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Zh dqdo|}h d fodvv ri udqn0uhgxfwlrq dojrulwkpv edvhg rq ruwkrjrqdo surmhfwlrq
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L1 Lqwurgxfwlrq

Udqn uhgxfwlrq dojrulwkpv kdyh suryhg wkhpvhoyhv xvhixo iru qrlvh0uhgxfwlrq dqg vljqdo

lghqwl�fdwlrq lq d qxpehu ri dssolfdwlrqv1 Wkh fhqwudo lghd lv wr dssur{lpdwh d pdwul{/

ghulyhg iurp wkh gdwd/ zlwk dqrwkhu pdwul{ ri orzhu udqn iurp zklfk wkh uhfrqvwuxfwhg

vljqdo lv ghulyhg1 Dv vwdwhg lq ^;`/

Udqn uhgxfwlrq lv d jhqhudo sulqflsoh iru �qglqj wkh uljkw wudgh0r� ehwzhhq prgho

eldv dqg prgho yduldqfh zkhq uhfrqvwuxfwlqj vljqdov iurp qrlv| gdwd1

Wkh fodvvlfdo zd| wr lpsohphqw udqn uhgxfwlrq lv yld wkh vlqjxodu ydoxh ghfrpsrvlwlrq

+VYG, ^7`/ zklfk lv wkh prvw uholdeoh phwkrg iru frpsxwlqj wkh qxphulfdo udqn ri d pdwul{1

Lq wkh odvw ghfdgh/ dowhuqdwlyhv wr wkh VYG kdyh hphujhg/ prvw qrwdeo| wkh udqn0uhyhdolqj

TU ghfrpsrvlwlrq dqg wkh XUY dqg XOY ghfrpsrvlwlrqv> vhh ^8` iru d vxuyh| dqg ^4`/

^<`/ ^43` iru xsgdwlqj lvvxhv1 Wkh odwwhu wzr ghfrpsrvlwlrqv duh froohfwlyho| nqrzq dv XWY

ghfrpsrvlwlrqv/ dqg wkhlu pdlq dgydqwdjh wr wkh VYG lv wkdw wkh| fdq eh frpsxwhg dqg

xsgdwhg pruh h!flhqwo|1

Lq rughu wr jxdudqwhh wkdw wkh vxevsdfhv frpsxwhg e| wkh XWY ghfrpsrvlwlrqv duh forvh

wr wkrvh gh�qhg lq whupv ri wkh VYG lw lv qhfhvvdu| wr dvvxph d glvwlqfw jds lq wkh vlqjxodu

ydoxhv ^5`1 Lq sudfwlvh vxfk d jds uduho| h{lvwv/ dqg |hw wkh qrlvh uhgxfwlrq dfklhyhg e|

wkh XWY dojrulwkpv lv frpsdudeoh wr wkh VYG0edvhg qrlvh uhgxfwlrq1 Fohduo|/ wkh qrlvh0

uhgxfwlrq shuirupdqfh ri wkh dojrulwkpv lv frqwuroohg e| rwkhu txdqwlwlhv wkdq wkh vlqjxodu

ydoxh vshfwuxp1

Wkh sxusrvh ri wklv sdshu lv wr surylgh d jhqhudo vfkhph iru dqdo|vlv ri udqn0uhgxfwlrq

dojrulwkpv/ e| phdqv ri zklfk zh fdq frpsduh wkh phwkrgv dqg wkhlu qrlvh0uhgxflqj fdsd0
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elolwlhv1 Rxu pdlq wrro lv wkh qrwlrq ri fdqrqlfdo dqjohv dqg yhfwruv/ gh�qhg lq whupv ri wkh

vljqdo vxevsdfhv frpsxwhg e| wkh udqn0uhyhdolqj dojrulwkpv1 Zh vkrz wkdw wkh fdqrqlfdo

yhfwruv gh�qh ILU �owhu duud|v vlplodu wr wkh �owhu0duud| uhsuhvhqwdwlrq lqwurgxfhg lq ^9`/

dqg zh ghprqvwudwh wkdw wkhvh fdqrqlfdo �owhuv surylgh d qdwxudo iudphzrun iru frpsdul0

vrq ri wkh dojrulwkpv1 Zh dovr looxvwudwh e| qxphulfdo h{dpsohv wkdw wkh vlplodulw| ri wzr

udqn0uhgxfwlrq dojrulwkpv lv htxlydohqw wr wkhlu fdqrqlfdo ILU �owhuv ehlqj vlplodu lq wkh

iuhtxhqf| grpdlq1

Wklv zrun fdq eh ylhzhg dv d frqwlqxdwlrq ri ^9`/ lq wkh vhqvh wkdw zh frqwlqxh wr h{soruh

wkh �owhu duud| lqwhusuhwdwlrq ri udqn0uhgxfwlrq dojrulwkpv1 Wkh pdlq frqwulexwlrq lq wklv

sdshu lv wr vkrz krz fdqrqlfdo dqjohv dqg yhfwruv dorqj zlwk wkh �owhu0duud| surylgh d

qdwxudo iudphzrun iru frpsdulqj wkh shuirupdqfh ri udqn0uhgxfwlrq dojrulwkpv1

Rxu sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq LL zh lqwurgxfh d zlgh fodvv ri udqn0uhyhdolqj

ghfrpsrvlwlrqv qrz xvhg lq vljqdo surfhvvlqj/ dqg lq Vhfwlrq LLL zh glvfxvv wkh �owhu duud|

lqwhusuhwdwlrq ri wkhvh dojrulwkpv1 Wkh fdqrqlfdo �owhuv duh gh�qhg lq Vhfwlrq LY/ dqg zh

frqfoxgh zlwk qxphulfdo h{dpsohv lq Vhfwlrq Y1
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LL1 Udqn Uhgxfwlrq e| Wuxqfdwhg Ghfrpsrvlwlrqv

Rxu srlqw ri ghsduwxuh lv wkh 6 � ? Kdqnho pdwul{ � gh�qhg lq whupv ri wkh uhdo vljqdo

yhfwru % ' E%�c � � � c %6n?3��A dv
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c +4,

zkhuh zh xvh wkh qrwdwlrq KE%� iurp ^9`1 Lw lv qdwxudo wr frqvlghu % dv wkh lqsxw vljqdo wr

wkh qrlvh0uhgxfwlrq dojrulwkp1 Wkh qh{w vwhs lv wr frpsxwh d udqn0uhyhdolqj ghfrpsrvlwlrq

ri �/ dqg zh dvvxph wkdw wkh uhvxowlqj udqn0& pdwul{ �& fdq eh zulwwhq dv

�& ' �T&T
A
& n{ +5,

zkhuh & lv wkh udqn wkdw zh kdyh fkrvhq/ T& lv d pdwul{ zlwk ruwkrqrupdo froxpqv +vxfk wkdw

T A
& T& ' U&/ wkh lghqwlw| pdwul{ ri rughu &, frplqj iurp wkh udqn0uhyhdolqj ghfrpsrvlwlrq/

dqg { lv d uhvlgxdo pdwul{ zlwk vpdoo qrup +srvvleo| }hur, dovr ghwhuplqhg e| wkh ghfrp0

srvlwlrq1 Qrwh wkdw �& lv qrw d Kdqnho pdwul{1 Wkh rxwsxw iurp wkh dojrulwkp lv wkh yhfwru

r frpsxwhg e| dyhudjlqj dorqj doo wkh 6� ? n � ixoo0ohqjwk dqwlgldjrqdov ri �&/ zklfk zh

zulwh lq wkh vkruw irup

r ' DE�&� +6,

zkhuh r lv d yhfwru ri ohqjwk 6� ?n �/ dqg wkh v|pero D ghqrwhv wkh dyhudjlqj rshudwlrq1

Wkh ghwdlov ehklqg wklv uhvxow duh ghulyhg lq ^9`/ exw wkh qrwdwlrq khuh lv voljkwo| gl�huhqw

ehfdxvh rxu rxwsxw yhfwru r kdv ohqjwk 6� ?n � wr dyrlg ghdolqj zlwk hqg h�hfwv1
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Wr vxevwdqwldwh Ht1 +5, zh frqvlghu vrph vshfl�f udqn0uhyhdolqj ghfrpsrvlwlrqv1 Wkh

VYG wdnhv wkh irup
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FFD +7,

dqg wkh wuxqfdwhg VYG pdwul{ lv jlyhq e| �& ' L&P&T A
& ' �T&T A

& zklfk lv fohduo| ri wkh

irup +5, zlwk { ' f1 Wkh XUY ghfrpsrvlwlrq lv jlyhq e|
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FFD +8,

dqg wkh wuxqfdwhg XUY pdwul{ lv e| gh�qlwlrq h�& ' hL&-&
hT A
& ' � hT& hT A

& / djdlq ri wkh irup

+5, zlwk { ' f1 Vlploduo|/ wkh XOY ghfrpsrvlwlrq lv

� '

�
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4
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4
FFD +9,

dqg wkh wuxqfdwhg XOY pdwul{ lv e| gh�qlwlrq �& ' L&u&T
A

& ' �T &T
A

& �LfCT
A

& 1 Khqfh/

�& lv ri wkh jhqhudo irup +5, zlwk { ' �LfCT
A

& 1 Ilqdoo|/ wkh YVY ghfrpsrvlwlrq +uhfhqwo|

lqwurgxfhg lq ^:`, ri d v|pphwulf pdwul{ � wdnhv wkh irup

� '

�
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g �

4
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f

4
FFD � +:,

Wkh fruuhvsrqglqj wuxqfdwhg YVY pdwul{ lv Y�& ' YT&7& YT
A
& ' � YT& YT

A
& � YTfg YT A

& / zklfk dovr

�wv lqwr wkh irup +5, zlwk { ' � YTfg YT A
& 1

Gxh wr wkh zd| wkdw wkh XOY dqg YVY ghfrpsrvlwlrqv duh gh�qhg/ wkh vxepdwulfhv

C dqg g kdyh vpdoo qrup1 Wkh dfwxdo vl}h ri wkh qrup ghshqgv rq wkh vlqjxodu yhfwru

hvwlpdwlrq xvhg lq wkh sduwlfxodu lpsohphqwdwlrq/ dqg wkh qrup fdq eh pdgh dv vpdoo dv
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ghvluhg e| uh�qlqj wkh vlqjxodu yhfwru hvwlpdwhv/ dw wkh frvw ri pruh zrun1 Khqfh wkh qrup

ri wkh uhvlgxdo pdwul{ { fdq eh dvvxphg wr eh vpdoo frpsduhg wr wkh qrup ri �& dqg Y�&1

LLL1 ILU Ilowhu Uhsuhvhqwdwlrqv

Zh vkdoo qrz frqvlghu d jhqhudo ILU �owhu lqwhusuhwdwlrq ri wkh h{suhvvlrq iru wkh rxwsxw

vljqdo

r ' DE�T&T
A
& � nDE{�

zklfk lv rewdlqhg e| frpelqlqj +5, dqg +6,1 Wkh ILU �owhu uhsuhvhqwdwlrq ri wkh wuxqfdwhg

VYG dssurdfk zdv ghulyhg lq ^9`/ dqg xvlqj wkh vdph dssurdfk lw lv vwudljkwiruzdug wr vkrz

wkdw li

T& ' E��c � � � c �&�

wkhq

DE�T&T
A
& � ' ?3�

&[
�'�

KE����a��

zkhuh KE���� lv wkh Kdqnho pdwul{ gh�qhg iurp wkh yhfwru ���/ fi1 +4,/ dqg a lv wkh ? � ?

h{fkdqjh pdwul{ frqvlvwlqj ri wkh froxpqv ri wkh lghqwlw| pdwul{ lq uhyhuvh rughu1 Wkxv wkh

rxwsxw vljqdo r frqvlvwv ri d vxp ri & vljqdov ?3�r� soxv d uhvlgxdo vljqdo o ' DE{�/

r ' ?3�Er� n � � �n r&� n oc

zkhuh wkh vljqdo yhfwruv r� duh jlyhq e|

r� ' KE����a��c � ' �c � � � c &� +;,

Wklv vkrzv wkdw r� lv rewdlqhg e| sdvvlqj wkh lqsxw vljqdo % wkurxjk d sdlu ri ILU �owhuv

zlwk �owhu frh!flhqwv �� dqg a��1
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Wkh �owhu sdlu �� dqg a�� lq +;, fruuhvsrqgv wr d vlqjoh ILU �owhu zlwk 2?� � frh!flhqwv

jlyhq e| wkh yhfwru

S� ' �� � a�� ' KE��� ��c +<,

zkhuh � ghqrwhv frqyroxwlrq1 Vlqfh �� lv uhdo/ wkh iuhtxhqf| uhvsrqvh ri wklv �owhu lv jlyhq e|

eS�Es � ' e��Es� UL?� Ee��Es �� ' me��Es�m2 +43,

zkhuh e ghqrwhv Irxulhu wudqvirup/ vkrzlqj wkdw S� gh�qhv d }hur0skdvh �owhu1

Wkh lqglylgxdo frqwulexwlrqv wr wkh rxwsxw vljqdo r fdq qrz eh mxgjhg e| phdqv ri wkh

iroorzlqj uhvxow1

Wkhruhp 4 Wkh 50qrup ri hdfk yhfwru r� lq +;, lv erxqghg deryh e|

nr�n2 � ?�*2 n���n2 +44,

zkloh wkh 50qrup ri o lv erxqghg deryh e|

non2 � 6�*2 n{n2� +45,

Surri1 Vlqfh KE���� ' n���n2KE5�� zlwk 5� ' ���n���n
3�

2 lw iroorzv iurp +;, wkdw

nr�n2 � n���n2 nKE5��n2 na��n2

zkhuh na��n2 ' �1 Pruhryhu/

nKE5��n2 � nKE5��n6 ' ?�*2 n5�n2 ' ?�*2c

dqg zh rewdlq wkh xsshu erxqg lq +44,1 Qrz ohw { ' iB��j1 Gxh wr wkh dyhudjlqj/ hdfk

hohphqw o� ri o ' DE{� vdwlv�hv mo�m � 4@ �� mB��m dqg wkhuhiruh

non2 � 6�*2 4@ 
��

mB��m � 6�*2 n{n2
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zklfk lv +45,1 �

Xqiruwxqdwho| zh kdyh qrw ehhq deoh wr ghulyh d uljrurxv orzhu erxqg iru nr�n2/ exw zh

fdq rewdlq vrph lqvljkw yld wkh srzhu ri wkh wzr vljqdov ��� dqg r�1 Li K%Es � ghqrwhv wkh

srzhu ghqvlw| vshfwuxp ri % wkhq lw iroorzv iurp +;, dqg +43, wkdw

n���n
2

2 '

]
"

3"

me��Es �m2 K%Es � _s
dqg

nr�n
2

2 '

]
"

3"

me��Es �me K%Es � _s�
Wklv vkrzv wkdw wkh frpelqhg �owhu S� lq +<, uhsuhvhqwv d �owhu vlplodu wr ��/ rqo| vkdushu/ dqg

lw lv wkhuhiruh uhdvrqdeoh wr dvvxph wkdw nr�n2 lv ri wkh vdph rughu ri pdjqlwxgh dv n���n21

Lq sduwlfxodu/ iru wkh wuxqfdwhg VYG dojrulwkp zh kdyh n���n2 ' j�/ dqg wkh XWY dqg YVY

dojrulwkpv duh ghvljqhg vxfk wkdw n���n2 dssur{lpdwhv j� zkloh wkh qrup ri wkh qrq}hur

r�0gldjrqdo eorfn lv vpdoo1

Zkhq { lv qrq}hur/ lwv 50qrup lv htxdo wr wkdw ri wkh r�0gldjrqdo eorfn C lq +9, ru g lq

+:,/ dqg wkhuhiruh wkh uhvlgxdo vljqdo o pdnhv rqo| d plqru frqwulexwlrq wr wkh rxwsxw vljqdo

r1 Lq wkh iroorzlqj zh zloo wkhuhiruh qhjohfw wkh uhvlgxdo yhfwru o lq rxu dqdo|vlv1

LY1 Fdqrqlfdo Yhfwruv dqg Ilowhuv

Dowkrxjk wkh udqn0& pdwulfhv lq wkh deryh dojrulwkpv duh gh�qhg lq whupv ri wkh vxepdwulfhv

ri wkh sduwlfxodu ghfrpsrvlwlrqv/ wkh pdwul{ �T&T
A
& lq +5, lv lqghshqghqw ri wkh fkrlfh ri

wkh froxpqv ��c � � � c �& ri wkh pdwul{ T&/ dv orqj dv wkh| duh ruwkrqrupdo dqg vsdq wkh vdph

vxevsdfh1 Wr vhh wklv/ ohw wkh froxpqv ri wkh pdwul{

`& ' T& ' +46,
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eh d vhfrqg vhw ri yhfwruv/ zkhuh ' lv & � & dqg ruwkrjrqdo/ dqg zh vhh wkdw `&` A
& '

T&''AT A
& ' T&T

A
& 1 Dqrwkhu zd| wr vwdwh wklv lv wr revhuyh wkdw T&T

A
& lv dq ruwkrjrqdo

surmhfwlrq pdwul{1

Wklv idfw doorzv xv � iru hdfk udqn0uhgxfwlrq dojrulwkp� wr fkrrvh d qhz vhw ri yhfwruv

��c � � � c �& wkdw pd| ehwwhu ghvfuleh wkh rxwsxw vljqdo r wkdq wkh yhfwruv ��c � � � c �&/ nqrzlqj

wkdw r vwd|v wkh vdph1 Dqg vlqfh wkhvh yhfwruv gh�qh ILU �owhu frh!flhqwv lq d �owhu duud|

lqwhusuhwdwlrq/ wklv phdqv wkdw zh duh iuhh wr fkrrvh wkh �owhuv dv orqj dv +46, lv vdwlv�hg1

Lq sduwlfxodu/ li zh zdqw wr frpsduh wkh rxwsxw ri wzr udqn0uhgxfwlrq dojrulwkpv/ wkhq

zh fdq wu| wr fkrrvh wkh yhfwruv ��c � � � c �& iru wkh wzr dojrulwkpv vxfk wkdw wkh| duh dv

vlplodu dv srvvleoh1

Wkh vroxwlrq wr wklv sureohp ri fkrrvlqj wkh yhfwruv frphv lq wkh irup ri wkh fdqrqlfdo

yhfwruv dvvrfldwhg zlwk wkh vxevsdfhv vsdqqhg e| wkh froxpqv ri wkh T&0pdwulfhv iru wkh wzr

dojrulwkpv1 Wr looxvwudwh wklv/ ohw xv frpsduh wkh wuxqfdwhg VYG dqg XOY dojrulwkpv/ lq

zklfk zh zrun zlwk wkh wzr pdwulfhv T& dqg T & +dqg ljqruh wkh XOY uhvlgxdo yhfwru o,/ dqg

zh ohw Y& dqg Y& ghqrwh wkh vxevsdfhv vsdqqhg e| wkh froxpqv ri wkhvh wzr pdwulfhv1

Gh�qlwlrq 5 Jlyhq wzr ?� & pdwulfhv T& dqg T & zlwk ruwkrqrupdo froxpqv1 Li

T A
& T & ' t X~A +47,

lv wkh VYG ri wkh furvv0surgxfw pdwul{/ wkhq wkh fdqrqlfdo yhfwruv duh wkh froxpqv ri

`& ' T&t @?_ ` & ' T &~� +48,

Wkh vlqjxodu ydoxhv dsshdulqj lq X duh whuphg wkh fdqrqlfdo fruuhodwlrqv/ dqg wkh| duh htxdo
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wr wkh frvlqhv ri wkh fdqrqlfdo dqjohv w�c � � � c w&1 L1h1/

X ' _�@} EULtEw��c � � � c ULtEw&�� +49,

zlwk f � w� � w2 � � � � � w&1

Zh hpskdvl}h wkh iroorzlqj jhrphwulf lqwhusuhwdwlrq ri wkh fdqrqlfdo dqjohv dqg yhfwruv1

Wkh vpdoohvw fdqrqlfdo dqjoh w� lv wkh vpdoohvw dqjoh ehwzhhq dq| wzr yhfwruv � dqg � lq Y&

dqg Y&/ uhvshfwlyho|/ dqg lw lv dwwdlqhg iru � ' �� dqg � ' ��1 Wkhq wkh vhfrqg fdqrqlfdo

dqjoh w2 lv wkh vpdoohvw dqjoh ehwzhhq dq| wzr yhfwruv � dqg � ruwkrjrqdo wr �� dqg �� lq

Y& dqg Y&/ dqg lw lv dwwdlqhg iru � ' �2 dqg � ' �2/ hwf1

Khqfh/ fdqrqlfdo yhfwruv dvvrfldwhg zlwk vpdoo fdqrqlfdo dqjohv gh�qh vxevsdfhv ri Y& dqg

Y& wkdw duh yhu| vlplodu/ dqg }hur fdqrqlfdo dqjohv gh�qh fdqrqlfdo yhfwruv lq wkh lqwhuvhfwlrq

ri wkh vxevsdfhv Y& dqg Y&1 ]hur fdqrqlfdo dqjohv duh dozd|v suhvhqw zkhq & lv juhdwhu wkdq

?*2/ iru jhrphwulf uhdvrqv1

Wkhruhp 6 Li 2& : ? wkhq

w� ' � � � ' w2&3? ' f� +4:,

Surri1 Erwk Y& dqg Y& duh &0glphqvlrqdo vxevsdfhv ri dq ?0glphqvlrqdo vsdfh1 Khqfh/

li 2& : ? wkhq Y& dqg Y& pxvw kdyh d qrqwulyldo lqwhuvhfwlrq ri glphqvlrq 2& � ?1 �

Zh fdq qrz frpsduh wkh wuxqfdwhg VYG dqg XOY dojrulwkpv e| frpsdulqj wkh fdqrqlfdo

ILU �owhuv ghwhuplqhg e| wkh fdqrqlfdo yhfwruv ��c � � � c �& dqg ��c � � � c�&1 Li & : ?*2 wkhq

zh duh vxuh wkdw 2& � ? ri wkhvh �owhuv duh lghqwlfdo/ dqg li vrph ri wkh qrq}hur fdqrqlfdo

dqjohv duh vpdoo wkhq wkh dvvrfldwhg �owhuv duh dovr jxdudqwhhg wr eh vlplodu1
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Wkxv/ vpdoo +dqg }hur, fdqrqlfdo dqjohv gh�qh ILU �owhuv iru wkh wzr dojrulwkpv wkdw

h{wudfw yhu| vlplodu +dqg lghqwlfdo, vljqdo frpsrqhqwv1

Ri frxuvh/ wkhuh lv pruh wr wklv dqdo|vlv wkdq phuho| wkh fdqrqlfdo dqjohv1 Hyhq li w�

lv txlwh odujh/ phdqlqj wkdw wkh yhfwruv �� dqg �� duh txlwh gl�huhqw lq wkh 50qrup/ wkh

dvvrfldwhg �owhuv pd| kdyh vlplodu surshuwlhv lq wkh iuhtxhqf| grpdlq1 Iru h{dpsoh/ �� dqg

�� pd| erwk uhsuhvhqw edqg0sdvv �owhuv zlwk dssur{lpdwho| wkh vdph fhqwhu iuhtxhqf| dqg

edqgzlgwk1

Khqfh/ lw lv wkh vl}h ri wkh fdqrqlfdo dqjohv w� wrjhwkhu zlwk wkh iuhtxhqf| uhvsrqvhv

ri wkh fdqrqlfdo ILU �owhuv uhsuhvhqwhg e| �� dqg �� wkdw surylghv d frqyhqlhqw wrro iru

frpsdulvrq ri wkh vlplodulwlhv dqg gl�huhqfhv lq wkh rxwsxw vljqdov iurp wkh wzr dojrulwkpv

fkdudfwhul}hg e| T& dqg T &1

Wkh frpsdulvrq whfkqltxh fdq eh eurxjkw hyhq ixuwkhu1 Zh fdq xvh wkh vdph dssurdfk

wr frpsduh d qrlv|/ �owhuhg vljqdo zlwk d fohdq uhihuhqfh vljqdo/ vxfk dv

41 wkh rxwsxw iurp dsso|lqj wkh wuxqfdwhg XOY dojrulwkp � ru dq| rwkhu udqn0uhgxfwlrq

dojrulwkp � wr d qrlv| vljqdo/ dqg

51 d uhihuhqfh vljqdo/ rewdlqhg e| dsso|lqj wuxqfdwhg VYG wr wkh qrlvh0iuhh vljqdo/ dqg

wkxv surylglqj dssur{lpdwlrqv wr wkh vljqdo*v hljhq�owhuv1

Zh looxvwudwh wkhvh lvvxhv lq wkh qh{w vhfwlrq1

Y1 Qxphulfdo H{dpsoh

Zh frqfoxgh zlwk d qxphulfdo h{dpsoh zkhuh zh frpsduh wkh rxwsxw iurp wkh wuxqfdwhg

VYG dqg XOY dojrulwkpv1 Doo frpsxwdwlrqv zhuh grqh lq Pdwode xvlqj wkh XWY Wrrov
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Iljxuh 4= Vlqjxodu ydoxhv j� ri wkh Kdqnho pdwul{ � ' KE%� fruuhvsrqglqj wr d sxuh dqg d

qrlv| vljqdo yhfwru %1

sdfndjh ^6`1 Wkh vljqdo % frqvlvwv ri 833 vdpsohv ri d yrlfhg vshhfk vljqdo vdpsohg dw ; nK}/

wkh qxpehu ri froxpqv lq wkh Kdqnho pdwul{ lv ? ' 2f/ dqg wkh wuxqfdwlrq sdudphwhu lv

& ' b1

Wkh vljqdo0wr0qrlvh udwlr lv 6 gE/ dqg wkh qrup ri wkh lqsxw vljqdo lv n%n2 ' ��2.1 Wkh

vlqjxodu ydoxhv ri wkh wzr Kdqnho pdwulfhv fruuhvsrqglqj wr wkh sxuh dqg qrlv| vljqdov duh

vkrzq lq Ilj1 4/ dqg zh vhh wkdw dsduw iurp wkh wudqvlwlrq iurp j2 wr je wkhuh lv qr sduwlfxodu

jds1 Wkh lq xhqfh ri wkh qrlvh lv fohduo| ylvleoh dv d sodwhdx lq wkh vlqjxodu ydoxhv iru wkh

qrlv| vljqdo1

Iluvw zh xvhg wkh oxoy lpsohphqwdwlrq ri wkh XOY ghfrpsrvlwlrq/ zklfk vhhnv wr |lhog

45



0 2000 4000
0

1

2

3

4
i = 1

0 2000 4000
0

1

2

3

4
i = 2

0 2000 4000
0

1

2

3

4
i = 3

0 2000 4000
0

1

2

3

4
i = 4

0 2000 4000
0

1

2

3

4
i = 5

0 2000 4000
0

1

2

3

4
i = 6

0 2000 4000
0

1

2

3

4
i = 7

0 2000 4000
0

1

2

3

4
i = 8

SVD and ULV filters
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Iljxuh 5= Iuhtxhqf| uhvsrqvhv me��Es �m dqg me��Es�m ri wkh ILU �owhuv iru wkh wuxqfdwhg VYG

dojrulwkp +wklfn olqhv, dqg wkh wuxqfdwhg XOY dojrulwkp +wklq olqhv,/ gh�qhg yld wkh yhfwruv

�� dqg �� iru � ' �c � � � c b1
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Iljxuh 6= Wkh fdqrqlfdo dqjohv w�c � � � wb iru wkh wzr <0glphqvlrqdo vxevsdfhv Y& dqg Y& iurp

wkh wuxqfdwhg VYG dqg XOY dojrulwkpv1

jrrg dssur{lpdwlrqv wr wkh sulqflsdo vlqjxodu yhfwruv1 Wkh ILU �owhuv iru wkh VYG dqg XOY

dojrulwkpv/ gh�qhg uhvshfwlyho| e| wkh yhfwruv �� dqg ��/ � ' �c � � � c b/ duh vkrzq lq Ilj1 51

Wkh �uvw wkuhh �owhuv fruuhvsrqg wr wkh wkuhh vlqjxodu ydoxhv o|lqj deryh wkh qrlvh ohyho/ dqg

dv h{shfwhg wkhvh �owhuv duh yhu| vlplodu1 Wkh uhpdlqlqj vl{ �owhuv dsshdu wr eh gl�huhqw1

Iurp Ilj1 5 zh pljkw wkhuhiruh lpphgldwho| wklqn wkdw rqo| d vljqdo frpsrqhqw o|lqj lq d

wkuhh0glphqvlrqdo vxevsdfh lv uhfryhuhg vlploduo| e| wkh wzr dojrulwkpv1

Krzhyhu/ wkh dqdo|vlv xvlqj fdqrqlfdo dqjohv dqg yhfwruv jlyhv d gl�huhqw dqg pruh

suhflvh slfwxuh1 Iljxuh 6 vkrzv wkh wkh < fdqrqlfdo dqjohv/ l1h1/ w�c � � � c wb1 Wkuhh fdqrqlfdo

dqjohv/ fruuhvsrqglqj wr wkh deryh0phqwlrqhg vxevsdfh/ duh ohvv wkdq �f321 Exw wkhuh duh
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Iljxuh 7= Iuhtxhqf| uhvsrqvhv me��Es �m dqg me��Es�m ri wkh fdqrqlfdo ILU �owhuv iru wkh wuxq0

fdwhg VYG dqg XOY dojrulwkpv1 Wklfn olqhv= VYG �owhuv> wklq olqhv= XOY �owhuv1

dovr vhyhudo fdqrqlfdo dqjohv ri wkh rughu �f3�/ dqg zh zrxog h{shfw wkdw wkh fruuhvsrqglqj

fdqrqlfdo �owhuv duh txlwh vlplodu1

Wklv lv frq�uphg e| wkh sorwv ri wkh VYG0XOY fdqrqlfdo ILU �owhuv vkrzq lq Ilj1 7/

zkhuh zh vhh wkdw dfwxdoo| wkh �uvw vhyhq fdqrqlfdo �owhuv duh yhu| vlplodu1 Wkh hljkwv dqg

qlqwk sdlu ri �owhuv kdyh shdnv derxqg 41; nK} dqg 519 nK}/ uhvshfwlyho|/ exw wkhlu vlghorehv

duh gl�huhqw1

Zh frqfoxgh wkdw iru wklv sduwlfxodu qrlv| vljqdo/ wkh VYG dqg XOY dojrulwkpv surgxfh

�owhuhg vljqdov wkdw kdyh yhu| vlplodu vljqdo frpsrqhqwv o|lqj lq d :0glphqvlrqdo vxevsdfh

ri wkh <0glphqvlrqdo rxwsxw vljqdo vxevsdfh1 Wklv lv lq vslwh ri wkh idfw wkdw wkhuh lv qr jds
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SVD and ULV filters, hulv algorithm
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Iljxuh 8= Iuhtxhqf| uhvsrqvhv me��Es �m dqg me��Es�m ri wkh ILU �owhuv iru wkh VYG dojrulwkp

+wklfn olqhv, dqg wkh kxoy0yhuvlrq ri wkh XOY dojrulwkp +wklq olqhv,1

zkdwvrhyhu lq wkh vlqjxodu ydoxhv durxqg � ' .1

Wr hoderudwh rq wklv srlqw/ zh dovr xvhg wkh kxoy lpsohphqwdwlrq ri wkh XOY ghfrpsrvl0

wlrq iurp ^6`1 Wklv dojrulwkp vhhnv wr frpsxwh jrrg dssur{lpdwlrqv wr wkh vlqjxodu yhfwruv

fruuhvsrqglqj wr wkh vpdoohvw vlqjxodu ydoxhv/ dqg zh fdqqrw h{shfw wkdw wkh sulqflsdo vlq0

jxodu yhfwruv duh dssur{lpdwhg vr zhoo1 Wklv lv frq�uphg e| wkh VYG dqg XOY �owhuv vkrzq

lq Ilj1 8= qrqh ri wkhvh �owhuv duh vlplodu1

Exw vwloo wkh VYG dqg XOY dojrulwkpv surgxfh vljqdov wkdw vrxqg txdolwdwlyho| wkh vdph/

dqg wkh fdqrqlfdo ILU �owhuv vkrzq lq Ilj1 9 vxssruw wklv1 Zh vhh wkdw wkh �uvw �yh fdqrqlfdo

�owhuv duh yhu| vlplodu/ wkh qh{w wzr �owhuv duh txdolwdwlyho| vlplodu/ dqg wkh odvw wzr �owhuv
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SVD and ULV canonical filters, hulv algorithm
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Iljxuh 9= Iuhtxhqf| uhvsrqvhv m e��Es�m dqg me��Es�m ri wkh fdqrqlfdo �owhuv iru wkh VYG dojr0

ulwkp +wklfn olqhv, dqg wkh kxoy0yhuvlrq ri wkh XOY dojrulwkp +wklq olqhv,1

4:



duh gl�huhqw1 Wkxv/ wkh wzr vljqdov kdyh vlplodu vljqdo frpsrqhqwv o|lqj lq d 80glphqvlrqdo

+ru shukdsv d :0glphqvlrqdo, vxevsdfh1

YL1 Frqfoxvlrq

Zh kdyh lqwurgxfhg wkh fdqrqlfdo dqjohv dqg wkh fdqrqlfdo �owhuv dvvrfldwhg zlwk wkh vxe0

vsdfhv iurp wzr udqn0uhgxfwlrq dojrulwkpv/ dqg ghprqvwudwhg wkhlu xvh lq wkh dqdo|vlv dqg

frpsdulvrq ri wkh wzr dojrulwkpv1 Lq sduwlfxodu zh kdyh ghprqvwudwhg e| d qxphulfdo h{0

dpsoh wkdw wkhvh txdqwlwlhv surylgh dgglwlrqdo lqvljkw eh|rqg lqvshfwlrq ri wkh ILU �owhu

duud|v wkdw fkdudfwhul}h wkh dojrulwkpv1

Uhihuhqfhv

^4` F1 K1 Elvfkri dqg J1 P1 Vkur�/ Rq xsgdwlqj vljqdo vxevsdfhv/ LHHH Wudqv1 Vljqdo Surf1/

73 +4<<5,/ ss1 <9�4381

^5` U1 G1 Ilhuur dqg S1 F1 Kdqvhq/ Dffxudf| ri WVYG vroxwlrqv frpsxwhg iurp udqn0

uhyhdolqj ghfrpsrvlwlrqv/ Qxphu1 Pdwk1/ :3/ +4<<8,/ ss1 786�7:41

^6` U1 G1 Ilhuur/ S1 F1 Kdqvhq dqg S1 V1 N1 Kdqvhq/ XWY Wrrov= Pdwode whpsodwhv iru

udqn0uhyhdolqj XWY ghfrpsrvlwlrqv/ Qxphu1 Dojr1/ 53 +4<<<,/ ss1 498�4<71

^7` J1 K1 Jroxe dqg F1 I1 Ydq Ordq/ Pdwul{ Frpsxwdwlrqv/ 61 Hg1/ Mrkqv Krsnlqv Xqlyhu0

vlw| Suhvv/ 4<<91

^8` S1 F1 Kdqvhq/ Udqn0Gh�flhqw dqg Glvfuhwh Loo0Srvhg Sureohpv/ VLDP/ Sklodghoskld/

4<<;1

4;



^9` S1 F1 Kdqvhq dqg V1 K1 Mhqvhq/ ILU �owhu uhsuhvhqwdwlrqv ri uhgxfhg0udqn qrlvh uhgxfwlrq/

LHHH Wudqv1 Vljqdo Surf1/ 79 +4<<;,/ ss1 4:6:�4:741

^:` S1 F1 Kdqvhq dqg S1 \1 \dodpry/ Frpsxwlqj v|pphwulf udqn0uhyhdolqj ghfrpsrvlwlrqv

yld wuldqjxodu idfwrul}dwlrq/ vxeplwwhg wr VLDP M1 Pdwul{ Dqdo1 Dsso1

^;` O1 O1 Vfkdui dqg G1 Z1 Wxiwv/ Udqn uhgxfwlrq iru prgholqj vwdwlrqdu| vljqdov/ LHHH

Wudqv1 Dfrxvw1 Vshhfk Surf1/ 68 +4<;:,/ ss1 683�6881

^<` J1 Z1 Vwhzduw/ Dq xsgdwlqj dojrulwkp iru vxevsdfh wudfnlqj/ LHHH Wudqv1 Vljqdo Surf1/

73 +4<<5,/ ss1 4868�48741

^43` J1 Z1 Vwhzduw/ Xsgdwlqj d udqn0uhyhdolqj XOY ghfrpsrvlwlrq/ VLDP M1 Pdwul{ Dqdo1

Dsso1/ 47 +4<<6,/ ss1 7<7�7<<1
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