
IMM
DEPARTMENT OF MATHEMATICAL MODELLING

Technical University of Denmark
DK-2800 Lyngby – Denmark

J. No. MEXP
17.2.2000
HBN/ms

MULTI-EXPONENTIAL
FITTING OF

LOW-FIELD 1H NMR DATA

Hans Bruun Nielsen

TECHNICAL REPORT

IMM-REP-2000-03

IMM



M

U

L
T
I
-
E
X
P
O
N

E
N

T
I
A
L

F
I
T
T
I
N

G

O
F

L
O
W

-
F
I
E
L
D

1
H

N

M

R

D
A
T
A

H
a
n
s
B
r
u
u
n
N
ie
ls
e
n

C
o
n
te
n
ts

1
.
In
tr
o
d
u
c
ti
o
n

4

2
.
A
n
a
ly
si
s

6

3
.
E
x
a
m
p
le

9

4
.
S
V
D

A
lg
o
r
it
h
m

1
7

5
.
L
e
a
st
S
q
u
a
r
e
s
F
it

2
0

6
.
E
x
a
m
p
le
.
II

2
2

7
.
A
p
p
li
c
a
ti
o
n
s

2
3

8
.
C
o
n
c
lu
si
o
n

2
9

R
e
fe
r
e
n
c
e
s

2
9

1
.
In
t
r
o
d
u
c
t
io
n

4

1
.
In
tr
o
d
u
c
ti
o
n

A
ty
p
ic
al
se
t
of
lo
w
-�
el
d
1
H
N
M
R
re
la
x
at
io
n
d
at
a
(t
i
;y
i
);
i
=
1;
::
:;
m
,

is
sh
ow
n
b
el
ow
.

0
0.

2
0.

4
0.

6
0.

8
1

1.
2

0246
x 

10
4

F
ig
u
r
e
1
.1
.
D
at
a
po
in
ts

It
ca
n
b
e
m
o
d
el
le
d
b
y

y i
=
M
(x
;c
;t
i)
+
" i
;

(1
.1
a)

w
h
er
e

M
(x
;c
;t
)
=
c 0
+

n X j
=
1

c j
ex
j
t
=

n X j
=
0

c j
ex
j
t
;

(1
.1
b
)

w
it
h
x
0
=
0.
T
h
e
f"
i
g
ar
e
\w
h
it
e
n
oi
se
".
sa
ti
sf
y
in
g

E
("
i
)
=
0
;

E
("
i
" j
)
=
� i
j
"2
;

(1
.1
c)

w
h
er
e
� i
j
d
en
ot
es
th
e
K
ro
n
ec
k
er
d
el
ta
.
W
e
sh
al
l
u
se
th
e
te
rm
\n
oi
se

le
v
el
"
to
d
en
ot
e
th
e
st
an
d
ar
d
d
ev
ia
ti
on
".

W
e
w
an
t
to
es
ti
m
at
e
th
e
p
ar
am
et
er
s
b
y
m
ea
n
s
of
le
as
t
sq
u
ar
es
.

If
n
is
k
n
ow
n
an
d
a
go
o
d
st
ar
ti
n
g
gu
es
s
fo
r
th
e
fx
j
g
is
av
ai
la
b
le
,
w
e

re
co
m
m
en
d
to
ex
p
lo
it
th
e
fa
ct
th
at
th
e
m
o
d
el
is
se
pa
ra
bl
e,
se
e
S
ec
ti
on

5.
In
th
is
re
p
or
t
w
e
d
is
cu
ss
th
e
co
m
m
on
ca
se
,
w
h
er
e
w
e
d
o
n
ot
h
av
e

th
is
a
pr
io
ri
k
n
ow
le
d
ge
,
b
u
t
w
e
k
n
ow
th
at
m

is
la
rg
e,
n
is
sm
al
l

(n
�
6)
an
d
th
e
d
at
a
ab
sc
is
sa
e
ar
e
eq
u
id
is
ta
n
t,
t i
+
1
�
t i
=
h
.



5

1
.
In
t
r
o
d
u
c
t
io
n

O
u
r
a
p
p
ro
ac
h
is
b
as
ed
on
m
et
h
o
d
s
fo
r
ot
h
er
ty
p
es
of
N
M
R
a
n
al
-

y
si
s,
w
h
er
e
it
is
re
co
m
m
en
d
ed
(s
ee
e.
g.
[2
])
to
ex
p
lo
it
th
at
th
e
m
o
d
el

sa
ti
s�
es
a
li
n
ea
r
pr
ed
ic
to
r,

M
(x
;c
;t
i)
=

K X k
=
1

f k
M
(x
;c
;t
i�
k
)

(1
.2
a)

fo
r
an
y
K
�
n
an
d
i
�
K
.
T
h
is
is
a
fo
rw
a
rd
p
re
d
ic
to
r.
A
lt
er
n
at
iv
el
y,

w
e
ca
n
u
se
a
ba
ck
w
ar
d
p
re
d
ic
to
r

M
(x
;c
;t
i)
=

K X k
=
1

b k
M
(x
;c
;t
i+
k
)
:

(1
.2
b
)

If
w
e
u
se
th
e
la
tt
er
re
la
ti
o
n
fo
r
i
=
1;
::
:;
q
a
n
d
re
p
la
ce
M
(x
;c
;t
s
)

b
y
y s
,
w
e
ge
t
th
e
fo
ll
ow
in
g
sy
st
em
of
eq
u
at
io
n
s,

H
:
;2
:
K
+
1
b
'
H
:
;1
;

(1
.3
a)

w
h
er
e
b
=
[b
1
;:
::
;b
K
]>
an
d
H
:
;2
:
K
+
1
d
en
ot
es
th
e
su
b
m
at
ri
x
co
n
-

si
st
in
g
of
co
lu
m
n
s
2;
::
:;
K
+
1
in

H

=
2 6 6 6 4y 1

y 2

��
�
y 1
+
K

y 2

y 3

��
�
y 2
+
K

. . .

. . .

. . .

y q

y q
+
1

��
�
y q
+
K

3 7 7 7 5:

(1
.3
b
)

A
si
m
il
ar
d
er
iv
a
ti
on
sh
ow
s
th
at
th
e
co
e�
ci
en
ts
f
=
[f
K
;:
::
;f
1
]>
of

th
e
fo
rw
a
rd
p
re
d
ic
to
r
sa
ti
sf
y

H
:
;1
:
K
f
'
H
:
;K
+
1
:

(1
.3
c)

N
o
te
th
a
t
q
a
n
d
K

m
u
st
sa
ti
sf
y

q
+
K
�
m

,

q
�
m
�
K

:

(1
.4
)

S
u
p
p
o
se
th
at
w
e
ta
ke
th
e
la
rg
es
t
p
os
si
b
le
va
lu
e
fo
r
q;
q
=
m
�
K
,
an
d

d
em
a
n
d
th
a
t
q>
K

,

K

<

1 2

m
.
T
h
en
(1
.3
a,
c)
a
re
ov
er
d
et
er
m
in
ed

2
.
A
n
a
l
y
s
is

6

sy
st
em
s
of
eq
u
at
io
n
s.
W
e
ta
ke
b
(o
r
f
)
a
s
a
le
as
t
sq
u
ar
es
so
lu
ti
on
an
d

in
S
ec
ti
on
2
w
e
d
is
cu
ss
h
ow
th
is
ca
n
b
e
u
se
d
to
�
n
d
th
e
p
ar
am
et
er
s
x

an
d
c
.
T
h
e
b
eh
av
io
u
r
of
th
e
al
go
ri
th
m
is
il
lu
st
ra
te
d
in
S
ec
ti
on
3,
w
h
il
e

en
h
an
ce
m
en
ts
ar
e
p
re
se
n
te
d
in
S
ec
ti
on
s
4
{
6.
F
in
al
ly
,
in
S
ec
ti
on
s
7
{

8
w
e
ap
p
ly
th
e
al
go
ri
th
m
to
th
e
d
at
a
of
F
ig
u
re
1.
1
an
d
at
te
m
p
t
so
m
e

co
n
cl
u
si
on
s.

2
.
A
n
a
ly
si
s

T
h
e
as
su
m
p
ti
on
ab
ou
t
eq
u
id
is
ta
n
t
d
at
a
a
b
sc
is
sa
e
im
p
li
es
th
at

t i
=
a
+
ih
;

(2
.1
a)

an
d
th
er
ef
or
e

M
(x
;c
;t
i)
=

n X j
=
0

c j
ex
j
(a
+
ih
)

=

n X j
=
0

c j
ex
j
a
�� ex
j
h
� i �

n X j
=
0

ec j�i j
:

(2
.1
b
)

In
th
e
fo
ll
ow
in
g
w
e
sh
al
l
n
ot
d
is
ti
n
gu
is
h
b
et
w
ee
n
c j
an
d
ec j(
th
ey
a
re

eq
u
al
in
th
e
ty
p
ic
al
ca
se
,
w
h
er
e
a
=
0)
.
In
se
rt
in
g
th
is
ex
p
re
ss
io
n
in

(1
.2
b
)
w
e
ge
t

n X j
=
0

c j
�i j
=

K X k
=
1

b k
�n X j

=
0

c j
�i
+
k

j

� =
n X j

=
0

c j
�i j

�K X k
=
1

b k
�k j

� :
(2
.2
a)

T
h
is
is
sa
ti
s�
ed
fo
r
al
l
i
=
1
;:
::
m
�
K

if
th
e
f�
j
g
ar
e
ro
ot
s
of
th
e

p
ol
y
n
om
ia
l e P K(

�)
=
1
�
b 1
�
�
��
��
b K
�K
:

(2
.2
b
)

S
im
il
ar
ly
w
e
se
e
th
at



7

2
.
A
n
a
l
y
s
is

n X j
=
0

c j
�i j
=

n X j
=
0

c j
�i j

�K X k
=
1

f k
��

k
j

� ;

(2
.3
a)

an
d
th
is
is
sa
ti
s�
ed
fo
r
a
ll
i
=
K
+
1;
::
:m
p
ro
v
id
ed
th
at
th
e
f�
j
g
ar
e

ro
ot
s
o
f
th
e
p
o
ly
n
om
ia
l

P
K
(�
)
=
�K
�
f 1
�K
�
1
�
��
��
f K
:

(2
.3
b
)

T
h
u
s,
h
av
in
g
co
m
p
u
te
d

b

(o
r
f
)
b
y

m
ea
n
s
o
f
(1
.3
),
w
e
ge
t

x
j
=
(l
n
� j
)=
h
;
j
=
1;
::
:;
n
,
w
h
er
e
th
e
re
le
va
n
t
� j
va
lu
es
ar
e
ch
os
en

a
m
on
g
th
e
K

ro
o
ts
o
f
e P K
(o
r
P
K
).
W
e
re
tu
rn
to
th
is
p
oi
n
t
la
te
r.

In
th
e
sp
ec
ia
l
ca
se
w
h
er
e
c 0
=
0
an
d
K
=
n
th
e
m
et
h
o
d
b
as
ed
on
th
e

fo
rw
a
rd
p
re
d
ic
to
r
is
id
en
ti
ca
l
w
it
h
P
ro
n
y'
s
a
lg
o
ri
th
m
,
[1
2]
.

In
o
rd
er
to
re
la
te
to
(1
.3
)
w
e
in
tr
o
d
u
ce

c
=

2 6 6 6 4c 0 c 1 . . . c n
3 7 7 7 5;

�
i
=

2 6 6 6 41 �i 1 . . . �i n
3 7 7 7 5;

�
i
=
d
ia
g(
�

i
)
:

(2
.4
)

T
h
en
w
e
ca
n
w
ri
te
M
(x
;c
;t
i)
=
c>
�

i ,
a
n
d
{
in
ca
se
o
f
ex
ac
t
d
at
a,

H
:
;j
+
1
=

2 6 4c>
�

j
+
1

. . .

c>
�

j
+
q

3 7 5=
2 6 4c>
�
1

. . .
c>
�

q
3 7 5�j

=
Y
�

j
;

(2
.5
a)

o
r

H

=
Y

h �
0
�
1

��
�
�

K
i =
Y
G

:

(2
.5
b
)

A
ss
u
m
e
th
a
t
q
�
K
�
n
.
B
y
n
at
u
re
th
e
fx
j
g
an
d
th
er
ef
or
e
th
e

f�
j
g
a
re
d
is
ti
n
ct
,
an
d
c j
6=
0
fo
r
j
=
1;
::
:;
n
.

T
h
is
im
p
li
es
th
at

ra
n
k
(G
)
=
n
+
1
a
n
d
ra
n
k
(Y
)
=
n
+
1
if
c 0
6=
0,
ot
h
er
w
is
e
ra
n
k
(Y
)
=
n
.

T
h
er
ef
or
e,
n
�
p
�
ra
n
k
(H
)
�
n
+
1
re

ec
ts
th
e
n
u
m
b
er
of
co
n
tr
ib
u
-

ti
on
s
in
(1
.1
b
).

2
.
A
n
a
l
y
s
is

8

W
e
in
tr
o
d
u
ce
th
e
si
n
gu
la
r
va
lu
e
de
co
m
po
si
ti
on
(S
V
D
),

H
=
U
�
V
>

(2
.6
a)

w
h
er
e
U
2
IR

q
�
(K
+
1
)
an
d
V
2
IR
(K
+
1
)�
(K
+
1
)
h
av
e
o
rt
h
on
or
m
al
co
lu
m
n
s,

an
d
�
=
d
ia
g(
�
1
;:
::
;�
K
+
1
)
w
it
h

�
1
�
��
�
�
�
p
>
0;

�
p
+
1
=
��
�
=
�
K
+
1
=
0
:

(2
.6
b
)

N
ow
co
n
si
d
er
\r
ea
l"
d
at
a
w
it
h
er
ro
rs
,
(1
.1
a)
.
T
h
e
w
h
it
e
n
oi
se
as
-

su
m
p
ti
on
im
p
li
es
th
at
w
e
ca
n
ex
p
ec
t
th
e
n
oi
se
to
b
e
ev
en
ly
d
is
tr
ib
u
te
d

ov
er
al
l
S
V
D
-c
om
p
on
en
ts
.
A
ss
u
m
in
g
th
at
n
�
5,
i.
e.
ra
n
k
( H
)
�
6
,

w
h
er
e
H

is
th
e
u
n
p
er
tu
rb
ed
m
at
ri
x
,
w
e
in
tr
o
d
u
ce
th
e
th
re
sh
ol
d
1
)

�
=
1:
5
�
7

(=
m
ax
f�
7
;:
::
;�
K
+
1
g)

(2
.7
a)

as
a
m
ea
su
re
of
th
e
n
oi
se
le
ve
l.
W
it
h
re
sp
ec
t
to
th
is
,
th
e
e�
ec
ti
ve
ra
n
k

epof
H

is
d
e�
n
ed
b
y

�
1
�
��
�
�
�
ep>
�
:

(2
.7
b
)

In
th
e
re
m
ai
n
d
er
w
e
sh
al
l
u
se
p
fo
r
ep.

N
ow
,
H

is
ap
p
ro
x
im
at
ed
b
y
th
e
tr
u
n
ca
te
d
S
V
D
ex
pa
n
si
on

e H=
e Ue �
e V>
=

p X j
=
1

�
j
U
:
;j
V
> :
;j
:

(2
.7
c)

T
h
is
ap
p
ro
x
im
at
io
n
is
in
se
rt
ed
in
(1
.3
),

e Ue �
V
> 2
:
K
+
1
;1
:
p
b
=

e Ue �
V
> 1
;1
:
p

+

V
> 2
:
K
+
1
;1
:
p
b
=
V
> 1
;1
:
p

:

(2
.8
a)

T
h
e
d
er
iv
at
io
n
fo
ll
ow
s
fr
om
th
e
fa
ct
th
at
e U>
e U=
I
an
d
e �is
n
on
si
n
-

gu
la
r.
A
si
m
il
ar
d
er
iv
at
io
n
fo
r
th
e
fo
rw
ar
d
p
re
d
ic
to
r
sh
ow
s
th
a
t

1
)
N
o
te
th
a
t
th
e
n
u
m
b
er
7
a
n
d
fa
ct
o
r
1
.5
in
(2
.7
a
)
co
u
ld
b
e
ch
a
n
g
ed
in
o
th
er

a
p
p
li
ca
ti
o
n
s,
cf
.
p
.
1
8
.



9

3
.
E
x
a
m
p
l
e

V
> 1
:
K
;1
:
p
f
=
V
> K
+
1
;1
:
p

:

(2
.8
b
)

T
h
es
e
tw
o
sy
st
em
s
a
re
u
n
d
er
d
et
er
m
in
ed
(p
eq
u
at
io
n
s
in
K
u
n
k
n
ow
n
s)
,

a
n
d
w
e
u
se
th
e
m
in
im
u
m

n
o
rm

so
lu
ti
o
n
fo
r
b
an
d
f
,
re
sp
ec
ti
ve
ly
.

R
at
h
er
th
an
g
iv
in
g
a
th
or
o
u
gh
d
is
cu
ss
io
n
(s
ee
e.
g
.
[3
]
fo
r
th
at
)
w
e

sh
a
ll
co
n
si
d
er
a
n
ex
am
p
le
th
at
d
is
p
la
y
s
so
m
e
ty
p
ic
al
fe
at
u
re
s.

3
.
E
x
a
m
p
le

L
et

M
(x
;c
;t
i)
=
1
0�
2
+
2
e�
0
:5
t i
+
4
e�
t
i

+
8e
�
2
t i
;

(3
.1
a)

w
it
h
t i
=
0
:0
1i
.
T
h
e
fy
i
g
a
re
fo
u
n
d
b
y
ro
u
n
d
in
g
th
e
M
-v
al
u
es
to
6

d
ec
im
al
d
ig
it
s
a
n
d
ad
d
in
g
fu
rt
h
er
n
oi
se
,
so
th
at

y i
=
M
(x
;c
;t
i)
+
"(
r6
)

i

+
"�
i
;

(3
.1
b
)

w
h
er
e
th
e
f�
i
g
a
re
n
or
m
a
lr
an
d
o
m
n
u
m
b
er
s
w
it
h
m
ea
n
ze
ro
,
ge
n
er
at
ed

b
y
M
a
t
l
a
b
s
r
a
n
d
n

an
d
n
or
m
al
iz
ed
so
th
at
k�
k 2
=
1.
F
ig
u
re
3.
1

sh
ow
s
th
e
d
at
a
fo
r
"
=
1
0�
3
.

0
2

4
6

8
10

051015

F
ig
u
r
e
3
.1
.
D
a
ta
fo
r
"
=
10
�
3

In
F
ig
u
re
3
.2
w
e
gi
ve
th
e
si
n
g
u
la
r
va
lu
es
fo
r
�
x
ed
K

an
d
th
re
e

va
lu
es
o
f
".
E
x
ce
p
t
fo
r
th
e
�
rs
t
fe
w
si
n
gu
la
r
va
lu
es
th
e
f�
j
g
ar
e

a
lm
os
t
co
n
st
an
t.
T
h
is
re

ec
ts
th
e
\b
a
ck
gr
ou
n
d
n
o
is
e"
.
F
or
"
�
10
�
6

th
e
n
o
is
e
le
ve
l
is
ab
ou
t
1
0
�
6

(c
au
se
d
b
y
th
e
ro
u
n
d
in
g
to
6
d
ig
it
s)

3
.
E
x
a
m
p
l
e

10

an
d
w
e
re
co
gn
iz
e
th
at
H

h
as
e�
ec
ti
ve
ra
n
k
p
=
4,
w
h
ic
h
is
eq
u
al
to

th
e
n
u
m
b
er
of
p
ar
am
et
er
s
in
M

a
b
ov
e.
F
or
"
=
10
�
3
an
d
"
=
1
0�
1
th
e

b
ac
k
gr
ou
n
d
n
oi
se
is
of
th
e
sa
m
e
or
d
er
of
m
ag
n
it
u
d
e
as
",
th
e
d
om
in
an
t

si
n
gu
la
r
va
lu
es
ar
e
al
m
os
t
u
n
ch
an
ge
d
,
b
u
t
th
e
sm
al
le
r
va
lu
es
\d
ro
w
n
"

in
th
e
b
ac
k
gr
ou
n
d
n
oi
se
,
so
th
at
th
e
e�
ec
ti
ve
ra
n
k
re
d
u
ce
s
to
3
an
d

2,
re
sp
ec
ti
ve
ly
.

0
10

20
30

40
10

−
6

10
−

3

10
0

10
3

ε 
=

 1
e−

6

0
10

20
30

40
10

−
6

10
−

3

10
0

10
3

ε 
=

 1
e−

3

0
10

20
30

40
10

−
6

10
−

3

10
0

10
3

ε 
=

 1
e−

1

F
ig
u
r
e
3
.2
.
S
in
gu
la
r
va
lu
es
.
K
=
40

In
th
e
re
m
ai
n
d
er
of
th
is
se
ct
io
n
w
e
lo
ok
at
th
e
p
ro
b
le
m

fo
r

"
=
10
�
3
.
B
y
in
cr
ea
si
n
g
K

it
is
p
os
si
b
le
to
ge
t
in
fo
rm
at
io
n
ab
o
u
t
th
e

tr
u
e
n
u
m
b
er
of
te
rm
s
in
M
:
F
ig
u
re
3.
3
il
lu
st
ra
te
s
th
e
e�
ec
ti
ve
ra
n
k
o
f

H

as
K

gr
ow
s.
F
or
so
m
e
K
-v
al
u
e
b
et
w
ee
n
40
an
d
80
th
e
4
th
co
n
tr
i-

b
u
ti
on
to
M

ap
p
ea
rs
,
an
d
fo
r
la
rg
er
K

va
lu
es
it
d
is
ti
n
gu
is
h
es
b
et
te
r

fr
om
th
e
b
ac
k
gr
ou
n
d
n
oi
se
.
T
h
is
is
ty
p
ic
al
:
w
it
h
a
la
rg
er
\w
in
d
ow
"

th
e
e�
ec
t
of
th
e
n
oi
se
in
th
e
d
at
a
is
d
ec
re
as
ed
.



11 3. Example

0 5 10
10

−6

10
−3

10
0

10
3

K = 10

0 5 10
10

−6

10
−3

10
0

10
3

K = 20

0 5 10
10

−6

10
−3

10
0

10
3

K = 40

0 5 10
10

−6

10
−3

10
0

10
3

K = 80

0 5 10
10

−6

10
−3

10
0

10
3

K = 160

0 5 10
10

−6

10
−3

10
0

10
3

K = 320

Figure 3.3. Singular values �1; : : : ; �10 for increasing K

The behaviour is further illustrated in Figures 3.4{5, where we

give the �rst 6 columns in U and V for K =40; 80; 160. Notice how

u1 = U:;1 reects the shape of the data in Figure 3.1 and how the

fourth vectors are \puri�ed" as we increase K. For all the K-values

vectors nos. 5 and 6 look like noise.

3. Example 12
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Figure 3.4. Left singular vectors. K = 40 (top),

K = 80 (middle) and K = 160 (bottom)
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Figure 3.5. Right singular vectors. K = 40 (top),

K = 80 (middle) and K = 160 (bottom)

3. Example 14

Next, in Figure 3.6 we show the roots of (2.2b) and (2.3b) with

the coe�cients computed by (2.8) in the case K =40.

−1 0 1

−1

0

1

Backward

−1 0 1

−1

0

1

Forward

Figure 3.6. Roots of eP40 and P40

All roots except for the interesting ones lie close to the unit circle, re-

spectively outside and inside for the backward and forward predictor.

They are located between two circles centered in Origo and with radii

r and r that tend to 1 as K grows:

K =10 K =20 K = 40 K =80 K =160 K =320

Backward predictor

r 1:2442 1:0809 1:0396 1:0244 1:0095 1:0050

r 1:3036 1:1392 1:0851 1:0537 1:0279 1:0163

Forward predictor

r :83247 :87919 :92164 :95429 :97290 :98400

r :86655 :92652 :96197 :98164 :99057 :99498

Table 3.1. Inner and outer radius

The interesting roots are real and in the range 0 < �j � 1. For

these we �nd the exponents as xj = (ln �j)=h. We get the following

results
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