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Abstract Semidefinite relaxation techniques have shown great promise for
nonconvex optimal power flow problems. However, a number of independent
numerical experiments have led to concerns about scalability and robustness
of existing SDP solvers. To address these concerns, we investigate some numer-
ical aspects of the problem and compare different state-of-the-art solvers. Our
results demonstrate that semidefinite relaxations of large problem instances
with on the order of 10,000 buses can be solved reliably and to reasonable
accuracy within minutes. Furthermore, the semidefinite relaxation of a test
case with 25,000 buses can be solved reliably within half an hour; the largest
test case with 82,000 buses is solved within eight hours. We also compare the
lower bound obtained via semidefinite relaxation to locally optimal solutions
obtained with nonlinear optimization methods and calculate the optimality

gap.

Keywords AC Optimal Power Flow - Semidefinite Relaxation - Optimiza-
tion - Numerical Analysis

1 Introduction

The alternating current optimal power flow (ACOPF) problem is a nonlin-
ear optimization problem that is concerned with finding an optimal operating
point for a power system network. Today, more than 60 years after it was
first studied by Carpentier (1962), the problem still receives considerable at-
tention because of the challenging nature of the problem and its important
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role in power system planning and operation. Many optimization methods
have been applied to the ACOPF problem, including general nonlinear opti-
mization techniques, interior-point methods, and meta-heuristic optimization
methods (Taylor, 2015).

Following the work of Jabr (2006) and Bai et al. (2008), the use of con-
vex relaxation techniques applied to the ACOPF problem has been explored
extensively; see e.g. (Low, 2014a,b) for a recent survey. The interest in these
techniques is driven by the fact that the solution to a relaxed problem pro-
vides either a globally optimal solution to the original problem or a global
lower bound that can be used to assess the quality of locally optimal solutions
found by other means. Moreover, a solution to an SDR may also be used to
guide a load flow study (Mak et al., 2018) in order to find a feasible operating
point.

Different convex relaxations of the ACOPF problem have been proposed
and studied, including a second-order cone relaxation (SOCR) (Jabr, 2006),
a semidefinite relaxation (SDR) (Bai et al., 2008; Lavaei and Low, 2012),
moment relaxations (Molzahn and Hiskens, 2015; Josz et al., 2015), and more
recently, a quadratic convex relaxation (QCR) (Coffrin et al., 2016; Hijazi
et al., 2017). The different relaxations vary in tightness and computational
cost. For example, the SDR is generally tighter than the SOCR, but it is
generally also more computationally demanding. In an attempt to address
the computational cost associated with the SDR, Andersen et al. (2014) and
Bingane et al. (2018) have proposed simpler, weaker SDRs that are cheaper
to solve than the standard SDR. The QCR is generally neither weaker nor
stronger than the SDR, but it is computationally cheaper and often provides
a lower bound of similar quality as that of the SDR.

The high computational cost of solving an SDR of a large ACOPF prob-
lem has given rise to concerns about robustness and scalability (Hijazi et al.,
2016, 2017; Madani et al., 2017). These concerns are supported by numerical
experiments that show that solving the SDR is not only much slower than
other approaches, but also more unreliable (Coffrin et al., 2016). Our goal
with this paper is to address concerns regarding robustness and scalability
by demonstrating numerically that an SDR of the ACOPF problem can be
solved both reliably and within minutes using commodity hardware, even for
large networks with on the order of 10,000 buses. Our contribution is therefore
confined to numerical considerations and implementation details (Section 2)
as well as numerical experiments (Section 3) with the purpose of investigating
scalability, accuracy, and robustness for different solvers. What differentiates
our implementation from most implementations that have been described and
investigated in the literature is the fact that we construct the SDR manually
without the use of modeling tools such as YALMIP (Lofberg, 2004) and CVX
(Grant and Boyd, 2008). Although this manual approach can be both inflex-
ible and cumbersome, it is typically much faster and allows us to control the
exact problem formulation, avoiding automatic transformations that may ad-
versely affect the size and conditioning of the SDR problem. We remark that
some modeling tools allow some degree of control over the problem formula-
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tion (e.g., through options), but it is generally difficult for non-expert users to
predict the final problem formulation.

Notation The set K = {(t,z) € R x R" ' [||z]ly < t} denotes the second-
order cone in R™, S"™ denotes the set of symmetric matrices of order n, and
H" is the set of Hermitian matrices of order n. The sets S”} and H'} are the
cones of positive semidefinite matrices in S™ and H"”, respectively. Since the
symmetric matrices of order n form a vector space of dimension n(n + 1)/2,
the cone S% can be reparameterized as K7 = {svec(X) | X € S1} c Rn(n+1)/2
where svec(-) is an injective function that maps a symmetric matrix of order
n to a vector of length n(n + 1)/2. Similarly, we define K = {hvec(X)|X €
H%} C R"* where hvec(-) maps a Hermitian matrix of order n to a vector
of length n2. The inner product between two matrices A, B € H" is tr(A” B)
where tr(A) denotes the trace of a square matrix A. Given a complex number
¢ = a+ jb where 7 = /=1, R(c) denotes the real part a, S(c) denotes the
imaginary part b, and ¢* denotes the complex conjugate of c.

2 Method
2.1 The AC Optimal Power Flow Problem

An AC power system in steady state can be modeled as a directed graph
where the set of nodes N/ = {1,2,...,n} corresponds to a set of n power
buses, and the set of edges £ € AN/ x A/ corresponds to transmission lines, i.e.,
(k,1) € L if there is a line from bus k to bus I. The set £% C £ consists of all
transmission lines with a flow constraint, £P* C L consists of all transmission
lines with a phase-angle difference constraint, Gi denotes a (possibly empty)
set of generators associated with bus k, and G = |, o Gk is the set of all
generators. The power produced by generator g € G is s, = py + 794, and at
each power bus k € N, we define a complex load (i.e., demand) S¢ = Pd+;0Q¢,
a complex voltage vi, and a complex current i;. To simplify notation, we

define a vector of voltages v = (v1,vs,...,v,) and a vector of currents i =
(i1,%2,...,1,). With this notation, the ACOPF problem can be expressed as
minimize Z fo(pg) (1a)
g9€g

subject to

k= sg— St keN (1b)
9€Gk

P;‘i“ <py < P, geg (1c)
Q™ < a9 < QF™, g€y (1d)

VN <y < Ve ke N (1e)
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|Si ()| < S, (k1) e £t (1f)
Stk (v)] <SP, (k,1) € L* (1g)
wt < ZL(ugol) < o (k,1) € £P* (1h)
i=Yv (1i)

with variables i € C", v € C", and s € Cl9! and where i = Yv corresponds to
Ohm’s law in matrix form, given the network admittance matrix Y € C™**™.
The cost of generation for generator g is given by f4(py), and we will restrict
our attention to convex quadratic generation cost functions, i.e.,

fq(pg) = O‘gpg + Bgpg + Vg, (2)

where the parameters oy > 0, 8,4, and -y, are given. The constraints (1b) are
power balance equations, (1c) and (1d) are generation limits, (1le) are voltage
magnitude limits, (1f) and (1g) are transmission line flow constraints, and (1h)
are phase-angle difference constraints. The flow from bus k to bus [ is given by
Sgyl(v) = v Ty v + i Ty v (provided that (k1) € £% or (1,k) € L) where
Ty, € H" and TVM € H" are given.

2.2 Semidefinite Relaxation

Roughly following the steps described in (Andersen et al., 2014), we start by
reformulating the ACOPF problem (1). Specifically, we perform the following
steps:

1. Eliminate i = Yv and substitute Pg‘“i“ —|—p; for pgy, Q‘;i“ + q; for g4, and X

for voH.

2. Drop constant terms in the objective:

F(pg) = ag(Py™ + pg)* + Bo (P + 1) + 7
= ocg(p;)2 + nglg + const.
where 8, = (8, + 20, P,

3. Introduce an auxiliary variable t, for each g € G4 = {g € G|, > 0}
and include epigraph constraint

1/2 +t,
ag(pg)? <ty & |1/2—tg| € K3,
A\ /2agp_lq
4. Introduce slack variables to obtain a standard-form formulation.
These steps yield the equivalent problem

minimize Zﬁgpz—i— Z tg (3a)

geg gegquad
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subject to
tr(ViX) = > (P +p)) — P, keN (3b)
9€Gk
tr(YiX) = ) (@™ +qp) — Qf, keN (3¢)
9€Gk
P, + Pl = P — pin, geg (3)
qy +qy = QY™ — Q™ g€9 (3e)
Xerp — I/llc = ( kmin)27 keN (3f)
Xk + Z/E = (Vkmax)Q, keN (3g)
_ Spa
2 = |tr(ThaX) | (k1) e £t (3h)
Lt (T, X))
B Slljlkax
ag = |tr(TipX) |, (k1) e A (3i)
[6r (7,1 X) |
[1/2 +t,
wy = |1/2—t,]|, g € gamad (3j)
[ 1 /20zgplg
S(Xpa) = tan(@" ) R(Xna) + Y (k1) € L (3k)
S(Xr) = tan(or ™) R(Xn1) — v (k1) e LP? (3]
py.ph >0, 9€g (3m)
ay,q5 >0, geg (3n)
Vi, v >0, keN (30)
y}c,lvy;cl7l Z 07 (k7l) € L£r# (3p)
2k, 21k € /Ci, (k1) e Lf (3q)
Wy € ’Cgv g€ gquad (3r)
X = vl (3s)

with variables p',p", ¢, ¢" € RI9I, ¢ € R'gqum', oot e RWIL Yyt e RIET
Zhis 2k € IC;Z’l for (k,1) € £, w, € ICS’1 for g € G1ad X ¢ H", and v € C".
Notice that the constraints (3b)-(31) are all linear. We refer the reader to
(Andersen et al., 2014) for a definition of the data matrices Y, i;k,TkJ, and

Tk,l~

The only non-convex constraint in (3) is the rank-1 condition (3s). An SDR
of (3) is readily obtained by replacing (3s) by the positive semidefiniteness
constraint X > 0. The resulting SDR is a so-called cone linear program (CLP)
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that can be expressed as
minimize ¢’z
subject to Az =b (4)
reK

where z is the vector of variables and the cone K is a Cartesian product of
three types of cones, i.e.,

K=RY xKx - x K3 xKJ.
——_— ———

Nq

Thus, the number of variables is N = n; +3n, +n? where n, = 4|G|+|gauad| +
2|N|+2|£P2| and n, = 2|L£%|+]G92d| and the number of equality constraints
is M = 4N| + 2|G| + 2|L£P?| + 3n,.

2.3 Conversion

The computational cost of solving (4) with a general-purpose interior-point
method becomes prohibitively large when n is large: the cost of an interior-
point iteration is at least O(n?). Fortunately, the problem (4) is generally very
sparse in practice, and hence the conversion method of Fukuda et al. (2001)
may be used to rewrite (4) as an equivalent CLP
minimize &7%

subject to AZ = b

Ei =0 (5)

zek

with
K=RY x K3 x o x K3 I x - x K.
—_— ——
g

The conversion essentially decomposes the cone Ki' into a Cartesian product
of a number of lower-dimensional cones K} x - -- x K;™ at the expense of a set
of coupling constraints Fx = 0. This reformulation of the problem can have a
dramatic effect on the computational cost of solving the SDR of the ACOPF
problem, and it effectively mitigates the O(n?®) bottleneck that arises with the
formulation (4). Moreover, the conversion technique often induces sparsity in
the system of equations that define the search direction at each interior-point
iteration, reducing the cost per iteration further if the solver can exploit this
type of sparsity. The conversion technique was first applied to SDRs of the
ACOPF problem by Jabr (2012).
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2.4 Implementation

Before turning to our numerical experiments, we briefly outline our imple-
mentation (Andersen, 2018). The code is written in Python and performs the
following steps:

1. Read case file and build the CLP (4).

2. Apply conversion method: convert (4) to (5).

3. Apply Hermitian-to-symmetric transformation: map K}* to K27 for i =
1,....,m.

4. Scale the problem data to improve conditioning.

As part of the first step, we allow some preprocessing of the data: (i) slack vari-
ables py (or gg4) for which P;‘in = P (or Q;’“i“ = Qy'™*) may be eliminated,
(ii) numerical proxies for infinity which are used to indicate the absence of
limits (e.g., on generation) may be truncated, and (iii) a minimum resistance
of transmission lines may be enforced. The Hermitian-to-symmetric transfor-
mation is a well known trick that is only necessary because the solvers used in
our experiments cannot directly handle cones of Hermitian positive semidef-
inite matrices; see e.g. (Boyd and Vandenberghe, 2004). The scaling of the
problem data in step 4 yields an equivalent problem, and we found that for
some solvers, this can reduce the computational time by roughly a factor of
two; we briefly return to the topic of scaling in Section 4.

3 Results
3.1 Experiments

To investigate the robustness and scalability of our methodology, we conducted
a series of numerical experiments based on a collection of test cases from
MATPOWER (Zimmerman et al., 2011) (which includes a number of test
cases from (Josz et al., 2016)) and Power Grid Lib (PGLib-OPF, 2018) with
as many as n = 70,000 power buses; we have also included a synthetic case of
the continental USA from the Electric Grid Test Case Repository (Birchfield
et al., 2017) with n = 82,000 power buses. We excluded cases that are infeasible
and cases with generator cost functions that are neither quadratic nor linear.
For each test case, we set up a CLP formulation of the SDR and solved it
using five different CLP solvers: MOSEK 8.1 (MOSEK, 2015), SeDuMi 1.3
(Sturm, 1999), SDPT3 4.0 (Toh et al., 1999), SCS 1.2.7 (O’Donoghue et al.,
2016), and CDCS 1.1 (Zheng et al., 2016). MOSEK, SeDuMi, and SDPT3 are
interior-point methods whereas SCS and CDCS are first-order methods based
on the alternating direction method of multipliers (ADMM).

To compare our methodology to an approach based on a modeling tool,
we used SDPOPF (Molzahn et al., 2013) from “MATPOWER Extras” to set
up and solve an SDR of each case. SDPOPF uses YALMIP (Lofberg, 2004)
to set up the problem which is then solved numerically using one of several
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possible solvers: we used MOSEK in order to facilitate a fair comparison.
Finally, to compare our approach to a nonlinear optimization approach, we
used MATPOWER to set up and solve each case with three different interior-
point methods for nonlinear optimization: MIPS (Wang et al., 2007) from
MATPOWER 6.1, IPOPT 3.12.9 (Wéachter and Biegler, 2006) with PARDISO
6.0 (Kourounis et al., 2018), and KNITRO 10.3.1 (Byrd et al., 2006). These
are all called via MATPOWER using its default initialization—the default is
sometimes referred to as “flat start” since all voltages are set to 1 p.u. and the
active power generation is set to the midpoint of its bounds. When successful,
these solvers return a locally optimal solution that provides an upper bound
on the optimal value in contrast to the SDR that provides a lower bound.

3.2 Setup

Using the implementation described in section 2.4, we processed the problem
data before setting up the SDRs. Specifically, we truncated generator bounds
larger than 50 times the base MVA. We remark that SDPOPF enforces a
minimum transmission line resistance of 10™%; in the experiments, we do not
enforce a minimum resistance in our SDR.

All experiments but those involving KNITRO were conducted on an HPC
node with two Intel XeonE5-2650v4 processors (a total of 24 cores) and 240 GB
memory. All experiments with KNITRO were conducted on different hardware
(2.5 GHz Intel Core i5 CPU, 8 GB of memory) because of license restrictions.
As a result, the KNITRO computation times that we report cannot be com-
pared directly to those reported for the other solvers. All MATLAB-based
solvers were used with MATLAB R2017b, and MOSEK was called through
its Python interface in Python 3.6.3. Finally, we modified the default solver
options as follows: for SeDuMi, we raised the maximum number of iterations
from 150 to 250; for SCS and CDCS, we limited the number of iterations to
20,000; for CDCS, we disabled “chordalize” and used the “primal” solver since
this allowed us to solve the most cases; for SCS, we used the direct solver; for
SDPT3 we used a value of 400 for “smallblockdim” and changed the maximum
number of iterations from 100 to 250.

3.3 Robustness

We start with an investigation of robustness. Table 1 contains a summary of
return statuses for the different solvers for a total of 159 test cases. The column
labeled “success” refers to return values that indicate successful termination
with an optimal or near optimal (global or local) solution. The “failure” col-
umn refers to return values that indicate some kind of error. We remark that
SDPOPF ignores phase angle constraints and fails in 31 cases because of a
MATPOWER error; the solver is never called in these cases.

The results in Table 1 clearly demonstrate that the SDRs can be solved
reliably using MOSEK: all cases were solved to optimality with MOSEK’s
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Table 1 Summary of return statuses by solver.

Solver ‘ Success Max. iter.  Failure
MOSEK 159 0 0
SeDuMi 53 0 106
SDPT3 52 0 107
SDPOPF 128 0 31
CDCS 146 13 0
SCS 17 142 0
IPOPT 133 0 26
KNITRO 145 0 14
MIPS 116 0 43

default tolerances. In contrast, the nonlinear solvers IPOPT and KNITRO
only succeed in roughly 85% of the cases while MIPS succeeds in approximately
75% of the cases. Note also that although CDCS solves all but one case, the
accuracy and speed is poor compared to MOSEK as we show later in this
section. Both SeDuMi and SCS succeed in less than 50% of the cases.

3.4 Accuracy

We now compare the solutions returned by the five CLP solvers. Since the
solvers have different tolerances (i.e., stopping criteria), we will compare the
solvers based on the so-called “DIMACS error measures” described in (Mittel-
mann, 2003). Roughly speaking, these are five relative error measures quanti-
fying the primal residual norm, primal cone violation, dual residual norm, dual
cone violation, and duality gap. Fig. 1 summarizes the results in a box plot of
the DIMACS measures for each solver (the smaller the error, the better).

MOSEK, shown in Fig. la, generally performs well with DIMACS errors
below 10~7 in all cases. The SeDuMi errors, shown in Fig. 1c, reveal that
SeDuMi returns a high-accuracy solution whenever it succeeds; the same is
true for SDPT3, shown in Fig. le. This suggests that the default tolerances
may be too strict for all but the small cases. Both CDCS and SCS generally
return solutions with larger errors, as shown in Fig. 1b and 1d. This is to be
expected since they are both first-order methods. While CDCS is relatively
robust, it often terminates with sizable dual residuals which are indicative of
low-accuracy solutions.

3.5 Optimality Gap

Next we investigate the objective values provided by the solvers. We limit
our attention to MOSEK and the nonlinear solvers IPOPT, MIPS, and KNI-
TRO. The nonlinear solvers provide an upper bound when they terminate at
a feasible point. We define the best upper bound as

f = min(fipopt, fKNITRO; fMIPS), (6)
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Fig. 1 Box plots of logarithm of DIMACS errors. The red markers correspond to cases
where the solver did not succeed. We note that in order to accommodate a logarithmic axis,
we have replaced errors below 10716 by this value.

i.e., the minimum of the objective values provided by the three solvers (if a
solver does not succeed, we define its objective value to be co). Similarly, the
SDR (MOSEK) provides a lower bound which we denote by f = fmosek. The
optimality gap may then be defined as B

gap = - 7 i -100%. (7)

The gap is equal to 0 if f = f, implying that we have a globally optimal
solution. On the other hand, if the gap is large, f may be a poor local minimum
and/or the SDR provides a weak lower bound f.
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Fig. 2 Scatter plot of the time used by the SDP solvers against the number of buses for
successful cases. Note that SDPOPF solves an equivalent but different SDR.

We have made four tables listing objective values and optimality gap for
all cases with more than 300 buses based on their origin: table 2 contains
cases from the MATPOWER library; table 3 contains cases from PGLIB in
typical operating conditions; table 4 contains cases from PGLIB with small
phase angle difference constraints; table 5 contains cases from PGLIB with
binding thermal limit constraints. The cases are sorted by the number of buses
in ascending order. Note that the optimality gap is undefined if none of the
nonlinear solvers succeed. The optimality gap is close to zero in many cases
and below 1% in all but a handful of cases.

3.6 Scalability

We end this section by comparing the time required by each solver to solve
the test cases. Fig. 2 shows the time used by the SDP solvers compared to the
number of buses in the case. To make a fair comparison, we report computation
times without preprocessing, i.e., only the time required by the actual solver
is recorded (we briefly discuss some considerations related to preprocessing in
Section 4).

MOSEK is generally the fastest. The difference between MOSEK and SD-
POPF (which also uses MOSEK, but based on the problem formulation com-
piled by YALMIP) highlights that the formulation of the SDR may have a
significant impact on the computation time as well as robustness. The striking
difference between MOSEK and CDCS, both in terms of computation time
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and accuracy, makes it hard to justify the use of first-order methods for highly
sparse problems like these.

In addition to cost function value and optimality gap, tables 2-5 list the
computation times (excluding preprocessing) for MOSEK and the three solvers
IPOPT, KNITRO, and MIPS. MOSEK solves the SDR of all but one case with
less than 25,000 buses in less than 10 minutes; the only exception is the case
4661_sdet from PGLIB (all three operating conditions). Solving this problem
takes MOSEK around 80 minutes. The longer computation time required to
solve this case compared to other cases with a similar number of buses can in
part be explain by looking at the chordal embedding of the network graph.
The largest clique is of size 242 which is similar to the case with 82,000 buses
(238) and around three times the size of all other cases with less than 25,000
buses. The case with 25,000 power buses is solved in approximately an hour
by MOSEK, and the largest cases with 70,000 and 82,000 buses are solved in
around seven hours. The nonlinear solvers are typically 5-20 times faster than
MOSEK (they solve a different problem!), but they sometimes fail. The RTE
cases from PGLIB appear to be particularly difficult for the nonlinear solvers:
in some cases, none of the nonlinear solvers succeed, and the computation
times are occasionally large compared to the general trend.

4 Discussion

The difference between our formulation of the SDR and the one constructed by
SDPOPF via YALMIP shows that the problem formulation can have a signif-
icant impact on computation times and robustness. Our experiments demon-
strate that an SDR of the ACOPF problem can be solved accurately and
reliably with the right combination of problem formulation and solver. How-
ever, it is possible that the problem formulation can be further improved. For
example, as mentioned in section 2.4, the conditioning of the problem may
improve with some scaling of the constraints, and this, in turn, may reduce
the number of iterations and/or the computation time. We have conducted
some experiments in this direction, and our preliminary results show that us-
ing MOSEK, the solution time can roughly be cut in half; the geometric mean
of the speed-up obtained by means of scaling was 1.9. Indeed, the solution
time for the largest test case with 25,000 buses was reduced from about one
hour to half an hour with MOSEK. We did not observe a similar improve-
ment with scaling for the other solvers. Finally, we remark that scaling may
affect stopping criteria, so care must be taken when comparing the accuracy
of solutions obtained with and without scaling.

The QCR, proposed by Coffrin et al. (2016), provides a promising alter-
native to the SDR in that it is computationally cheaper and often as tight as
the SDR (and in some cases even tighter). However, the findings reported in
(Coffrin et al., 2016) only include SDRs of cases with less than 3,000 buses,
and it is therefore unclear how the QCR and the SDR compare with respect
to optimality gap for larger test cases. Moreover, the results pertaining to the
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SDR were obtained using an implementation based on SDPT3 and the mod-
eling tool CVX, so the sizable gap between the two relaxations in terms of
computational time will likely shrink if MOSEK and our problem formulation
is used for the SDR.

The computation times reported in Section 3 did not include preprocess-
ing time (i.e., the time required to construct the SDR). To give the reader
an idea of the preprocessing workload, we remark that the construction of the
SDR of the case with 25 thousand buses took approximately 25 seconds or ap-
proximately 1/60 of the time required to solve the SDR with MOSEK, and the
geometric average of the ratio of the solution time to the preprocessing time for
cases with more than 300 buses was approximately 13, 7.e., preprocessing ac-
counted for around 7% of the total time on average. In contrast, YALMIP (via
SDPOPF) required approximately 6 minutes to compile the case with 25,000
buses. Comparing the ratio of the preprocessing time for YALMIP to that of
our approach, we found that the geometric average was approximately 13, i.e.,
on average it took 13 times longer with YALMIP. We note that our Python-
based preprocessing code may be improved, e.g., by reimplementing critical
parts of the code in C. In principle, the preprocessing time may be amortized
if several problem instances with the same underlying power network need to
be solved. However, this would require a symbolic chordal conversion of the
problem such that the problem data can easily be updated or replaced.

5 Conclusion

SDR is a promising technique that may be used to compute useful global lower
bounds on the optimal value of ACOPF problems. However, concerns about
robustness and scalability have cast doubt on the practical usefulness of the
technique. We have shown experimentally that the problem formulation can
have a significant impact on both robustness and scalability. By construct-
ing the SDR manually instead of using a modeling tool, we avoid problem
transformations that incur significant overhead. Our numerical experiments
establish that SDRs of a large collection of test cases can be solved reliably
with MOSEK. Moreover, the time required to solve an SDR is typically within
an order of magnitude of the time required by state-of-the-art nonlinear solvers
such as KNITRO and IPOPT.

References

Andersen, M. S. (2018). OPFSDR v0.2.3. https://git.io/opfsdr.

Andersen, M. S., Hansson, A., and Vandenberghe, L. (2014). Reduced-
complexity semidefinite relaxations of optimal power flow problems. IFEE
Trans. Power Syst., 29(4):1855-1863.

Bai, X., Wei, H., Fujisawa, K., and Wang, Y. (2008). Semidefinite program-
ming for optimal power flow problems. International Journal of Electrical
Power and Energy Systems, 30(6-7):383-392.



14 Anders Eltved et al.

Bingane, C., Anjos, M. F.; and Digabel, S. L. (2018). Tight-and-cheap conic
relaxation for the AC optimal power flow problem. IEEE Trans. Power
Syst.

Birchfield, A. B., Xu, T., Gegner, K. M., Shetye, K. S., and Overbye, T. J.
(2017). Grid structural characteristics as validation criteria for synthetic
networks. IEEFE Transactions on Power Systems, 32(4):3258-3265.

Boyd, S. and Vandenberghe, L. (2004). Convexr Optimization. Cambridge
University Press.

Byrd, R. H., Nocedal, J., and Waltz, R. A. (2006). Knitro: An integrated
package for nonlinear optimization. In Large Scale Nonlinear Optimization,
85-59, 2006, pages 35-59. Springer Verlag.

Carpentier, J. (1962). Contribution & I’étude du dispatching économique. Bul-
letin de la Société Frangaise des E’lectriciens, 3:431-447.

Coffrin, C., Hijazi, H., and Van Hentenryck, P. (2016). The QC relaxation: A
theoretical and computational study on optimal power flow. IEEE Trans.
Power Syst., 31(4):3008-3018.

Fukuda, M., Kojima, M., Murota, K., and Nakata, K. (2001). Exploiting spar-
sity in semidefinite programming via matrix completion I: General frame-
work. STAM Journal on Optimization, 11(3):647-674.

Grant, M. and Boyd, S. (2008). Graph implementations for nonsmooth convex
programs. In Blondel, V., Boyd, S., and Kimura, H., editors, Recent Ad-
vances in Learning and Control, Lecture Notes in Control and Information
Sciences, pages 95-110. Springer-Verlag Limited.

Hijazi, H., Coffrin, C., and Hentenryck, P. V. (2017). Convex quadratic relax-
ations for mixed-integer nonlinear programs in power systems. Mathematical
Programming Computation, 9(3):321-367.

Hijazi, H., Coffrin, C., and Van Hentenryck, P. (2016). Polynomial SDP cuts
for optimal power flow. In 19th Power Systems Computation Conference,
PSCC 2016.

Jabr, R. A. (2006). Radial distribution load flow using conic programming.
IEEE Trans. Power Syst., 21(3):1458-1459.

Jabr, R. A. (2012). Exploiting sparsity in SDP relaxations of the OPF problem.
IEEE Trans. Power Syst., 27(2):1138-1139.

Josz, C., Fliscounakis, S., Maeght, J., and Panciatici, R. (2016). AC power
flow data in MATPOWER and QCQP format: iTesla, RTE Snapshots, and
PEGASE. arXiv:1603.01533v3.

Josz, C.; Maeght, J., Panciatici, P., and Gilbert, J. C. (2015). Application
of the moment-SOS approach to global optimization of the OPF problem.
IEEFE Trans. Power Syst., 30(1):463-470.

Kourounis, D., Fuchs, A.; and Schenk, O. (2018). Toward the next generation
of multiperiod optimal power flow solvers. IEEE Transactions on Power
Systems, 33(4):4005—4014.

Lavaei, J. and Low, S. H. (2012). Zero duality gap in optimal power flow
problem. IEEE Trans. Power Syst., 27(1):92-107.

Lotberg, J. (2004). YALMIP : A toolbox for modeling and optimization in
MATLAB. In In Proceedings of the CACSD Conference, Taipei, Taiwan.



On the Robustness and Scalability of SDR for OPF Problems 15

Low, S. H. (2014a). Convex relaxation of optimal power flow—part I: Formu-
lations and equivalence. IEEFE Transactions on Control of Network Systems,
1(1):15-27.

Low, S. H. (2014b). Convex relaxation of optimal power flow—part II: Exact-
ness. IEEE Transactions on Control of Network Systems, 1(2):177-189.
Madani, R., Kalbat, A., and Lavaei, J. (2017). A low-complexity parallelizable

numerical algorithm for sparse semidefinite programming.

Mak, T. W. K., Shi, L., and Hentenryck, P. V. (2018). Phase transitions for
optimality gaps in optimal power flows a study on the French transmission
network. arXiv:1807.05460.

Mittelmann, H. D. (2003). An independent benchmarking of SDP and SOCP
solvers. Mathematical Programming, 95(2):407-430.

Molzahn, D. K. and Hiskens, I. A. (2015). Sparsity-exploiting moment-based
relaxations of the optimal power flow problem. IEEE Trans. Power Syst.,
30(6):3168-3180.

Molzahn, D. K., Holzer, J. T., Lesieutre, B. C., and DeMarco, C. L. (2013).
Implementation of a large-scale optimal power flow solver based on semidef-
inite programming. IEEE Trans. Power Syst., 28(4):3987-3998.

MOSEK (2015). MOSEK Optimizer API for Python.

O’Donoghue, B., Chu, E., Parikh, N., and Boyd, S. (2016). Conic optimization
via operator splitting and homogeneous self-dual embedding. Journal of
Optimization Theory and Applications, 169(3):1042-1068.

PGLib-OPF (2018). Power Grid Lib - Optimal Power Flow v18.08.
https://git.io/pglib-opf.

Sturm, J. F. (1999). Using SeDuMi 1.02, a MATLAB toolbox for optimization
over symmetric cones. Optimization Methods and Software, 11(1):625-653.

Taylor, J. A. (2015). Convex Optimization of Power Systems. Cambridge
University Press.

Toh, K. C., Todd, M. J., and Titlincii, R. H. (1999). SDPT3 — a Matlab
software package for semidefinite programming, version 1.3. Optimization
Methods and Software, 11(1-4):545-581.

Wichter, A. and Biegler, L. T. (2006). On the implementation of an interior-
point filter line-search algorithm for large-scale nonlinear programming.
Mathematical Programming, 106(1):25-57.

Wang, H., Murillo-Sanchez, C. E.,; Zimmerman, R. D., and Thomas, R. J.
(2007). On computational issues of market-based optimal power flow. [EEE
Trans. Power Syst., 22(3):1185-1193.

Zheng, Y., Fantuzzi, G., Papachristodoulou, A., Goulart, P., and Wynn, A.
(2016). CDCS: Cone Decomposition Conic Solver, version 1.1.

Zimmerman, R. D., Murillo-Sénchez, C. E., and Thomas, R. J. (2011). MAT-
POWER: Steady-state operations, planning, and analysis tools for power
systems research and education. IEEE Trans. Power Syst., 26(1):12-19.



Anders Eltved et al.

16

336'G% 6EF eS0T 78¢'8 | — L0+9L10c A Aq Aq VSnoneyjuig
£re'ee (sjas 66T 968 %00 | L0+OFF9T A L0+9%F9' T LO+OFF9'T S0LSSALLOV
08S'T 6°G8 18 SOV %0°0 | 90+9LT09 A 90+9810'9  90+°810°9 {GTSSALLOY
6°CL €86'C €Tl 122°T | %00 | S0+o198'¢ A G0+o198'¢ i ose30d6e9gT
0LT STy 161 el %00~ | 90+°98%'c A 90+°98%°'¢  90+998¥%'C S0TSSALLOV
8°06 861 1¢1 807 %00 | G0+°8CT'€  GO+96ST'E  GO+96ST'E  GO+O6ST'E ose8ad 1776
829 Al 9'9% 6.3 %10 | S0+°L60°T A G0+9860'T  G0+9860°T 91IGTS9
L'T19 L8 0°8% 861 %e0 | S0+o190°T A G0+2€90'T  G0+9€90°'T 931C6T9
709 LTT 6'9 168 %00 | ¥0+ores6 A $0+9G€8°6  701+9GE8'6 9310L¥%9
2795 20T G'€e €9¢ %00 | ¥0+°289'8 A ¥0+9€89'8  ¥0+2€89'8 93189%9
6°1S 6'G 9'¢ 8°GT %00 | 90+°60%°L 90+9CTIFL  90+9CI¥L  90+9CIV L dmgree | =2
6'€8 £q e €91 %00 | 90+°ZFT'C  90+°9¢HT'c  90+9EHI'C  90-+OLFIC dspz1e W
4 0°¢ ee g'8¥ %T°0 | 90+988C°C  90+9C¢6S°C  90+9C6ST  90+9T6S°C dmgiog |
TSt 97 6'C 20T %00 | S0+°0FE T  GO+e0FE T SO+e0VE T GO+HO0FET ose8od6987 m
eer 7o 201 108 %00 | ¥O+o6L6°L A ¥0+96L6°L  ¥01+96L6"L 91898C | o
N3} 61 8'1¢ G8¥ %00 | ¥0+o10e'¢ A $0+0708'¢ A 931887 | H
£'z8 e 8¢ 8VL %00 | 90+°2€9° T  90+92E€9T  90+9¢E9'T  90+93E€9'T dmoyLe
L€e e 8T ST %00 | 90+980%° T  90+980Z°'T 90+9802'T  90+980C'T domgypLg
9'ce 8¢ LT ! %0°0 | S0+9GLLL  GOH+P9LLL  GOHO9LL L GO+O9LLL dos, .5
T'6% 0¢ LT L'LT %00 | 90+980€° T  90+980¢'T  90+980¢'T  90+980¢°T dsggLg
0.2 e e 11 %P0 | 90+°T98° T  90+9698°'T 90+9698°'T  90+9698°T dmegee
6°69 €e g'g 91 %0°0 | 90+98z¢’ T  90+082Z'T  90+965¢’ T  90+982Z T | 000Z8SALLOV
L6 T1 L6 66T %00 | ¥O+ogLTs A 70+oVLT'8  ¥O+oVLT'8 OMTSHT
6'8 0T LLT €0% %e0 | ¥0+9096'¢ A 70+0086'¢ A 9318881
0°g €T LT €g %00 | ¥0+290%°L  TO+9LOF'L  FO+HOLOVL  FO+OLOV L oseSodpseT
0%c 90 L0 91 %T'C | ¥O+oG0T°L  ¥0+98G¢°L  ¥0+98SCL  ¥0+98SC L 00S8SALLOY
MHSOIN  SAIN  OYLINM LdOdI MHASOIN SdIN OY.LINM LdOdI ase))
(-o0s) ouuL], den) 150D

‘soanyre] 0 puodsollod Pal Ul UMOYS sowl ], *(I9A[0S UT Jo1Id [eolownu) N, ‘(Jutod o[qIsesjul Je uoljeUIId]) J, ‘(SUOIIRI)T "Xew) N, S®
pojrodar are seanyre,] ‘speo[ o[qeydjedsIp JnoYIM pue sasng Qg Uey} alow Yiim sesed YIMOJILVIN 10j awry uoryeindwos pue ‘deS ‘yso) g o[qe],



17

On the Robustness and Scalability of SDR for OPF Problems

06T 9¥9 G99 0114 %0°0 L0+08L0°T  20+08L0°T  L0+98L0°'T  L0+98L0°'T | ose8od 659gT
G61 0% ¢l L'86 %0°0- | 90+°98%'c A 90+°98%'C  90+998%°C nwey 00001
QLT Ay 6°LC 66¢ %10 90+90LL9 A 90+9GLL9  90+9GLL9 ose8od 1126
0v8 €'6¢ 719 €OT'T %¥'9 90+9266'C A 90+9L6T'E A 9317 G169
T'LL STy €q1 687 %LYT | 90+9°996'C A A 90+98L¥°¢ 93I°G679
L7LL 9L q'1e PEP'T — 90+9¢vsc A A A 93I0L¥79
g8 e S'9L 9LV'1 %50 90+9252cc A 90+°292'Cc A 931°89%9
P8I‘¥ L'6T 6’8 45 %9°0 90+989LC A 90+998LC A 1PSTT99%
¥'8¢ L9 0V €LT %0°0 90+9GYT'Z  90+99%¥1°'c  90+°9%1'C  90+9971°C sdsozte
L7089 7'q oV 0'1C %10 90+9L6S°C  90+°109'C  90+°109'c  90+°109°C T dmgT0g
2,02 69 [ 8'0¢ %10 90+9¢09'C  90+9509'Cc  90+°G09'C  90+9S09°C aseBad 698¢
LT 0'8T L'8T Tev %0°0- | 90+°09¢'C A 90+9°092'c  90+°092°C OH8I8T | g
8'6¢ 89 LV 697 %80 90+°96%°'C  90+969%'C  90+°69%'C A PPSTEE8T | @
791 6°¢CT jaat A %0°0 90+o78¢'T A 90+9G8¢C'T  90+998¢'T 931 RT8¢C m
L79¢ 9°¢ 9'¢ q'ct %0°0 90+9802'T 90+°980Z°T  90+°80Z°T  90+°80T'T S domgyLg
6'7¢ ¢ q'e jad! %0°0 90+92€9'T  90+92€9'T  90+°C€9'T  90+92€9'T STAmoyLg
T'1¢ 0'¢ 0¢ 6°0T %0°0 GO+9GLL L GO+P99LL L GO+P9LLL  GO+PILLL sdosLeLg
8'6¢C e 8°C 8¢l %00 90+980€'T  90+980€'T  90+9°80¢'T  90+980¢'T sdsggLe
VLT e o7V 81T %¥'0 90+9T98°'T  90+9698'T  90+°698'T  90+°698°'T T dmeges
ey B e a8 %2L°0 90+°0%C'C  90+9L8C°C  90+9LET'CT  90+9LGT'C PPSTI9TET
¢S99 L'¢ 9¢C 0°LT %0°0 90+98¢Z'T  90+982¢'T  90+983Z'T  90+982z'T nwey~000¢
01T 0T [N 9°6¢ %0°0 90+9¢Le'c A A 90+9GLET I TG6T
¢0T 6°¢ 9'6¢ 0'cs %L1 90+98€S'T A 90+9G¢9G'T  90+°079°'T 931" Q88T
L9 LT TC 0°g %9°0 90+99GE' T  90+9%9¢'T  90+9%9¢'T  90+°%9¢'T oseSod §GeT
7'C 1 80 71 %¥'0 GO+986L°¢  G0+99TI8'E€  G0+9918'¢  G0+9918°¢ 19OpPs™88S
€cC g0 90 8’1 %1'C $0+9G0T°L  T0+98GT°L  V0+98ST'L  T0+98ST L nwey 00g
MHSOIN  SdIIN  OYLINM LdOdI MHSOIN SAIIN OH.LINM LdOdI asen)
(-o0s) e, den) 1800

‘soanyrej

0} puodsal110d PaI UT UMOYS ST, *(I19AJOS UI I0IT8 [edrrewnu) N, ‘(urod s[qrsesjur je worjeurmiiadg) J, ‘(SUOIRI)T "Xeur) JN, Se palrodal are saInfre
'speo] a[qeyojedsIp INOYIIM pUe SIST( ()OE URY) dI0W [31m uoljrpuod Surjerado [eord£) ur sesed g 10j awry uorpeinduwos pue ‘deS ‘4so) g o[qeq,



Anders Eltved et al.

18

88T G'gq LTV 18T %L0 L0+0Z80°T  L0+°060°T  L0+°060°'T  L0+°060°T | ose8od 659¢T
961 6°8¢ 976 0LET | %0°0- | 90+298%¢c A 90+°987'c nure3~(0000T
€8T G638 1°6¢ 448 %¥'T 90+9€78'9 A 90+2026'9  90+°086°9 ose8od 1126
€'6L 1’9 5! ST | — 90+9266'c I Aq A 931" GTG9
028 L'CG e 8CT'C | %LFT | 90+0996'C A 90+98L7'e i 93176619
9'8. 19T 61T 189c | — 90+98%5'c A A A I 0LF9
6°08 gg a7 4374 %S0 90+9282'c A 90+9292'¢c  90+929%'C 93178919
S00'F 76T 88 65T %L0 90+oT18L'C  90+°708°C  90+°Z08°C A 1OpPsST199%
7°€9 09 8¢ 8'1% %S0 90+°¢91°¢  90+99LT°C  90+°9L1'C  90+99L1°C sdsozte
LTS 09 zQ 6'1C %70 90+2019'¢  90+9189'c  90+°129'Cc  90+°189'¢ T dmgT0g
8'1¢ 18 9 44 %T0 90+2919'¢  90+2039'c  90+2029'C  90+°039°C ose8ad-6987 |
LT LT L1G IV — 90+9%92'c A A A 93178987 m
L0¢ g9 ¥'q G'L8 %G1 90+98G%'¢  90+9G6%'c  90+9G6V'C o WPSESE | o
791 0¢r 90T 8GG — 90+9G8¢'T A Aq A OW8T8T | ¢y
6'9¢ 8¢ 6'¢ .91 %L'0 90+2922'T  90+9%€C’ T  90+9%€Z'T  90+9F€T'T rdomgyLg | >
8'¢e L€ a7 8°GT %¥°0 90+°199'T  90+9L99°'T  90+9L99'T  90+°L99'T yrdmgprg | ©
33 8¢ TV 8°GT %6°0 G0+96G8°L  G0+9LT6°L  G0+9LZ6'L  GO+OLTEL sdosLeLg
cee 0V 8¢ ST %0 90+2¢2E' T 90+963€'T  90+962€'1T  90+°62¢'T sdsggLe
8°6% ve 6'¢ 8°GT %9°0 90+9G06'T  90+99T6'T  90+°916'T  90+9916°T T dmeges
147 Sy 8¢ 6 %L0 90+2072'c  90+°L60°C  90+°LST'C  90+9L8T'T 19pPsT91ET
719 6°¢ e c1e %10 90+262¢'T  90+90€C'T  90+°0€2'T  90+°0£T'T nwe3~000g
11 1T 6°CV s %0 90+09.¢c A A 90-+9€£8¢€°¢ 9 TGHT
0T 7e LT 16¢ %29 90+98¢S'T A 90+9079'T i 93178887
L9 LT € 8°G %9°0 90+9LGE'T  90+9G9€' T  90+9G9¢'T  90+959¢'T oseSod §GeT
e A 80 1¢ %9°¢ G0+oFI8E  QO+HOEV0¥  SO0+PEV0T  GO+HOET0V 1opPsT88G
¥4 90 20 LT %9°L $0+920e’L  VO+9ET6L  FO+9ET6’L  T0+OLT6 L nuwej Qg
MASOW  SJdIN  OYLINM LdOdI MHASON SdIN OY.LINM LdOdI asen)
(-o0s) e, den) 1800

‘soanyrej

0} puodsal110d Pal UT UMOYS ST, *(I9AJ0S UI I0IT8 [edrrewnu) N, ‘(yurod s[qrsesjur je worjeuriiag) J, ‘(SUOIRI)T "Xeur) JN, Se palrodel are saInfre
'speo] a[qeyPjedsIp INOYIIM puR SOSN| OF UR} SIOW [}IM SIOUSISJIP S[Sue [[eWs M sased g[THJ I10j awry uorpendwos pue ‘deS ‘3s0) § o[qeq,



19

On the Robustness and Scalability of SDR for OPF Problems

4144 1°0¢ 076 €41 %9°¢ 90+°TG6L'T A 90+°918'T  90+9918'T | NweI"0000T
968 LG vve 059 — 90+9L69'¢ A A A 93I°GTC9
18 g8 11T S¥0'G — 90+oegeLe A A A 93I°G679
T°9L 00T 648 6TET — 90+97LT'e A A A 93I°0L¥9
cv8 [ CLT ePe'T — 90+981LC A A A 931°89%9
7097 Lq L6 20T %.L°0 90+961¢'¢ A 90+o¢vee A 1OPS 1997
QLG 8°q €q 8 €Y %16 G0+98I8'8  S01+9969'6  G0+°9696 A dsog1e -
q'Le [ 9¢C 80T %0°0 G0+968C L  G0+968C°L  SG0+968TL  G0+968T L rdmgioe | @
8VC LT €T 69 %0°0 GOHOLIT'S  GOHO9LIT'G  GO+HOLIT'G  GO+HOLIT'G sdomoypg | 5
1°¢¢ CC 9¢C 9L %0°0 GO+O8T]'C  GO+98I8'G  GO+98I8S  GO+O8I8¢ S dmoyLe W
9'0¢ Te (Uh% 6'CT %8'C GO+9G8Y'Ee  G01+9L8G'E  G0+OL8S'E  GO+OL8SE srdosLeLs |
L°0¢ q'e eV LVl %9°¢C G0+9L60'9  G0+°092°9  S0+°09Z°9  S0+°09Z°9 sydsogrz |
¢'61 LT 6'T 0L %0°0 GO+OT6L'CT  GO+OT6L'C  S0+RTI6L'CT  GO+OTI6L'T ST dmggeg
5% v 8¢ T'6 %90 90+98GL'C  90+9%LL'T  90+9VLL'C  90+°TLLT 1OPS9TET
9°L9 v 81T L'GC %01 90+9GLZ'T  90+988C'T  90+988C'T  90+988C'T nwey~000g
90T |7 08 cL9 %T0 90+96¢2'Cc A 90+9292¢'¢c A 93I"888T
¥'C 70 80 71 %0 G0+og86y A G0+9966' %y  G01+°966°F 19ps 889
LT S0 90 TT %0°0- | ¥O+97E€0F  TO+OFE0Y  FO+OFE0T  F0+9%E0 T nwei 00g
MHSOIN  SdIIN  OYLINM LdOdI MHSONN SAIIN OY.LINM LdOdI asen)
(-o0s) ewur, den) 180D

‘seanfrej o} puodsel1od pol ul

uMmOys sowl], ‘(I9A[0S Ul 10119 [edlownu) N, ‘(jutod o[qIsesjul je uoreUIULId]) [, ‘(SUOIIRId)T "Xeu) A, St pariodor ore sainfreq ‘speoj o[qeydyedsip
JNOYIIM pUR Sosnq ()¢ URY) SI0W [Im (Sl [euriay) Suipuiq ‘o°1) sased grTHd Papeo] A[aesy 10 awi) uorjeindwiod pue ‘ded ‘“9so) g o[qel,



	Introduction
	Method
	Results
	Discussion
	Conclusion

