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Abstract. We consider the dynamic range minimum problem on the
ultra-wide word RAM model of computation. This model extends the
classic w-bit word RAM model with special ultrawords of length w? bits
that support standard arithmetic and boolean operation and scattered
memory access operations that can access w (non-contiguous) locations
in memory. The ultra-wide word RAM model captures (and idealizes)
modern vector processor architectures.

Our main result is a linear space data structure that supports range
minimum queries and updates in O(log log log n) time. This exponentially
improves the time of existing techniques. Our result is based on a simple
reduction to prefix minimum computations on sequences O(logn) words
combined with a new parallel, recursive implementation of these.

Keywords: Ultra-wide word RAM model - Range minimum queries -
Prefix minimum.

1 Introduction

Supporting range minimum queries (RMQ) on arrays is a well-studied, classic
data structure problem, see e.g., [1,2,3,4,9,10,11,12,14,16,17,19,23,25,27,28].
This paper considers the dymamic RM@ problem defined as follows: maintain
an array A[0,...,n—1] of w-bit integers and subject to the following operations.

— rmq(%, j): return a smallest integer in the subarray A[i..j].
— update(i, a): set Afi] + a.

On most models of computation, the complexity of the dynamic RMQ prob-
lem is well-understood [2,9, 11,23, 25]. For instance, on the word RAM, a tight
O(logn/loglogn) time bound on the operations is known [11]. Hence, a nat-
ural question is whether practical models of computation capturing modern
hardware advances will allow us to improve this bound significantly. One such
model is the wltra-wide word RAM model (UWRAM) introduced by Farzan et
al. [15]. The UWRAM extends the word RAM model with special ultrawords
of w? bits. The model supports standard boolean and arithmetic operations on
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ultrawords and scattered memory operations that access w words in parallel.
The UWRAM model captures (and idealizes) modern vector processing archi-
tectures [13,22,24,26]. We present the details of the UWRAM model of compu-
tation in Section 2. By extending recent techniques for the UWRAM model [5],
we can immediately solve the dynamic RMQ problem using O(loglogn) time
per operation.

1.1 Results and Techniques

Our main result is an exponential improvement of the O(loglogn) time bound.
More precisely, we show the following bound:

Theorem 1. Given an array A of n w-bit integers, we can construct an O(n)
space data structure in O(n) time on the UWRAM that supports rmq and update
in O(logloglogn) time.

Technically, our solution is based on a simple linear space and logarithmic
time folklore solution, which we call the range minimum tree (see Section 3 for a
detailed description). The range minimum tree is a balanced binary tree over the
input array and supports operations in O(logn) time by sequentially traversing
the tree. On the UWRAM, we show how to efficiently compute the access pat-
terns of the operations on the range minimum tree in parallel using scattered
memory access operations and prefix minimum computation on ultrawords. More
precisely, we show that given any algorithm for a prefix minimum computation
on a sequence of words of length ¢ = O(w) stored in a constant number of ultra-
words that uses time #(¢) implies a linear space solution for dynamic RMQ that
supports both operations in O(¢(logn)) time. If we implement a standard paral-
lel prefix computation algorithm [20] (see also the survey by Blelloch [8]) using
the UWRAM techniques in Bille et al. [5] we immediately obtain an algorithm
that uses O(log ¢) time. Our main technical contribution is a new, exponentially
faster prefix minimum algorithm that achieves O(loglog¢) time. The key idea
is a constant time prefix minimum algorithm for "short" sequences of O(y/w)
words that takes advantage of parallel computations on multiple copies of the
sequence packed into a constant number of ultrawords (note that a constant
number of ultrawords can store O(y/w) copies of a sequence of O(y/w) words).
We implement the idea recursively and in parallel on each recursion level to ob-
tain a fast solution for general sequences of words of length O(w). Each recursion
step uses constant time, and the depth is O(loglog¥), leading to the O(loglog¢)
time bound.

1.2 Outline

The paper is organized as follows. In Section 2 and 3 we review the UWRAM
model of computation and the range minimum tree. In Section 4.1, we present the
UWRAM implementation of the range minimum tree that leads to the reduction
to prefix minimum computation on word sequences. Finally, in Section 5, we
present our fast prefix minimum algorithm.
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Fig. 1. The layout of a word sequence X.

2 The Ultra-Wide Word RAM Model

The word RAM model of computation [18] consists of an unbounded memory of
w-bit words and a standard instruction set including arithmetic, boolean, and
bitwise operations (denoted ‘&,” ‘|,” and ‘~’ for and, or and not) and shifts (de-
noted ‘>’ and ‘<) such as those available in standard programming languages
(e.g., C). We assume that we can store a pointer to the input in a single word
and hence w > logn, where n is the input size. The time complexity of a word
RAM algorithm is the number of instructions, and the space is the number of
words the algorithm stores.

The ultra-wide word RAM (UWRAM) model of computation [15] extends the
word RAM model with special ultrawords of w? bits. As in [15], we distinguish
between the restricted UWRAM that supports a minimal set of instructions on
ultrawords consisting of addition, subtraction, shifts, and bitwise boolean oper-
ations, and the multiplication UWRAM that additionally supports multiplica-
tions. We extend the notation for bitwise operations and shifts to ultrawords.
The UWRAM (restricted and multiplication) also supports contiguous and scat-
tered memory access operations, as described below. The time complexity is the
number of instructions (on standard words or ultrawords), and the space com-
plexity is the number of words used by the algorithms, where each ultraword
is counted as w words. The UWRAM model captures (and idealizes) modern
vector processing architectures [13,22,24,26]. See Farzan et al. [15] for a detailed
discussion of the applicability of the UWRAM model.

2.1 Instructions and Componentwise Operations

Recall that ultrawords consist of w? bits. We often use ultrawords to store and
manipulate small sequences of O(w) words. A word sequence X of length ¢ is a
sequence of ¢ words (also called the components of X). We number the words
from right to left starting from 0 and use the notation X (i) to denote the ith
word in X (see Figure 1).

We define common operations on word sequences that we will use later. Let
X and Y be word sequences of length ¢. The componentwise addition of X and
Y is the word sequence Z such that Z(i) = X (i) + Y (i). The componentwise
comparison of X and Y is the word sequence Z such that Z(i) = 1 if X (i) < Y (i)
and 0 otherwise. Given another word sequence I of length ¢, where each word
is either 0 and 1 (we will call this a binary word sequence), the componentwise
extract of X wrt. I is the word sequence Z such that Z (i) = X (i) if I{i) = 1 and
Z (1) = 0 otherwise. We can also concatenate X and Y, denoted X -Y producing
the length 2¢ word sequence X (¢ —1)--- X(0)Y (¢ —1)---Y(0) or split X at
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any point k into word sequences X (¢ — 1) --- X (k + 1) and X (k) --- X (0). Note
that using two split operations, we can compute any contiguous subsequence
X (1)--- X{j) of X. All these operations can be implemented in constant time
for word sequences of length O(w) on the restricted UWRAM using standard-
word level parallelism techniques [5, 6, 18]. Note that we can manipulate word
sequences with length < cw, for some constant ¢ > 1, by storing them in ¢
ultrawords and simulating operations on them in constant time.

The UWRAM also supports a compress operation that takes a binary word
sequence I of length ¢ and constructs the bitstring of the ¢ bits of I. The inverse
spread operation takes a bitstring of length ¢ and constructs the corresponding
binary word sequence of length ¢. This is the UWRAM model that we will use
throughout the rest of the paper. Note that these operations are widely supported
directly in modern vector processing architectures.

Given a word sequence of X of length ¢, we define the prefix minimum of
X, denoted pmin(X), to be the word sequence P of length ¢ such that P(i) =
min(X (i), ..., X(0)). We also define the minimum of X, denoted min(X), as the
smallest entry among all entries in X. Note that we can use a prefix minimum
algorithm to compute the minimum. The prefix minimum operation is central in
our solutions, and as discussed, we will show how to implement it in O(loglog ¢)
time.

Some of our operations require precomputed constant word sequences, which
we assume are available (e.g., computed at "compile-time"). If not, we can com-
pute those needed for Theorem 1 in logo(l) n time, which is negligible.

2.2 Memory Access

The UWRAM supports standard memory access operations that read or write
a single word or a sequence of w contiguous words. More interestingly, the
UWRAM also supports scattered access operations that access w memory lo-
cations (not necessarily contiguous) in parallel. Given a word sequence A con-
taining w memory addresses, a scattered read loads the contents of the addresses
into a word sequence X, such that X (i) contains the contents of memory location
A(t). Given word sequences X and A of length O(w) a scattered write sets the
contents of memory location A(i) to be X (i). We can implement the following
shuffle operations in constant time using scattered read and write. Given two
word sequences A and X of length ¢, a shuffled read computes the word sequence
Y, such that Y (i) = X (A(3)). Given word sequences X and A of length ¢, a shuf-
fled write computes the word sequence Y, such that Y (A(:)) = X (i). Scattered
memory accesses capture the memory model used in IBM’s Cell architecture [13].
They also appear (e.g., vpgatherdd) in Intel’s AVX vector extension [24]. Scat-
tered memory access operations were also proposed by Larsen and Pagh [21] in
the context of the I/O model of computation. Note that while the addresses for
scattered writes must be distinct, we can read simultaneously from the same
address.
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3 Range Minimum Tree

Let A be an array of n w-bit integers and assume for simplicity that n is a power
of two. The range minimum tree T is the perfectly balanced rooted binary tree
over A such that the ith leaf corresponds to the ith entry in A. We associate
each node v in T with a weight, denoted weight(v). If v is a leaf, the weight is
the value represented by the corresponding entry of A, and if v is an internal
node, the weight is the minimum of the weights of the descendant leaves. Note
that T has height h = O(logn) and uses O(n) space. See Figure 2.

For nodes i,j € T, let Ica(i, j) denote the lowest common ancestor of ¢ and j.
To answer an rmq(i, j) query, we traverse the path from i to Ica(i, j) and from j
to lca(7, j) and return the minimum weight of 7, j, and of the nodes hanging off to
the right and left of these paths (except for the children of Ica(i, 7)), respectively
(see Figure 2). To perform an update(, ), we traverse the path from i to the
root. At leaf i, we set the weight to be «, and at each internal node v, we set
the weight to be the minimum of the weights of the two children of v. If we do
not modify the weight of a node at some node in the traversal, we may stop
since no weights need to be updated on the remaining path. See Figure 3. Both
operations traverse paths of O(logn) length and use constant time at each node.
Hence, both operations use O(logn) time.

We introduce the following node sequences to implement the range minimum
tree on the UWRAM efficiently. Let i be an index in A corresponding to the
1th leaf in T', and let p be the path of nodes from i to the root in 7. The path
sequence is the sequence of nodes on the path p. Define the left sequence to be
the sequence of nodes that are hanging off to the left of p, i.e., a node v is in the
left sequence if it is the left child of a node on p and is not on p itself. Similarly,
define the right sequence and the off-path sequence to be the sequence of nodes
to the right of p and the sequence of nodes to the left or right of p, respectively.
All node sequences are ordered from 7 to the root in order of increasing height.
See Figures 2 and 3.

We can use the node sequences to describe the traversed nodes during the
rmq and update operations on the range minimum tree. Consider an rmq(, j)
with u = lca(i,j) of depth d. Then rmq(i,j) is the minimum of the weights of
the leaves ¢ and j and of the nodes of depth > d + 1 on the right sequence of i
and the left sequence of j. Next, consider an update(i, @) and let if}, ..., i} | and
ig,...,15_, be the path and off-path sequence, respectively, for i. Let weight(-)
and weight’(-) denote the weight of nodes in T before and after the update.
Recall that only the nodes on the path sequence may change. We have that
weight(i) = o and weight'(i}) = min(weight(i_,, weight(i_,))) for 0 < j < h.
If we unfold the recursion, it follows that

weight' (i) = min(weight(if_, ), . .., weight(i§), @) for0<j<h. (1)

In other words, the new weights of the nodes on the path sequence are the prefix
minimums of the sequence weight(i{_,), ..., weight(i), v
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Vie V17 V18 V19 V20 V21 V22 V23 V24 V25 V26 V27 V28 V29 U30 V31

i-1 j=12

Right sequence of vi7: vg, vs, v3

Left sequence of vag: vag, V6, V2

Fig. 2. An example array A, with its range minimum tree. For a query rmq(1,12), we
illustrate with grey circles the right sequence vertices of ¢ = 1 and the left sequence
vertices of j = 12 of depth greater than d + 1 = 1.

4 From Range Minimum Queries to Prefix Minimum on
the UWRAM

In this section, we show that any UWRAM data structure that supports prefix
minimum computations on word sequences of length O(logn) implies a UWRAM
solution for the range minimum query problem.

Theorem 2. Let A be an array of n w-bit integers, and let t(£) be the time
to compute pmin on a word sequence of length at most { = O(w). Then, we
can construct an O(n) space data structure in O(n) time on the UWRAM that
supports rmq and update in O(1 + t(logn)) time.

In the next section, we will show how to compute pmin on a word sequence of
length ¢ = O(w) in O(loglog ¢) time, implying the main result of Theorem 1.

4.1 Range Minimum Tree on the UWRAM

We first show a simple direct implementation of the range minimum tree that
achieves the rmq and update time bounds of Theorem 2 but with O(nlogn)
space and preprocessing time.

Data Structure Our data structure consists of the input array A, the range mini-
mum tree T over A, and a data structure that supports lowest common ancestor
queries on T'. This data structure can be implemented in linear space and pre-
processing time to support Ica queries in constant time [1,3,19]. Furthermore, for
each index 7 in A, we store the path sequence, the left path sequence, the right
path sequence, and the off-path sequence. The sequences are stored as sequences
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v1

Vie V17 V18 V19 V20 V21 V22 V23 V24 V25 V26 V27 V28 V29 U30 V31
=5

Path sequence of va1: v21,v10, Vs, V2, V1

Off-path sequence of of va1: v20, v11,v4, V3

Fig. 3. Illustration of an update(5,a) query. We draw with grey circles the off-path
sequence vertices. Note how the value of vig should be min(va0, @), the value of vs
should be min(vi0,v11) = min(v11, v20, @), and the value of v should be min(vs,vs) =
min(v4, v11, V20, @), and so on. These values are the prefix minimum of the grey vertices
and «.

of pointers to the nodes, and together with the left and right sequences, we also
store the sequence of depths of the nodes in the sequence.

The array, the range minimum tree, and the lowest common ancestor data
structure use O(n) space. Each of the O(n) sequences uses O(logn) space. In
total, we use O(nlogn) space and preprocessing time.

Range Minimum Queries To answer a rmq(i,j) query, compute v = lca(i,7)
and the depth d of u. Read the left and right path sequences of ¢ and j into
word sequences denoted I™ and J!, and their corresponding depth sequences into
word sequences denoted DI" and D.J!. Then, construct masks MI" and M.J!
containing 1s in the positions in DI" aﬁnd DJ! that are greater than d+1 and use
these to extract the prefixes I™ and J! of I" and J', respectively, that contains
the nodes thii.t have depth greater tha:n d + 1. Finally, compute the weights
WI" and W.J! of the nodes in I™ and J! using two scattered reads, and return
min(WIAT -WJY). The masks MI" and MJ' can be computed using a scattered
read and a comparison operation. Thus, all operations take constant time, except
min, which uses O(t(logn)) time. In total, we use O(1 + t(logn)) time.

Updates To implement update(i,a), we first set weight(i) = a. We read the
off-path sequence into a word sequence, denoted I°, and then compute the cor-
responding sequence of weights W1° using a scattered read. We then compute
P = pmin(WI°-«a) and perform a scattered write with I? and P. All operations
use constant time, except pmin, which uses O(t(logn)) time. In total, we use
O(1 + t(logn)).
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In summary, the UWRAM range minimum tree uses O(nlogn) space and
preprocessing time and supports rmq and update in O(1 + t(logn)) time.

4.2 Reducing Space

We now improve the space and preprocessing time to O(n) by using a single
level of indirection.

Data Structure We partition A into blocks By, ..., By /105 n—1 €ach of logn con-
secutive entries. We store the minimum of each block in a block array B of
length n/logn and construct the UWRAM range minimum data structure from
Section 4.1 on B. This uses O(n/log(n/logn)) = O(n) space and preprocessing
time.

Range Minimum Queries To answer an rmq(i, j) query there are two cases:

Case 1: i and j are within the same block. Let By, where k = |i/logn|
be the block containing ¢ and j and compute the corresponding local indices

i/ = ¢ mod logn and j/ = j mod logn in By. We read B and return

min(By(i"), - Bi(j’)).

Case 2: i and j are in different blocks. Let B;, B;11,..., B, be the blocks
covering the range from ¢ to j and let ¢/ and j’ be the local indices in B; and
B,.. We decompose the range into three parts. We compute the minimum in
the leftmost block as i = min(By(i’) - -- , B;{logn — 1)) and the rightmost
block as iy = min(B,.(logn —1)--- B.(j’)). We then compute the mini-
mum My, of the middle blocks using the range minimum tree. Finally, we
return min(lmin, Cmin, "min)-

Updates Consider an update(i, o) operation. Let By, where k = |i/logn| be the
block containing i, and let i = 7 mod logn be the local index in Bj. We set
By (i") = a. We then read By and compute by, = min(Byg). If by, differs, we
update T" with the new value.

Both operations use constant time except for (prefix) minimum computations
and operations on the range minimum tree that take O(1 + t(log(n/logn))) =
O(t(logn)) time. Hence, the total time is O(1 + t(logn)). In summary, we have
shown Theorem 2.

5 Computing Prefix Minimum on Word Sequences

We now show how to efficiently compute the prefix minimum on word sequences
of length ¢ = O(w) in O(loglog ¢) time. We first show how to do so in constant
time for word sequences of length O(y/w). We then show how to implement this
algorithm in parallel and then recursively leading to the result.

Our algorithm often partitions a word sequence into multiple equal-length
sequences to work on them in parallel. We define a b-way word sequence to be a
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X = (925 3)
X=(9253 9253 9253 925 3)
X=(9999 2222 5555 333 3)
C=(1000 1111 1010 10T11)
D=(0000 1111 0000 00°11)
M=(1000 1100 1110 111T1)
E=(0000 1100 0000 00T11)
EE=(0000 3200 0000 0010)
E"=(19181716 0 01312 11109 8 7 6 0 0)
P=(19181716 3 21312 11109 8 7 6 1 0)
Y = ( 2233)

Fig. 4. Our prefix minimum algorithm.

word sequence X = X,_1 --- Xy where each subsequence X; is a block of length
b. Thus, the total length of X is sb. We use X (i, j) to denote entry j in block 4,
that is, X (i, 5) = X;(j).

5.1 Prefix Minimum on Small Word Sequences

We now show how to compute the prefix minimum on a word sequence X of
length ¢ = O(y/w). For simplicity, we first assume all entries in X are distinct.
Our algorithm proceeds as follows. See also the example in Figure 4.

Step 1: Compare all pairs of words in X We construct a b-way word sequence
C' containing the results of all pairwise comparisons of words in X. To do so, we
first construct the word sequences:

X=X{—1)X{—1)-X{—2)-X{—2)---X(0) - X(0)

4 4 14

We compute these using shuffled read operations on X with the constant word
sequences
A=(l—1,---0)--(L—1,---0)
¢
A=({—1,..0-1)-((—2,...0—2)---(0,...0).

——
L L 14

Note that both X and X have length ¢2 = O(w). We then do a componentwise
comparison of X and X. This produces a word sequence C of length ¢2, which
viewed as an ¢-way word sequence is defined by:

O%ﬁ:{lﬁXmng @

0 otherwise
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Thus, the ith block in C stores the comparison of X (i) with all other words
in X.

Step 2: Compute Prefix Minima We construct an ¢-way word sequence E that
contains the positions of the prefix minima. First, compute the ¢{-way word se-
quence D such that

3)

Dy = {1 if C(i,j) = Clij = 1) =+ C(i,0) = 1
0 otherwise

Thus, the block D; in D takes the rightmost 0 in C; and "smears" it to the left.
In the full version, we show how to compute this operation, which we call left
clear, in constant time [7]. We then mask out all entries in D where i > j using
an f-way mask M = My_y--- My, where M (i,j) = 1 if ¢ < j and 0 otherwise.
By (2) we have that D(i,5) = 1 iff X(i) < X(j),X(j —1),...,X(0). Hence,
E(i,j) =1iff X{i) < X{§),X{G—1),...,X(0) and ¢ < j, i.e., X (i) is the prefix
minimum of X (j —1),..., X(0).

Step 3: Extract Prefix Minimum We now extract the prefix minima entries in-
dicated by D and then compact them into a word sequence of length ¢. The key
observation is that E(i,j) = 1 implies that X (i) should appear in position j in
the final prefix minimum. We use the following constant word sequences:

Pm 10 1)
4
P”=<£2+€_17£2+£_2""é>

We do a component-wise extraction of the positions in P’ wrt. E and of P” wrt.
E, where E is the negation of E, and then | the resulting sequences E’ and E”
together to get a word sequence P. We then do a shuffled write on X with P
and clear out all but the ¢ rightmost entries. The resulting word sequence Y of
length ¢ contains a X (i) in position j iff E(i, j) = 1 as desired. Since we assumed
all input words are distinct and since P” only contains numbers greater than
¢ — 1, there is no write conflict.

All of the above word sequences have length at most /2 = O(w), and thus,
each step takes constant time. Recall that we assumed all entries in X were
distinct. If not, we may have a write conflict at the end of step 3. To fix this, we
can always double the length of the input word sequence X and represent each
entry using two words consisting of the entry and the position in the sequence,
thus breaking ties. We can then simulate the above algorithms with constant
factor slowdown. In summary, we have shown the following result.

Lemma 1. Given a word sequence X of length £ = O(y/w), we can compute the
prefiz minimum of X in O(1) time.
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As a corollary, we implement the above operation to compute prefix minima
of blocks in a b-way word sequence X. More precisely, let X = Xs_1--- Xy be a
b-way word sequence and define the b-way prefix minimum of X to be

pmin®(X) = pmin(X,_1) - pmin(Xs_2) - - - pmin(Xy) .

To compute pmin®(X), where X has length £ = O(w/b), consider each block
as a word sequence of size b to which we apply the above algorithm in parallel
as follows. In Step 1, we create two word sequences X’ and X' that are the
concatenation of all the word sequences X and X of size b corresponding to
each block, and we apply all the operations outlined above in parallel for each
subsequence of b? words. Since the length of X is ¢ = O(w/b), the number of
blocks is O(w/b?) and the length of the word sequences X and X is O(w). We
proceed similarly for the other steps.

Since the length of the word sequences we work with is O(w) we can do all
the operations in constant time. Note that, if b > \/w, the condition ¢ = O(w/b)
implies that £ = O(y/w), and also that we have a constant number of blocks to
process, which we can do with Lemma 1 instead. We have the following result:

Corollary 1. Given a b-way word sequence X of length O(w/b) we can compute
the b-way prefiz minimum of X in constant time.

5.2 Prefix Minima on General Word Sequences

We now show how to recursively apply Corollary 1 to compute the prefix minima
on a word sequence X of length ¢ = O(w). Given the b-way prefix minimum of X,
we show how to compute the b2-way prefix minimum of X in constant time. We
then show how to apply this recursively to obtain our O(loglog ¢) algorithm. Let
Xt = Xt ... X} be the b-way prefix minimum of X. Our algorithm proceeds
as follows (see Figure 5).

Step 1: Compute Prefiz Minima of Block Minima We compute the word sequence
BY = pmin®(X"_, (b — 1)+~ Xi(b— 1))

containing the prefix minimum of the minimum (leftmost) entries of the blocks
in X°. To do so, we first shuffle the leftmost entries of the blocks into a word
sequence Y and then compute B® = pmin®(Y") using Corollary 1 (note that Y
has length O(w/b) as required).

Step 2: Propagate Prefix Minima of Block Minima. We construct a word se-
quence E that, for each block of X?, has the minimum of the previous blocks in
each sequence of b blocks. First, we compute the word sequences

BY=B(s—1)---B"(s —1)--- B(0)--- B(0),

b b

M=0---0-1"-1"...0---0-1% ... 1%,
N e e Vo
b2—p b b2—b b
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X<12910116235 5 9 10 8
X'=(9 91011 2 2 3 5 5 8 8 8

5

6 )
6

8 4 5
445 6 )

B'=(2 22 2 222 2 4444 4 4 4 4 )
M=(0000 0000 0000 1°1¥I*1¥)
B'=(2 2 2 2 4 4 4 4 4 4 4 4 1WI¥IV1¥ )
X¥=(2 22 2 2234 4444 4456 )

Fig. 5. Illustration of Step 2 of section 5.2: computing the 16-way prefix minimum of
a word sequence X, given the 4-way prefix minimum of X in X°.

where B® contains b copies of every entry in B® and M contains a repeated
pattern of b words of 1s followed by b2 — b 0s. Both word sequences have length
¢, and we compute them using shuffled read operations. After this, we shift left
B® by b words, and we calculate the logical ‘|" of B and M in a word sequence
Eb.z Finally, we compute the componentwise minimum of B® and X to produce
X0,

To see why this is correct consider a sequence of b blocks of the b?-way prefix
minimum of X, denoted le XY e XYy forany 0 < i < [£/6%]. We can
obtain the value of any Xib +; by the componentwise minimum of be +j» and a
block that contains b copies of the minimum of X;;4;_1,...X;. This minimum
is computed in the (j — 1)th word of B?, so we copy that word b times in éb,
and we shift it left by b words to compute the componentwise minimum with
Xw_|r Note that for j = 0, the value of Xib is the same as the value of Xzb,
therefore for these blocks, we instead compare to the maximum word available
(1") in order not to change their value. See Fig 5 for a visualization.

Each operation uses constant time, and hence we have the following result.

Lemma 2. Let X be a word sequence of length ¢ = O(w/b). Given a b-way prefix
minimum of X, we can compute a b-way prefiz minimum of X in constant time.

It now follows that we can compute the prefix minimum of a word of length
¢ by applying Lemma 2 for double exponentially increasing values of b over
O(loglog ¢) rounds. Hence, we have the following result.

Theorem 3. Given a word sequence X of length £ = O(w), we can compute the
prefiz minimum of X in O(logloglog¥) time.

Plugging in Theorem 3 into our reduction of Theorem 2, we have shown the
main result of Theorem 1.
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