surface bends. So, the theorem informs us that
if we �nd a transformation that takes the spherical Earth and places
it on a 
at piece of paper such that distances between all points are
identical in the two representations, then the curvature of the sphere
and the paper is the same as well. Since the curvature of a sphere and
a 
at piece of paper surely must be di�erent, the theorem informs us
that the transformation cannot preserve distances. The map must be
distorted.

The astute reader may reasonably object here. Perhaps the issue at
hand here is that we cannot make a map of theentire sphere as that
requires us to `tear it open', which must cause trouble.Perhaps we can

1Translates to remarkable theorem , which indicates the level of excitement from
Gauss upon his discovery.
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Fig. 2.2. World map by Diego Ribero, 1527. While beautiful, the map is funda-
mentally misleading as any 
at depiction of a curved object (here: Earth) wil l not
re
ect distances accurately. A photography of a 15th century map of the world.

make an accurate map of a part of the sphere?Again, Gauss' theorem
informs us that this cannot be done. If we take a part of the sphere,
then this remains a curved surface, so any map onto a
at plane must
distort distances.

The takeaway message is that whenever we deal with curved objects,
such as manifolds estimated from data, we cannot make this 
at without
getting a distorted picture. This is the fundamental challenge that
geometry solves.

In practice, distortions will be less severe if we only consider small
segments of the sphere at a time. Historically, books of smaller maps
have been created to provide less distorted maps of the world (see,
e.g., Fig. 2.3). These books are known asatlases. Individual pages
contain maps of small regions, but jointly the atlas can cover a wider
region. To help the reader, individual pages overlap in the coverage of
the world. This structure can also be mimicked mathematically, which
we will touch upon in chapter 12.

Exercises

Exercise 2.1: Maps of the world.
Humans have long aimed to map their surroundings to navigate reliably.
The resulting maps have often been used to form mental pictures of
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Fig. 2.3. Sebastian M•unster's Geographia Universalis (1552), here showing Spain
and Africa. The individual maps partial ly overlap, allowing the reader to navigate
a larger region than the individual page covers.
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