
T
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p
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s
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o
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u
t
a
t
io
n
a
l

L
in
e
a
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O
p
t
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iz
a
t
io
n

T
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H
e
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e
H
u
lt
b
e
r
g
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C
o
p
y
ri
g
h
t
2
0
0
0

b
y

T
im
H
el
g
e
H
u
lt
b
er
g

T
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k
t
af
IM
M
,
D
T
U

B
og
b
in
d
er
H
an
s
M
ey
er



P
re
fa
c
e

T
h
is
d
is
se
rt
at
io
n
h
as
b
ee
n
p
re
p
ar
ed
at
th
e
D
ep
a
rt
m
en
t
of
M
at
h
em
at
ic
al

M
o
d
el
li
n
g
(I
M
M
)
d
u
ri
n
g
th
e
p
er
io
d
Ja
n
u
ar
y
1
99
7
to
N
ov
em
b
er
20
00
as
a

p
a
rt
ia
l
fu
l�
lm
en
t
o
f
th
e
re
q
u
ir
em
en
ts
fo
r
ob
ta
in
in
g
th
e
P
h
.D
.
d
eg
re
e
at
th
e

T
ec
h
n
ic
a
l
U
n
iv
er
si
ty
of
D
en
m
ar
k
(D
T
U
).

T
h
e
P
h
.D
.
p
ro
je
ct
h
as
b
ee
n
su
p
er
v
is
ed
b
y
m
y
m
a
in
su
p
er
v
is
or
p
ro
fe
ss
or

J
en
s
C
la
u
se
n
,
p
ro
fe
ss
or
P
er
C
h
ri
st
ia
n
H
an
se
n
an
d
a
ss
o
ci
at
e
p
ro
fe
ss
or
H
an
s

B
ru
u
n
N
ie
ls
en
.

A
ck
n
o
w
le
d
g
e
m
e
n
ts

It
h
as
b
ee
n
a
p
le
a
su
re
to
w
or
k
in
th
e
o
p
er
at
io
n
s
re
se
ar
ch
gr
ou
p
at
IM
M

w
it
h
m
y
su
p
er
v
is
or
J
en
s
C
la
u
se
n
.
A
ft
er
h
is
ar
ri
va
l
at
IM
M

th
e
ac
ti
v
it
y

of
th
e
op
er
a
ti
on
s
re
se
ar
ch
g
ro
u
p
h
as
b
o
os
te
d
.
T
h
e
gr
ou
p
is
n
ow
in
vo
lv
ed

in
se
v
er
a
l
in
te
re
st
in
g
p
ro
je
ct
s
(D
es
ca
rt
es
,
E
x
p
la
in
,
C
IA
M
)
w
it
h
in
d
u
st
ri
al

co
o
rp
or
at
io
n
,
re
su
lt
in
g
in
a
li
v
el
y
an
d
st
im
u
la
ti
n
g
en
v
ir
on
m
en
t.

I
w
o
u
ld
al
so
li
k
e
to
ex
p
re
ss
m
y
gr
at
it
u
d
e
to
m
y
fo
rm
er
su
p
er
v
is
or
S
�r
en

K
ru
se
Ja
co
b
se
n
,
w
h
o
ga
v
e
m
e
go
o
d
in
sp
ir
a
ti
o
n
w
h
en
I
w
ro
te
th
e
P
h
.D

p
la
n
an
d
m
y
co
-s
u
p
er
v
is
o
rs
P
er
C
h
ri
st
ia
n
H
an
se
n
a
n
d
H
an
s
B
ru
u
n
N
ie
ls
en
,

w
h
o
p
ro
v
id
ed
va
lu
ab
le
fe
ed
-b
ac
k
on
th
e
p
ap
er
on
d
ir
ec
t
so
lu
ti
on
of
sp
ar
se

u
n
sy
m
m
et
ri
c
sy
st
em
s.

B
es
id
es
th
e
sc
ie
n
ti
�
c
w
or
k
,
so
m
e
of
th
e
h
ig
h
li
gh
ts
o
f
m
y
ti
m
e
a
t
D
T
U
h
av
e

b
ee
n
th
e
w
ee
k
ly
m
ee
ti
n
gs
a
t
th
e
O
R
ca
k
e
gr
o
u
p
an
d
th
e
w
ee
k
ly
fo
ot
b
al
l

w
it
h
th
e
gu
y
s
fr
om
T
E
L
E
.
M
y
w
ar
m
th
ou
gh
ts
go
es
to
th
e
m
em
b
er
s
of
th
e

O
R
ca
ke
g
ro
u
p
in
cl
u
d
in
g
ex
-m
em
b
er
s
P
ed
ro
B
or
ge
s
an
d
M
ic
h
ae
l
P
il
eg
�a
rd
.

ii
i

E
ac
h
J
an
u
ar
y
fo
r
th
e
la
st
th
re
e
ye
ar
s,
I
h
av
e
b
ee
n
as
si
st
an
t
te
ac
h
er
fo

S
�r
en
N
ie
ls
en
at
th
e
3-
w
ee
k
s
co
u
rs
e
in
li
n
ea
r
p
ro
gr
am
m
in
g
m
o
d
el
li
n
g,
w
h
ic

I
en
jo
ye
d
a
lo
t.
S
�r
en
al
so
in
sp
ir
ed
m
e
to
st
ar
t
w
or
k
in
g
on
F
L
O
P
C
+
+
.

I
sh
al
l
n
ev
er
fo
rg
et
m
y
si
x
m
on
th
s
at
th
e
U
n
iv
er
si
ty
o
f
C
o
lo
ra
d
o
at
D
en
ve
r

w
h
er
e
I
v
is
it
ed
H
ar
ve
y
G
re
en
b
er
g
w
h
o
re
ce
iv
ed
m
e
in
th
e
b
es
t
p
os
si
b
le
w
ay

H
ar
ve
y
ta
u
gh
t
m
e
ev
er
y
th
in
g
ab
ou
t
in
te
ge
r
p
ro
gr
am
m
in
g
(h
av
e
I
fo
rg
ot
te

so
m
et
h
in
g,
it
is
ce
rt
ai
n
ly
n
ot
h
is
fa
u
lt
)
an
d
w
a
s
co
n
tr
ib
u
ti
n
g
to
m
ak
e
th

st
ay
of
m
y
w
if
e
an
d
m
e
in
D
en
ve
r
en
jo
ya
b
le
.
I
w
ou
ld
al
so
li
ke
to
th
an

A
ll
en
H
ol
d
er
an
d
M
ar
k
u
s
E
m
se
rm
an
n
fo
r
h
el
p
in
g
u
s
so
m
u
ch
w
it
h
a
lo

of
p
ra
ct
ic
al
th
in
gs
,
n
ic
e
co
m
p
an
y
an
d
se
ve
ra
l
ga
m
es
of


ag
fo
ot
b
al
l
an

sq
u
as
h
.

I
h
av
e
b
ee
n
p
ri
v
il
eg
ed
to
b
e
ab
le
to
sp
en
d
m
an
y
n
ic
e
re
la
x
in
g
w
ee
ke
n
d

w
it
h
m
y
p
ar
en
ts
at
G
ra
n
h
�j
g�a
rd
an
d
h
ol
id
ay
s
w
it
h
m
y
p
a
re
n
ts
-i
n
-l
aw
i

P
or
tu
ga
l.
T
h
an
k
yo
u
!

D
u
ri
n
g
th
e
p
er
io
d
o
f
m
y
P
h
.D
st
u
d
ie
s
m
y
fa
m
il
y
st
at
u
s
h
as
ch
a
n
g
ed
d
ra

m
at
ic
al
ly
.
D
ec
em
b
er
2
7,
19
97
P
au
la
A
le
x
an
d
ra
M
ac
h
ad
o
G
om
es
H
u
lt
b
er

b
ec
am
e
m
y
w
if
e
an
d
on
O
ct
ob
er
8,
19
98
ou
r
so
n
N
u
n
o
w
as
b
or
n
.
I
th
an

y
ou
b
ot
h
fo
r
gi
v
in
g
m
e
th
e
h
ap
p
in
es
s
of
b
ei
n
g
a
h
u
sb
an
d
an
d
a
fa
th
er
,

co
u
ld
n
ev
er
h
av
e
im
ag
in
ed
a
m
or
e
w
on
d
er
fu
l
w
if
e
an
d
so
n
.
Y
Y
is
st
il
l
i

P
au
la
s
b
el
ly
,
I
am
lo
ok
in
g
fo
rw
ar
d
to
m
ee
t
h
im
/h
er
n
ex
t
M
ay
.

K
on
ge
n
s
L
y
n
gb
y,
N
ov
em
b
er
20
00

T
im
H
.
H
u
lt
b
er
g

iv



S
u
m
m
a
ry

T
h
is
d
is
se
rt
at
io
n
ad
re
ss
es
se
v
er
al
to
p
ic
s
in
co
m
p
u
ta
ti
on
al
li
n
ea
r
op
ti
m
iz
a-

ti
o
n
.

L
in
ea
r
op
ti
m
iz
at
io
n
h
a
s
b
ee
n
a
n
ac
ti
v
e
a
re
a
o
f
re
se
ar
ch
ev
er
si
n
ce
th
e
p
i-

on
ee
ri
n
g
w
o
rk
o
f
G
.
D
a
n
tz
ig
m
or
e
th
an
50
y
ea
rs
a
go
.
T
h
is
re
se
ar
ch
h
as

p
ro
d
u
ce
d
a
lo
n
g
se
q
u
en
ce
of
p
ra
ct
ic
al
as
w
el
l
as
th
eo
re
ti
ca
l
im
p
ro
v
em
en
ts

of
th
e
so
lu
ti
o
n
te
ch
n
iq
u
es
av
il
ab
le
fo
r
so
lv
in
g
li
n
ea
r
o
p
ti
m
iz
at
io
n
p
ro
b
le
m
s.

L
in
ea
r
o
p
ti
m
iz
at
io
n
p
ro
b
le
m
s
co
ve
rs
b
ot
h
li
n
ea
r
p
ro
gr
am
m
in
g
p
ro
b
le
m
s,

w
h
ic
h
a
re
p
ol
y
n
o
m
ia
ll
y
so
lv
ab
le
,
a
n
d
m
ix
ed
in
te
ge
r
li
n
ea
r
p
ro
gr
am
m
in
g

p
ro
b
le
m
s,
w
h
ic
h
b
el
on
g
to
th
e
cl
as
s
o
f
N
P
-h
ar
d
p
ro
b
le
m
s.

T
h
e
th
re
e
m
ai
n
re
as
on
s
fo
r
th
e
p
ra
ct
ic
a
l
su
cc
es
o
f
li
n
ea
r
op
ti
m
iz
at
io
n
a
re
:

w
id
e
a
p
p
li
ca
b
il
it
y,
av
ai
la
b
il
ty
of
h
ig
h
q
u
al
it
y
so
lv
er
s
a
n
d
th
e
u
se
of
al
ge
b
ra
ic

m
o
d
el
li
n
g
sy
st
em
s
to
h
an
d
le
th
e
co
m
m
u
n
ic
at
io
n
b
et
w
ee
n
th
e
m
o
d
el
le
r
an
d

th
e
so
lv
er
.

T
h
is
d
is
se
rt
a
ti
on
fe
at
u
re
s
fo
u
r
to
p
ic
s
in
co
m
p
u
ta
ti
on
al
li
n
ea
r
op
ti
m
iz
at
io
n
:

A
)
a
u
to
m
at
ic
re
fo
rm
u
la
ti
on
of
m
ix
ed
0/
1
li
n
ea
r
p
ro
gr
am
s,
B
)
d
ir
ec
t
so
-

lu
ti
on
of
sp
a
rs
e
u
n
sy
m
m
et
ri
c
sy
st
em
s
of
li
n
ea
r
eq
u
at
io
n
s,
C
)
re
d
u
ct
io
n
of

li
n
ea
r
p
ro
gr
am
s
an
d
D
)
in
te
gr
at
io
n
of
al
ge
b
ra
ic
m
o
d
el
li
n
g
of
li
n
ea
r
op
ti
-

m
iz
at
io
n
p
ro
b
le
m
s
in
C
+
+
.
E
ac
h
of
th
es
e
to
p
ic
s
is
tr
ea
te
d
in
a
se
p
ar
at
e

p
a
p
er
in
cl
u
d
ed
in
th
is
d
is
se
rt
at
io
n
.

T
h
e
eÆ
ci
en
cy
o
f
so
lv
in
g
m
ix
ed
0-
1
li
n
ea
r
p
ro
gr
am
s
b
y
li
n
ea
r
p
ro
gr
am
m
in
g

b
a
se
d
b
ra
n
ch
-a
n
d
-b
ou
n
d
al
go
ri
th
m
s
d
ep
en
d
s
h
ea
v
il
y
on
th
e
fo
rm
u
la
ti
on

of
th
e
p
ro
b
le
m
.
In
se
ek
in
g
a
b
et
te
r
fo
rm
u
la
ti
on
,
au
to
m
at
ic
re
fo
rm
u
la
ti
on

em
p
lo
y
s
a
ra
n
ge
of
d
i�
er
en
t
te
ch
n
iq
u
es
fo
r
ob
ta
in
in
g
an
eq
u
iv
al
en
t
fo
rm
u
la
-

ti
o
n
o
f
a
gi
v
en
p
u
re
or
m
ix
ed
in
te
ge
r
p
ro
gr
am
m
in
g
p
ro
b
le
m
,
su
ch
th
at
th
e

n
ew
fo
rm
u
la
ti
on
h
as
a
ti
gh
te
r
L
P
-r
el
ax
at
io
n
th
an
th
e
or
ig
in
al
fo
rm
u
la
ti
on
.

v

T
h
e
�
rs
t
p
ap
er
su
rv
ey
s
th
e
u
se
of
au
to
m
at
ic
re
fo
rm
u
la
ti
on
te
ch
n
iq
u
es
fo

ge
n
er
al
m
ix
ed
0-
1
li
n
ea
r
p
ro
gr
am
s.

A
n
im
p
le
m
en
ta
ti
on
,
S
p
ik
y,
of
a
d
ir
ec
t
m
et
h
o
d
fo
r
so
lv
in
g
la
rg
e
sp
ar
se
u
n

sy
m
m
et
ri
c
sy
st
em
s
of
li
n
ea
r
eq
u
at
io
n
s
is
p
re
se
n
te
d
in
th
e
se
co
n
d
p
ap
er
.
T
h

m
et
h
o
d
is
b
as
ed
on
a
m
at
ri
x
m
o
d
i�
ca
ti
on
a
p
p
ro
ac
h
ap
p
li
ed
to
a
sp
ik
ed
tr
i

an
g
u
la
r
p
er
m
u
ta
ti
on
of
th
e
sy
st
em
.
T
h
e
fa
ct
or
iz
at
io
n
co
n
si
st
s
of
3
st
ep
s

1)
a
re
or
d
er
in
g
of
th
e
m
at
ri
x
,
su
ch
th
at
on
ly
a
sm
al
l
n
u
m
b
er
,
s,
of
sp
ik

co
lu
m
n
s
re
ac
h
ab
ov
e
th
e
d
ia
go
n
al
is
d
et
er
m
in
ed
.
2)
a
b
lo
ck
L
U
fa
ct
or

iz
at
io
n
of
an
au
gm
en
te
d
sy
st
em

is
co
m
p
u
te
d
.
T
h
is
in
vo
lv
es
th
e
so
lu
ti
o

of
a
sp
ar
se
tr
ia
n
gu
la
r
sy
st
em
w
it
h
s
ri
gh
t-
h
an
d
si
d
es
.
S
ol
u
ti
on
sp
ar
si
ty
i

ex
p
lo
it
ed
in
th
e
sp
ar
se
tr
ia
n
gu
la
r
so
lv
es
of
th
e
b
lo
ck
L
U
fa
ct
or
iz
at
io
n
.
3)

fa
ct
or
iz
at
io
n
o
f
th
e
S
ch
u
r
co
m
p
le
m
en
t
m
at
ri
x
,
of
or
d
er
s,
is
co
m
p
u
te
d
.
T
h

id
ea
of
th
is
fa
ct
or
iz
at
io
n
m
et
h
o
d
co
m
es
fr
om
G
on
d
zi
o
[1
6]
,
b
u
t
h
as
b
ee

im
p
ro
ve
d
in
se
ve
ra
l
w
ay
s.
M
o
st
im
p
or
ta
n
tl
y
:
a)
A
n
ew
fa
st
re
or
d
er
in

al
go
ri
th
m
is
u
se
d
.
b
)
S
p
ar
si
ty
of
th
e
S
ch
u
r
co
m
p
le
m
en
t
is
ex
p
lo
it
ed
.

S
im
p
le
te
ch
n
iq
u
es
fo
r
re
d
u
ci
n
g
th
e
si
ze
of
li
n
ea
r
p
ro
gr
am
s
p
ri
or
to
th

ap
p
li
ca
ti
on
of
a
so
lu
ti
on
al
go
ri
th
m

ar
e
in
co
rp
o
ra
te
d
as
im
p
or
ta
n
t
p
ar
t

of
m
os
t
L
P
so
lv
er
s.
T
h
e
u
su
al
L
P
re
d
u
ct
io
n
te
ch
n
iq
u
es
re
q
u
ir
e
a
ve
r

li
m
it
ed
e�
or
t
b
u
t
n
ev
er
th
el
es
s
of
te
n
re
su
lt
in
su
b
st
an
ti
al
re
d
u
ct
io
n
s.
O
n

of
th
e
re
as
on
s
fo
r
th
is
go
o
d
p
er
fo
rm
an
ce
is
th
e
w
ay
L
P
m
o
d
el
s
ar
e
ty
p
ic
al
l

fo
rm
u
la
te
d
u
si
n
g
a
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
.
T
h
e
th
ir
d
p
ap
er
p
re
se
n
t

a
co
m
m
on
fr
am
ew
or
k
fo
r
L
P
re
d
u
ct
io
n
al
go
ri
th
m
s
an
d
sh
ow
s
h
ow
th
e
u
su
a

L
P
re
d
u
ct
io
n
te
ch
n
iq
u
es
�
t
in
to
th
is
fr
am
ew
or
k
.
It
al
so
d
em
on
st
ra
te
h
ow

st
ro
n
ge
r
b
ou
n
d
st
re
n
gt
h
en
in
g
an
d
th
e
u
se
of
p
ri
m
al
in
fo
rm
at
io
n
to
im
p
ro
v

th
e
d
u
al
b
o
u
n
d
s
ca
n
b
e
u
se
d
to
ob
ta
in
fu
rt
h
er
re
d
u
ct
io
n
s.

In
th
e
fo
u
rt
h
an
d
la
st
p
ap
er
,
a
p
ro
to
ty
p
e
im
p
le
m
en
ta
ti
on
of
a
C
+
+
cl
as

li
b
ra
ry
,
F
L
O
P
C
+
+
,
fo
r
fo
rm
u
la
ti
n
g
li
n
ea
r
op
ti
m
iz
at
io
n
p
ro
b
le
m
s
is
p
re

se
n
te
d
.
U
si
n
g
F
L
O
P
C
+
+
,
li
n
ea
r
op
ti
m
iz
at
io
n
m
o
d
el
s
ca
n
b
e
sp
ec
i�
ed
in

d
ec
la
ra
ti
ve
st
y
le
,
si
m
il
ar
to
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
su
ch
as
G
A
M

an
d
A
M
P
L
.
W
h
il
e
p
re
se
rv
in
g
th
e
tr
ad
it
io
n
al
st
re
n
gt
h
s
of
al
ge
b
ra
ic
m
o
d

el
li
n
g
la
n
gu
ag
es
,
F
L
O
P
C
+
+
ea
se
s
th
e
in
te
gr
at
io
n
of
li
n
ea
r
op
ti
m
iz
at
io

m
o
d
el
s
w
it
h
ot
h
er
so
ft
w
ar
e
co
m
p
on
en
ts
.
T
h
e
cl
as
s
li
b
ra
ry
im
p
le
m
en
ts

fu
ll
-

ed
ge
d
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e
w
it
h
in
d
ex
ed
va
ri
ab
le
s
an
d
co
n

st
ra
in
ts
,
re
p
ea
te
d
su
m
s,
in
d
ex
ar
it
h
m
et
ic
an
d
co
n
d
it
io
n
al
ex
ce
p
ti
on
s.

B
es
id
es
th
e
ar
ti
cl
es
th
e
th
es
is
fe
at
u
re
s
si
x
in
tr
o
d
u
ct
or
y
ch
ap
te
rs
,
in
cl
u
d
in

a
d
es
cr
ip
ti
on
of
tw
o
re
al
-w
or
ld
ap
p
li
ca
ti
on
s
o
f
li
n
ea
r
op
ti
m
iz
at
io
n
,
in
w
h
ic

I
h
av
e
b
ee
n
in
vo
lv
ed
d
u
ri
n
g
m
y
P
h
.D
.
st
u
d
y.
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d
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b
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h
es
ar
e
va
ri
a
ti
on
s
of
th
e
S
im
p
le
x
m
et
h
o
d
(d
ev
el
op
ed

b
y
D
an
tz
ig
in
th
e
19
40
s)
a
n
d
in
te
ri
or
p
o
in
t
m
et
h
o
d
s.
T
h
e
cu
rr
en
t

st
a
te
o
f
in
te
ri
o
r
p
oi
n
t
m
et
h
o
d
s
is
a
re
su
lt
of
th
e
in
te
n
si
v
e
re
se
ar
ch

p
ro
m
p
te
d
b
y
a
p
a
p
er
fr
om

19
84
b
y
K
ar
m
ar
ka
r,
w
h
er
e
h
e
d
em
on
-

st
ra
te
s
h
ow
te
ch
n
iq
u
es
fr
om
n
o
n
-l
in
ea
r
p
ro
g
ra
m
m
in
g
ca
n
b
e
u
se
d
to

so
lv
e
L
P
s
eÆ
ci
en
tl
y,
fr
o
m
a
p
ra
ct
ic
a
l
as
w
el
l
as
a
th
eo
re
ti
ca
l
(t
h
at
is
,

in
p
ol
y
n
o
m
ia
l
ti
m
e)
p
oi
n
t
of
v
ie
w
.
M
os
t
L
P
so
lv
er
p
ac
ka
ge
s
co
n
ta
in

im
p
le
m
en
ta
ti
on
s
of
b
o
th
ty
p
es
o
f
al
go
ri
th
m
s.

T
h
e
co
d
e
u
se
d
to
so
lv
e
th
e
u
n
sy
m
m
et
ri
c
sy
st
em
s
of
li
n
ea
r
eq
u
at
io
n
s

re
q
u
ir
ed
b
y
th
e
si
m
p
le
x
m
et
h
o
d
is
of
te
n
re
fe
rr
ed
to
as
th
e
en
gi
n
e
of

th
e
m
et
h
o
d
,
si
n
ce
th
e
so
lu
ti
o
n
of
th
es
e,
ty
p
ic
al
ly
ve
ry
sp
ar
se
,
sy
st
em
s

is
ge
n
er
al
ly
th
e
co
m
p
u
ta
ti
on
al
ly
m
os
t
ex
p
en
si
v
e
p
ar
t
of
th
e
co
d
e.
In

p
a
p
er
B
,
\D
ir
ec
t
S
ol
u
ti
on
of
S
p
ar
se
S
y
st
em
s
of
L
in
ea
r
E
q
u
at
io
n
s

u
si
n
g
S
p
ik
ed
T
ri
an
g
u
la
r
P
er
m
u
ta
ti
on
an
d
M
at
ri
x
M
o
d
i�
ca
ti
on
",
an

eÆ
ci
en
t
im
p
le
m
en
ta
ti
on
o
f
a
n
ew
m
et
h
o
d
fo
r
so
lv
in
g
th
es
e
sy
st
em
s
is

p
re
se
n
te
d
.

T
o
d
ay
L
P
-s
o
lv
in
g
is
a
ro
b
u
st
an
d
fa
st
te
ch
n
ol
og
y
an
d
va
ri
ou
s
h
ig
h

q
u
al
it
y
co
m
m
er
ci
al
so
lv
er
s
a
re
av
ai
la
b
le
,
f.
ex
.
C
P
L
E
X
,
M
O
S
E
K
a
n
d

O
S
L
.

C
u
rr
en
tl
y
th
e
p
re
fe
rr
ed
w
ay
to
so
lv
e
ge
n
er
a
l
M
IP
s
is
to
u
se
a
li
n
-

ea
r
p
ro
gr
am
m
in
g
b
as
ed
b
ra
n
ch
a
n
d
b
o
u
n
d
p
ro
ce
d
u
re
co
m
b
in
ed
w
it
h

ge
n
er
a
ti
on
of
cu
tt
in
g
p
la
n
es
.
A
lt
h
ou
gh
si
gn
i�
ca
n
t
co
m
p
u
ta
ti
on
al
im
-

p
ro
v
em
en
ts
of
M
IP
so
lv
er
s
h
av
e
b
ee
n
ac
h
ie
ve
d
d
u
ri
n
g
th
e
la
st
d
ec
ad
e

[6
],
th
er
e
ar
e
st
il
l
m
an
y
p
ra
ct
ic
al
ex
a
m
p
le
s
of
M
IP
s
w
h
ic
h
ar
e
u
n
-

so
lv
ab
le
b
y
cu
rr
en
t
M
IP
so
lv
er
s
in
an
y
re
as
on
ab
le
am
ou
n
t
of
ti
m
e.
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S
om
et
im
es
th
es
e
p
ro
b
le
m
s
ca
n
b
e
so
lv
ed
b
y
sp
ec
ia
li
ze
d
so
lv
er
s
ta
k
in

ad
va
n
ta
ge
of
sp
ec
ia
l
st
ru
ct
u
re
p
re
se
n
t
in
th
e
p
ro
b
le
m
.
H
ow
ev
er
th

id
ea
l
si
tu
at
io
n
w
ou
ld
b
e
to
h
av
e
a
ge
n
er
al
so
lv
er
ab
le
to
co
p
e
sa
t

is
fa
ct
or
il
y
(i
n
co
m
p
ar
is
on
w
it
h
sp
ec
ia
li
ze
d
so
lv
er
s)
w
it
h
an
y
k
in
d
o

M
IP
w
it
h
ou
t
ev
en
th
e
n
ee
d
to
ad
ju
st
p
ar
am
et
er
se
tt
in
gs
.
G
iv
en
th

p
le
th
or
a
of
p
ro
b
le
m
s
w
h
ic
h
ca
n
b
e
fo
rm
u
la
te
d
as
M
IP
s
(s
or
ti
n
g
fo

ex
am
p
le
)
it
is
p
ro
b
ab
le
th
at
th
is
go
al
w
il
l
n
ev
er
b
e
fu
ll
y
ac
h
ie
v
ed
.

T
h
e
C
P
L
E
X
an
d
O
S
L
p
ac
ka
ge
s
m
en
ti
on
ed
a
b
ov
e
ca
n
al
so
so
lv
e
M
IP
s

In
te
rp
re
ta
ti
o
n
o
f
th
e
so
lu
ti
o
n
.
T
h
e
m
in
im
u
m
p
re
re
q
u
is
it
e
fo
r
in
te
rp
re

ta
ti
on
of
th
e
so
lu
ti
on
of
th
e
m
o
d
el
is
th
at
it
is
av
ai
la
b
le
in
te
rm
s
o

th
e
va
ri
ab
le
a
n
d
co
n
st
ra
in
t
n
am
es
u
se
d
in
th
e
al
ge
b
ra
ic
m
o
d
el
fo
r

m
u
la
ti
on
.
It
is
th
e
re
sp
on
si
b
il
it
y
of
th
e
al
ge
b
ra
ic
m
o
d
el
li
n
g
sy
st
em

to
p
ro
v
id
e
th
e
li
n
k
fr
om
th
e
so
lv
er
ou
tp
u
t
to
th
e
m
o
d
el
li
n
g
la
n
gu
ag

w
h
ic
h
ca
n
th
er
ef
or
e
b
e
u
se
d
fo
r
re
p
or
t
ge
n
er
at
io
n
.

It
m
ig
h
t
al
so
b
e
u
se
fu
l
to
v
is
u
al
iz
e
th
e
re
su
lt
s
of
th
e
op
ti
m
iz
at
io
n
,
o

ex
p
or
t
th
e
re
su
lt
s
in
so
m
e
sp
ec
i�
c
fo
rm
at
fo
r
fu
rt
h
er
p
ro
ce
ss
in
g.
G
en

er
al
ly
th
e
al
ge
b
ra
ic
m
o
d
el
li
n
g
sy
st
em
s
d
o
es
n
ot
o�
er
m
u
ch
su
p
p
o
r

fo
r
th
es
e
ta
sk
s.

H
ar
ve
y
G
re
en
b
er
g'
s
A
N
A
L
Y
Z
E
[1
8]
is
a
so
ft
w
ar
e
to
ol
fo
r
a
n
al
y
zi
n

li
n
ea
r
p
ro
gr
am
s
an
d
th
ei
r
so
lu
ti
on
s,
in
cl
u
d
in
g
d
ia
gn
os
ti
c
an
al
y
si
s

w
h
en
th
e
L
P
is
in
fe
as
ib
le
.

1
.1

O
v
e
rv
ie
w

o
f
th
e
th
e
si
s

F
ou
r
d
i�
er
en
t
to
p
ic
s
in
co
m
p
u
ta
ti
on
al
li
n
ea
r
op
ti
m
iz
at
io
n
h
av
e
b
ee
n
co
n

si
d
er
ed
.
M
y
co
n
tr
ib
u
ti
on
s
to
th
es
e
to
p
ic
s
ar
e
d
es
cr
ib
ed
in
th
e
fo
u
r
p
ap
er

P
a
p
e
r
A
.
\A
u
to
m
at
ic
R
ef
or
m
u
la
ti
on
fo
r
M
ix
ed
0/
1
P
ro
gr
am
s"

P
a
p
e
r
B
.
\D
ir
ec
t
S
ol
u
ti
on
of
S
p
ar
se
S
y
st
em
s
of
L
in
ea
r
E
q
u
at
io
n
s
u
si
n

S
p
ik
ed
T
ri
an
gu
la
r
P
er
m
u
ta
ti
on
an
d
M
at
ri
x
M
o
d
i�
ca
ti
on
"

P
a
p
e
r
C
.
\A
gg
re
ss
iv
e
L
P
R
ed
u
ct
io
n
"

P
a
p
e
r
D
.
\F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+
"



1.
1

O
ve
rv
ie
w
of
th
e
th
es
is

5

in
cl
u
d
ed
in
th
is
th
es
is
.

T
h
e
ch
a
p
te
rs
2
to
7
fo
ll
ow
in
g
th
is
in
tr
o
d
u
ct
io
n
a
re
p
ri
m
ar
il
y
m
ea
n
t
to
se
rv
e

as
a
b
ac
k
g
ro
u
n
d
a
n
d
su
p
p
le
m
en
t
fo
r
th
es
e
p
ap
er
s.

In
ch
ap
te
r
2,
tw
o
re
al
w
or
ld
ap
p
li
ca
ti
o
n
s
of
li
n
ea
r
op
ti
m
iz
at
io
n
(a
p
ro
d
u
c-

ti
o
n
m
o
d
el
fo
r
a
p
ou
lt
ry
b
u
tc
h
er
y
an
d
g
ri
d
lo
ck
re
so
lu
ti
on
fo
r
a
re
al
-t
im
e

gr
os
s
se
tt
le
m
en
t
sy
st
em
)
in
w
h
ic
h
I
w
as
in
vo
lv
ed
d
u
ri
n
g
m
y
P
h
.D
.
st
u
d
ie
s

ar
e
d
es
cr
ib
ed
.
M
y
ex
p
er
ie
n
ce
w
it
h
th
e
im
p
le
m
en
ta
ti
on
o
f
th
e
�
rs
t
ap
p
li
ca
-

ti
o
n
h
ad
a
si
g
n
i�
ca
n
t
in
d
ir
ec
t
in


u
en
ce
on
th
is
th
es
is
in
th
at
it
ra
is
ed
m
y

aw
ar
en
es
s
o
f
th
e
co
m
p
li
ca
ti
o
n
s
in
v
ol
ve
d
in
th
e
in
te
gr
at
io
n
of
a
M
IP
m
o
d
el

w
it
h
o
th
er
so
ft
w
ar
e
co
m
p
on
en
ts
(a
G
U
I
in
th
is
ca
se
).
T
h
is
aw
ar
en
es
s
le
d

to
th
e
d
ev
el
op
m
en
t
of
th
e
cl
as
s
li
b
ra
ry
F
L
O
P
C
+
+
,
d
es
cr
ib
ed
in
P
ap
er
D
,

d
es
ig
n
ed
to
in
co
rp
o
ra
te
al
g
eb
ra
ic
m
o
d
el
li
n
g
w
it
h
in
a
C
+
+
p
ro
gr
am
.

C
h
ap
te
r
3
d
is
cu
ss
es
th
e
ro
le
of
al
g
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
in
co
m
p
u
ta
-

ti
on
al
li
n
ea
r
op
ti
m
iz
at
io
n
.
G
A
M
S
is
u
se
d
as
an
ex
am
p
le
of
an
al
ge
b
ra
ic

m
o
d
el
li
n
g
la
n
g
u
a
ge
to
il
lu
st
ra
te
so
m
e
of
th
e
co
n
ce
p
ts
.

C
h
ap
te
r
4
o
u
tl
in
es
th
e
m
o
st
im
p
or
ta
n
t
co
m
p
u
ta
ti
on
al
st
ep
s
of
b
ot
h
p
iv
ot
in
g

a
lg
or
it
h
m
s
an
d
in
te
ri
or
p
oi
n
t
m
et
h
o
d
s
fo
r
so
lv
in
g
L
P
s.

T
h
e
p
a
ra
ll
el
im
p
le
m
en
ta
ti
on
d
es
cr
ib
ed
in
p
ap
er
B
w
a
s
im
p
le
m
en
te
d
o
n
th
e

IB
M

S
P
a
t
U
N
I-
C
(w
h
ic
h
h
as
re
ce
n
tl
y
b
ee
n
sh
u
t
d
ow
n
).
C
h
ap
te
r
5
is
a

d
es
cr
ip
ti
o
n
of
th
is
d
is
tr
ib
u
te
d
m
em
or
y
p
ar
a
ll
el
p
ro
ce
ss
or
an
d
so
m
e
of
th
e

is
su
es
in
v
ol
ve
d
in
th
e
im
p
le
m
en
ta
ti
on
of
eÆ
ci
en
t
m
es
sa
ge
p
as
si
n
g
co
d
e
on

th
is
m
ac
h
in
e.

C
h
ap
te
r
6,
on
d
ir
ec
t
so
lu
ti
on
of
sp
ar
se
sy
st
em
s,
p
ro
v
id
es
so
m
e
b
ac
k
gr
ou
n
d

m
at
er
ia
l
fo
r
p
ap
er
B
.
S
ol
u
ti
o
n
of
sp
a
rs
e
tr
ia
n
gu
la
r
sy
st
em
s
is
g
iv
en
sp
ec
ia
l

at
te
n
ti
o
n
d
u
e
to
it
s
ex
tr
em
e
im
p
o
rt
an
ce
fo
r
th
e
eÆ
ci
en
t
im
p
le
m
en
ta
ti
on
of

th
e
sp
a
rs
e
si
m
p
le
x
m
et
h
o
d
.

A
n
d
�
n
al
ly
,
in
ch
ap
te
r
7,
th
e
co
n
cl
u
si
on
s
a
re
p
re
se
n
te
d
.
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C
h
a
p
te
r
2

T
w
o
a
p
p
li
c
a
ti
o
n
s
o
f
li
n
e
a
r

o
p
ti
m
iz
a
ti
o
n

D
u
ri
n
g
m
y
P
h
.D
st
u
d
ie
s
I
h
av
e
b
ee
n
in
vo
lv
ed
in
tw
o
ap
p
li
ca
ti
on
s
in
vo
lv
in
g

li
n
ea
r
op
ti
m
iz
at
io
n
,
w
h
ic
h
ar
e
d
es
cr
ib
ed
in
th
is
ch
a
p
te
r.

2
.1

A

p
ro
d
u
c
ti
o
n
m
o
d
e
l
fo
r
a
p
o
u
lt
ry

b
u
tc
h
e
ry

A
p
ro
d
u
ct
io
n
m
o
d
el
w
a
s
d
ev
el
op
ed
fo
r
th
e
p
o
u
lt
ry
b
u
tc
h
er
y,
G
ed
ve
d
F
je
r-

k
r�
sl
a
gt
er
i
(G
F
),
w
h
ic
h
u
n
fo
rt
u
n
at
el
y
w
en
t
b
a
n
k
ru
p
t
in
F
eb
ru
ar
y
2
00
0

b
ef
o
re
th
e
m
o
d
el
h
a
d
b
ee
n
fu
ll
y
in
te
g
ra
te
d
in
th
e
p
la
n
n
in
g
p
ro
ce
d
u
re
s
of
th
e

co
m
p
an
y.
B
ef
or
e
th
e
b
an
k
ru
p
tc
y
G
F
sl
au
gh
te
re
d
a
b
ou
t
50
to
60
th
ou
sa
n
d

ch
ic
k
en
s
p
er
d
ay
.
T
w
o
th
ir
d
s
w
er
e
so
ld
as
w
h
ol
e
fr
o
ze
n
ch
ic
ke
n
s
w
h
il
e
th
e

la
st
th
ir
d
w
as
cu
t
in
to
p
ie
ce
s
an
d
u
se
d
fo
r
so
ca
ll
ed
re
�
n
ed
p
ro
d
u
ct
s.

T
h
e
m
an
a
ge
m
en
t
o
f
G
F
w
as
u
n
ce
rt
ai
n
if
th
is
d
is
tr
ib
u
ti
on
b
et
w
ee
n
w
h
ol
e

ch
ic
ke
n
s
a
n
d
re
�
n
ed
p
ro
d
u
ct
s
w
as
th
e
m
os
t
p
ro
�
ta
b
le
an
d
th
er
ef
or
e
d
es
ir
ed

a
to
o
l
fo
r
an
a
ly
zi
n
g
th
e
co
n
se
q
u
en
ce
s
of
ev
en
tu
a
l
ch
an
ge
s
of
th
e
p
ro
d
u
ct
io
n

ca
p
a
ci
ti
es
,
b
es
id
es
b
ei
n
g
ab
le
to
h
el
p
in
th
e
sh
or
t
te
rm
(w
ee
k
ly
)
p
ro
d
u
ct
io
n

p
la
n
n
in
g.
A
s
it
tu
rn
ed
ou
t
th
e
se
co
n
d
u
se
of
th
e
m
o
d
el
b
ec
am
e
le
ss
im
p
or
-

ta
n
t
si
n
ce
th
e
w
ee
k
ly
p
la
n
s
w
er
e
se
ld
o
m
fo
ll
ow
ed
a
n
y
w
ay
d
u
e
to
u
n
fo
re
se
en
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C
h
ap
te
r
2.
T
w
o
a
p
p
li
ca
ti
on
s
of
li
n
ea
r
op
ti
m
iz
at
io

o
cc
u
rr
en
ce
s
su
ch
as
la
ck
of
p
ac
k
in
g,
ab
se
n
ce
b
ec
au
se
of
il
ln
es
s
a
n
d
u
rg
en

cu
st
om
er
re
q
u
es
ts
.

T
h
e
m
o
d
el
d
iv
id
es
th
e
d
el
iv
er
ed
ch
ic
ke
n
s
in
to
a
n
u
m
b
er
of
w
ei
g
h
t
in
te
rv
a
l

an
d
ta
ke
s
as
in
p
u
t
th
e
n
u
m
b
er
of
ch
ic
ke
n
s
in
ea
ch
o
f
th
es
e
w
ei
g
h
t
in
te
rv
a
l

w
h
ic
h
w
il
l
b
e
d
el
iv
er
ed
d
u
ri
n
g
th
e
p
la
n
n
in
g
h
o
ri
zo
n
(t
y
p
ic
al
ly
on
e
w
ee
k
)

T
h
e
ex
ac
t
d
is
tr
ib
u
ti
on
on
ly
b
ec
om
es
k
n
ow
n
af
te
r
th
e
ch
ic
ke
n
s
h
av
e
b
ee

sl
au
gh
te
re
d
,
b
u
t
go
o
d
es
ti
m
at
es
ca
n
b
e
d
er
iv
ed
b
as
ed
on
th
e
ag
e
of
th

ch
ic
ke
n
s
an
d
th
e
a
ge
of
th
e
la
y
in
g
h
en
s.

T
h
er
e
ar
e
5
d
i�
er
en
t
b
as
ic
se
tu
p
s
of
th
e
p
ro
d
u
ct
io
n
.
O
n
e
of
th
em
co
n
si
st

in
u
si
n
g
al
l
d
el
iv
er
ed
ch
ic
ke
n
s
w
h
ol
e
an
d
th
e
ot
h
er
fo
u
r
co
rr
es
p
on
d
to
fo
u

d
i�
er
en
t
w
ay
s
of
cu
tt
in
g.
F
or
ea
ch
of
th
e
fo
u
r
d
i�
er
en
t
cu
tt
in
g
m
et
h
o
d

th
e
ca
p
ac
it
y
an
d
p
re
fe
rr
ed
w
ei
g
h
t
in
te
rv
a
l
is
g
iv
en
su
ch
th
at
th
e
n
u
m
b
e

of
ch
ic
ke
n
s
in
ea
ch
w
ei
gh
t
in
te
rv
al
w
h
ic
h
ar
e
cu
t
u
p
in
ea
ch
of
th
e
fo
u

ca
se
s
ca
n
b
e
ca
lc
u
la
te
d
b
ef
or
e
th
e
op
ti
m
iz
at
io
n
p
ro
b
le
m
is
so
lv
ed
.
S
in
ce
i

is
ra
th
er
ti
m
e
co
n
su
m
in
g
to
ch
an
ge
th
e
b
as
ic
se
tu
p
,
it
is
n
ot
al
lo
w
ed
to
d

th
is
af
te
r
th
e
d
ai
ly
p
ro
d
u
ct
io
n
h
as
st
ar
te
d
.
T
h
e
ch
oi
ce
of
b
as
ic
p
ro
d
u
ct
io

se
tu
p
is
m
o
d
el
le
d
b
y
a
gr
ou
p
of
�
ve
b
in
ar
y
d
ec
is
io
n
va
ri
ab
le
s
w
h
ic
h
m
u
s

su
m

u
p
to
on
e
fo
r
ea
ch
d
ay
.
A
n
ot
h
er
gr
ou
p
of
b
in
ar
y
d
ec
is
io
n
va
ri
ab
le

w
as
in
tr
o
d
u
ce
d
to
m
o
d
el
a
so
ca
ll
ed
jo
k
er
m
ac
h
in
e
w
h
ic
h
ca
n
b
e
u
se
d
fo

p
ac
ka
gi
n
g
o
f
ei
th
er
b
re
as
ts
,
le
gs
o
r
b
ar
b
ec
u
ed
le
gs
.
T
h
e
re
m
ai
n
in
g
va
ri
ab
le

w
er
e
al
l
co
n
ti
n
u
ou
s.

W
h
en
th
e
m
o
d
el
w
as
b
u
il
t,
19
d
i�
er
en
t
re
�
n
ed
p
ro
d
u
ct
s
ex
is
te
d
.
T
h
e
fu
n

d
a
m
en
ta
l
p
ro
b
le
m
w
as
to
d
ec
id
e
h
ow
m
an
y
ch
ic
ke
n
s,
x
v
p
t
,
in
ea
ch
w
ei
g
h

in
te
rv
al
,
v
,
to
u
se
fo
r
p
ro
d
u
ct
,
p
,
p
er
d
ay
,
t.
M
os
t
of
th
e
co
n
st
ra
in
ts
w
er

b
al
an
ce
eq
u
at
io
n
s
en
su
ri
n
g
fo
r
ex
am
p
le
th
at
ea
ch
p
ar
t
o
f
a
ch
ic
k
en
is
u
se

on
ly
on
ce
an
d
th
at
th
e
to
ta
l
am
ou
n
t
p
ro
d
u
ce
d
of
ea
ch
p
ro
d
u
ct
co
rr
es
p
on
d

to
th
e
n
u
m
b
er
o
f
ch
ic
ke
n
s
in
ea
ch
w
ei
gh
t
in
te
rv
a
l
w
h
ic
h
w
er
e
u
se
d
fo
r
th

p
ro
d
u
ct
.

O
th
er
co
n
st
ra
in
ts
in
cl
u
d
ed
a
ca
p
ac
it
y
co
n
st
ra
in
t
fo
r
th
e
jo
ke
r
m
ac
h
in

an
d
th
e
p
os
si
b
il
it
y
to
li
m
it
th
e
n
u
m
b
er
o
f
d
ay
s
u
se
d
fo
r
a
sp
ec
i�
c
cu
tt
in

m
et
h
o
d
.

T
h
e
ob
je
ct
iv
e
o
f
th
e
m
o
d
el
w
as
to
m
ax
im
iz
e
th
e
p
ro
ce
ed
s
of
th
e
sa
le
o

th
e
p
ro
d
u
ct
s
m
in
u
s
th
e
va
ri
ab
le
p
ro
d
u
ct
io
n
co
st
s
(s
u
ch
a
s
p
ac
k
in
g
co
st
s

et
c.
).
T
h
e
p
ro
ce
ed
s
p
ar
t
of
th
e
ob
je
ct
iv
e
fu
n
ct
io
n
w
as
m
o
d
el
le
d
as
p
ie
ce
w
is

li
n
ea
r
fu
n
ct
io
n
s
of
th
e
q
u
an
ti
ty
p
ro
d
u
ce
d
of
ea
ch
p
ro
d
u
ct
.
T
h
e
ex
p
en
se

fo
r
sa
la
ri
es
w
er
e
co
n
si
d
er
ed
a
�
x
ed
co
st
an
d
n
ot
in
cl
u
d
ed
in
th
e
m
o
d
e

H
ow
ev
er
th
e
ca
p
ac
it
y
of
th
e
cu
tt
in
g
se
ct
io
n
is
a
m
o
d
el
p
ar
am
et
er
w
h
ic
h
ca
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b
e
ad
ju
st
ed
a
cc
o
rd
in
g
to
th
e
n
u
m
b
er
of
m
a
ch
in
es
a
n
d
em
p
lo
y
ee
s
av
ai
la
b
le
.

T
h
e
m
o
d
el
h
ad
1
6
d
i�
er
en
t
ge
n
er
ic
co
n
st
ra
in
ts
an
d
10
d
i�
er
en
t
ge
n
er
ic

va
ri
ab
le
s.
F
o
r
a
ty
p
ic
al
w
ee
k
th
e
m
o
d
el
re
su
lt
ed
in
a
n
L
P
w
it
h
32
88
ro
w
s,

30
64
va
ri
ab
le
s
(o
f
w
h
ic
h
4
0
w
er
e
d
is
cr
et
e)
,
an
d
1
0
78
4
n
on
-z
er
o
es
.

C
o
n
c
lu
si
o
n

A
lt
h
ou
gh
in
h
in
d
si
gh
t
th
e
m
o
d
el
lo
o
k
s
ra
th
er
st
ra
ig
h
tf
or
w
ar
d
,
th
e
ac
tu
al

fo
rm
u
la
ti
o
n
p
ro
ce
ss
co
n
si
st
ed
of
m
an
y
tr
ia
l
an
d
er
ro
r
st
ep
s.
M
os
t
of
th
e

p
ro
b
le
m
s
en
co
u
n
te
re
d
ar
o
se
fr
o
m
th
e
d
iÆ
cu
lt
y
to
ob
ta
in
a
ll
th
e
re
le
va
n
t

in
fo
rm
at
io
n
.
O
ft
en
co
n
st
ra
in
ts
h
ad
to
b
e
d
is
co
v
er
ed
w
h
en
a
so
lu
ti
on
p
ro
-

d
u
ce
d
b
y
a
p
ro
to
ty
p
e
m
o
d
el
v
io
la
ti
n
g
th
e
co
n
st
ra
in
t
w
as
p
re
se
n
te
d
to
th
e

p
ro
d
u
ct
io
n
m
a
n
ag
em
en
t.

T
h
e
m
o
d
el
w
as
fo
rm
u
la
te
d
u
si
n
g
th
e
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e,
G
A
M
S
,

an
d
d
at
a
fo
r
th
e
m
o
d
el
w
er
e
k
ep
t
in
te
x
t
�
le
s
co
n
fo
rm
in
g
to
th
e
G
A
M
S
sy
n
-

ta
x
.
In
th
e
�
rs
t
p
h
as
e,
th
e
p
er
so
n
re
sp
on
si
b
le
fo
r
th
e
p
ro
d
u
ct
io
n
at
G
F
w
as

ta
u
g
h
t
h
ow
to
m
o
d
if
y
d
at
a
in
th
es
e
�
le
s.
It
w
as
d
et
er
m
in
ed
th
at
th
e
m
o
d
el

w
as
a
u
se
fu
l
to
o
l
fo
r
p
la
n
n
in
g
an
d
as
se
ss
m
en
t
o
f
a
lt
er
n
at
iv
e
p
ro
d
u
ct
io
n

op
ti
o
n
s.
F
o
r
ex
a
m
p
le
th
e
m
o
d
el
w
as
u
se
d
to
ev
a
lu
at
e
su
gg
es
ti
on
s
fo
r
n
ew

p
ro
d
u
ct
s
an
d
th
e
p
o
ss
ib
il
it
y
to
en
co
u
ra
ge
(e
co
n
o
m
ic
al
ly
)
th
e
d
el
iv
er
an
ce

of
h
ea
v
ie
r
ch
ic
k
en
s.
It
w
as
al
so
d
et
er
m
in
ed
th
at
th
e
d
ir
ec
t
m
o
d
i�
ca
ti
on
of

G
A
M
S
ta
b
le
s
an
d
se
ts
w
a
s
im
p
ra
ct
ic
a
l
fo
r
u
se
rs
w
it
h
ou
t
p
ri
or
co
m
p
u
te
r

ex
p
er
ie
n
ce
.
T
h
er
ef
o
re
a
D
E
L
P
H
I
p
ro
gr
am
m
er
w
as
h
ir
ed
fo
r
on
e
m
on
th
to

cr
ea
te
a
m
en
u
b
as
ed
u
se
r
in
te
rf
ac
e
a
n
d
sc
en
ar
io
m
a
n
ag
em
en
t
sy
st
em
.
T
h
is

ta
sk
w
as
si
gn
i�
ca
n
tl
y
co
m
p
li
ca
te
d
b
y
th
e
n
ee
d
to
p
ro
d
u
ce
sy
n
ta
ct
ic
al
ly

co
rr
ec
t
G
A
M
S
�
le
s
a
s
ou
tp
u
t.

2
.2

G
ri
d
lo
c
k
R
e
so
lu
ti
o
n

In
re
al
-t
im
e
gr
o
ss
se
tt
le
m
en
t
(R
T
G
S
)
sy
st
em
s
a
p
ar
ti
ci
p
at
in
g
b
an
k
ca
n

p
la
ce
p
ay
m
en
t
or
d
er
s
to
ot
h
er
p
ar
ti
ci
p
a
ti
n
g
b
a
n
k
s.
E
ac
h
p
ar
ti
ci
p
at
in
g

b
an
k
h
as
an
ac
co
u
n
t
in
th
e
sy
st
em
.
W
h
en
a
p
ay
m
en
t
is
se
tt
le
d
th
e
am
ou
n
t

o
f
th
e
p
ay
m
en
t
is
d
eb
it
ed
to
th
e
a
cc
ou
n
t
o
f
th
e
se
n
d
in
g
b
an
k
a
n
d
cr
ed
it
ed

to
th
e
ac
co
u
n
t
o
f
th
e
re
ce
iv
in
g
b
an
k
.
N
or
m
al
ly
a
p
ay
m
en
t
or
d
er
is
se
tt
le
d

im
m
ed
ia
te
ly
if
th
er
e
ar
e
su
Æ
ci
en
t
fu
n
d
s
on
th
e
ac
co
u
n
t
of
th
e
se
n
d
in
g

b
an
k
to
co
ve
r
th
e
p
ay
m
en
t.
If
a
p
ay
m
en
t
or
d
er
ca
n
n
ot
b
e
se
tt
le
d
d
u
e
to

10

C
h
ap
te
r
2.
T
w
o
a
p
p
li
ca
ti
on
s
of
li
n
ea
r
op
ti
m
iz
at
io

in
su
Æ
ci
en
t
fu
n
d
s
it
is
p
la
ce
d
in
a
q
u
eu
e.
It
m
ig
h
t
b
e
p
os
si
b
le
to
se
tt
le

q
u
eu
ed
p
ay
m
en
t
or
d
er
la
te
r
if
th
e
ac
co
u
n
t
of
th
e
se
n
d
in
g
b
an
k
is
cr
ed
it
ed
b

th
e
se
tt
le
m
en
t
of
p
ay
m
en
t
o
rd
er
s
fr
om
ot
h
er
b
an
k
s.
H
ow
ev
er
it
is
p
os
si
b
l

th
at
th
e
q
u
eu
e
ca
n
co
n
ta
in
a
se
t
o
f
p
ay
m
en
t
or
d
er
s
w
h
ic
h
co
u
ld
b
e
se
tt
le

si
m
u
lt
an
eo
u
sl
y
b
u
t
su
ch
th
at
n
on
e
of
it
s
p
ay
m
en
t
or
d
er
s
ca
n
b
e
se
tt
le

in
d
iv
id
u
al
ly
.
T
h
is
si
tu
at
io
n
is
k
n
ow
n
as
gr
id
lo
ck
.
G
ri
d
lo
ck
re
so
lu
ti
on
re
fe
r

to
th
e
id
en
ti
�
ca
ti
on
an
d
si
m
u
lt
an
eo
u
s
se
tt
le
m
en
t
of
su
ch
p
ay
m
en
t
or
d
er
s

T
h
e
C
en
tr
al
B
an
k
of
D
en
m
ar
k
is
co
n
si
d
er
in
g
th
e
im
p
le
m
en
ta
ti
on
of
a
R
T
G

sy
st
em
w
it
h
gr
id
lo
ck
re
so
lu
ti
on
an
d
I
w
as
co
n
tr
a
ct
ed
to
p
re
p
a
re
a
n
ov
er
v
ie
w

of
gr
id
lo
ck
re
so
lu
ti
on
al
go
ri
th
m
s
fo
r
th
is
p
u
rp
os
e.

L
et
n
b
e
th
e
n
u
m
b
er
of
p
ar
ti
ci
p
at
in
g
b
an
k
s,
an
d
le
t
m
i

b
e
th
e
n
u
m
b
e

of
q
u
eu
ed
p
ay
m
en
t
or
d
er
s
p
la
ce
d
b
y
th
e
i'
th
b
an
k
.
E
ac
h
p
ay
m
en
t
or
d
e

p
la
ce
d
b
y
th
e
i'
th
b
an
k
co
n
si
st
s
of
an
am
ou
n
t
an
d
an
id
en
ti
�
ca
ti
on
o

th
e
re
ce
iv
in
g
b
an
k
.
L
et
a
ik

an
d
r i
k

b
e
th
e
am
ou
n
t
an
d
re
ce
iv
in
g
b
an
k

re
sp
ec
ti
v
el
y,
of
th
e
k
't
h
p
ay
m
en
t
or
d
er
p
la
ce
d
b
y
b
a
n
k
i.
T
h
e
in
it
ia
l
co
ve

m
on
ey
d
ep
os
it
ed
on
th
e
ac
co
u
n
t
of
th
e
i'
th
b
an
k
is
d
en
ot
ed
d
i.
W
e
as
su
m

th
at
al
l
am
ou
n
ts
a
ik

an
d
d
i
ar
e
n
on
n
eg
at
iv
e
in
te
ge
rs
.

It
is
an
im
p
or
ta
n
t
as
su
m
p
ti
on
th
at
p
ay
m
en
ts
ca
n
n
ot
b
e
sp
li
t,
th
at
is
,
ea
c

p
ay
m
en
t
or
d
er
is
ei
th
er
se
tt
le
d
b
y
a
tr
an
sf
er
of
it
s
to
ta
l
am
ou
n
t
or
n
ot
a

al
l.
W
e
w
il
l
u
se
b
in
ar
y
d
ec
is
io
n
va
ri
ab
le
s
x
ik

to
in
d
ic
at
e
th
e
st
at
u
s
of
ea
c

p
ay
m
en
t
or
d
er
.
(
x
ik

=
1
if
th
e
k
't
h
p
ay
m
en
t
or
d
er
p
la
ce
d
b
y
b
an
k
i
i

se
tt
le
d
an
d
x
ik
=
0
if
it
is
n
ot
.)

T
o
fa
ci
li
ta
te
th
e
fo
rm
u
la
ti
on
of
th
e
m
o
d
el
s
w
e
in
tr
o
d
u
ce
a
p
ar
am
et
er
p
ik

d
e�
n
ed
fo
r
1
�
i
�
n
,
1
�
k
�
m
i
,
1
�
j
�
n
w
it
h
th
e
va
lu
e

p
ik
j
=

�
a
ik

if
r i
k
=
j

0

ot
h
er
w
is
e

N
ow
w
e
ar
e
re
ad
y
to
fo
rm
u
la
te
th
e
B
an
k
C
le
ar
in
g
P
ro
b
le
m
.
T
h
e
ob
je
ct
iv
e
i

to
m
ax
im
iz
e
th
e
to
ta
l
am
ou
n
t
of
se
tt
le
d
p
ay
m
en
ts
su
b
je
ct
to
th
e
co
n
st
ra
in

th
at
n
on
e
of
th
e
ac
co
u
n
ts
of
th
e
p
ar
ti
ci
p
at
in
g
b
an
k
s
a
re
ov
er
d
ra
w
n
.

m
ax

n X i=
1

m
i X k

=
1

a
ik
x
ik

s.
t.

d
i
�

m
i X k

=
1

a
ik
x
ik
+

n X j
=
1

m
j X k

=
1

p
j
k
ix
j
k
�
0

fo
r
i
=
1;
::
;n
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x
ik
2
f0
;1
g
fo
r
i
=
1
;:
::
;n
;
k
=
1
;:
::
;m
i

T
h
e
ex
p
re
ss
io
n
o
n
th
e
le
ft
h
a
n
d
si
d
e
of
th
e
co
n
st
ra
in
t
g
iv
es
th
e
n
et
b
al
an
ce

of
th
e
ac
co
u
n
t
of
b
a
n
k
i
d
et
er
m
in
ed
b
y
it
s
in
it
ia
l
va
lu
e,
d
i,
m
in
u
s
th
e
to
ta
l

am
o
u
n
t
of
se
tt
le
d
p
ay
m
en
t
or
d
er
s
se
n
d
b
y
th
e
b
a
n
k
,

P m
i

k
=
1
a
ik
x
ik
,
p
lu
s

th
e
to
ta
l
am
ou
n
t
re
ce
iv
ed
,

P n j
=
1

P m
j

k
=
1
p
j
k
i
x
j
k
.
T
h
is
n
et
b
al
an
ce
m
u
st
b
e

n
on
n
eg
a
ti
v
e
fo
r
ea
ch
of
th
e
p
ar
ti
ci
p
at
in
g
b
an
k
s.

A
s
sh
ow
n
in
[2
0]
th
e
B
an
k
C
le
ar
in
g
P
ro
b
le
m
is
N
P
-h
ar
d
b
ec
au
se
it
co
n
ta
in
s

th
e
N
P
-h
a
rd
S
u
b
se
t-
S
u
m
P
ro
b
le
m
a
s
a
sp
ec
ia
l
ca
se
.
T
h
is
sp
ec
ia
lc
as
e
o
cc
u
rs

w
h
en
m
i
=
0
fo
r
al
l
b
u
t
a
si
n
gl
e
b
an
k
.
E
ve
n
th
e
p
ro
b
le
m
of
�
n
d
in
g
a
fe
as
ib
le

so
lu
ti
on
to
th
e
B
an
k
C
le
a
ri
n
g
P
ro
b
le
m
w
it
h
a
to
ta
l
tr
an
sf
er
v
ol
u
m
e
of
at

le
as
t
�
ti
m
es
th
e
op
ti
m
al
tr
an
sf
er
v
o
lu
m
e
is
N
P
-h
ar
d
fo
r
an
y
�
2]
0;
1]
,

b
ec
au
se
a
p
ol
y
n
om
ia
lt
im
e
al
g
or
it
h
m
fo
r
th
is
ap
p
ro
x
im
at
io
n
p
ro
b
le
m
co
u
ld

b
e
u
se
d
to
so
lv
e
th
e
N
P
-c
om
p
le
te
C
h
an
ge
-M
ak
in
g
P
ro
b
le
m
in
p
ol
y
n
om
ia
l

ti
m
e.

If
th
e
p
ay
m
en
t
or
d
er
s
of
ea
ch
b
a
n
k
m
u
st
b
e
se
tt
le
d
in
a
p
re
d
et
er
m
in
ed

o
rd
er
w
e
ob
ta
in
th
e
S
eq
u
en
ce
C
o
n
st
ra
in
ed
B
a
n
k
C
le
ar
in
g
P
ro
b
le
m
.
W
e

a
ss
u
m
e
th
at
th
e
p
ay
m
en
t
o
rd
er
s
a
re
p
re
se
n
te
d
in
th
is
d
es
ir
ed
or
d
er
.
T
h
at

is
,
th
e
k
't
h
p
ay
m
en
t
or
d
er
p
la
ce
d
b
y
b
an
k
i
ca
n
n
o
t
b
e
se
tt
le
d
u
n
le
ss
al
l

th
e
p
re
ce
d
in
g
(t
h
e
�
rs
t,
..
.,
th
e
k
�
1'
th
)
p
ay
m
en
t
o
rd
er
s
p
la
ce
d
b
y
b
an
k
i
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p
le
w
it
h
th
re
e
p
a
rt
ic
ip
at
in
g
b
an
k
s
(n
=
3)
.

T
h
e
ex
am
p
le
co
n
ta
in
s
4
p
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a

ge
n
er
al
M
IP
so
lv
er
to
th
is
fo
rm
u
la
ti
on
.
In
st
ea
d
w
e
sa
w
h
ow
a
si
m
p
le
li
n
ea
r

ti
m
e
co
m
p
le
x
it
y
al
go
ri
th
m
ca
n
b
e
u
se
d
to
so
lv
e
it
.
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C
h
ap
te
r
2.
T
w
o
a
p
p
li
ca
ti
on
s
of
li
n
ea
r
op
ti
m
iz
at
io



C
h
a
p
te
r
3

A
lg
e
b
ra
ic
M
o
d
e
ll
in
g

L
a
n
g
u
a
g
e
s

W
h
il
e
a
n
in
st
an
ce
o
f
a
li
n
ea
r
p
ro
gr
am
m
in
g
p
ro
b
le
m
is
sp
ec
i�
ed
b
y
a
co
eÆ
-

ci
en
t
m
at
ri
x
A
2
R
m
�
n
,
a
co
st
v
ec
to
r
c
2
R
n

a
n
d
a
ri
gh
t
h
an
d
si
d
e
b
2
R
m
,

th
es
e
ar
e
h
a
rd
ly
ev
er
th
e
en
ti
ti
es
in
w
h
ic
h
th
e
p
ro
b
le
m
is
co
n
ce
iv
ed
.

R
ea
l
w
or
ld
L
P
s
ca
n
ea
si
ly
h
av
e
se
ve
ra
l
th
ou
sa
n
d
va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
,

h
en
ce
it
b
ec
o
m
es
im
p
ra
ct
ic
al
fo
r
th
e
m
o
d
el
le
r
to
re
la
te
to
ea
ch
in
d
iv
id
u
al

va
ri
ab
le
o
r
co
n
st
ra
in
t.
T
h
e
d
a
ta
u
se
d
fo
r
th
e
m
o
d
el
,
is
ty
p
ic
al
ly
o
rg
an
iz
ed

as
a
co
ll
ec
ti
on
of
ta
b
le
s
in
d
ex
ed
b
y
o
n
e
or
m
or
e
se
ts
of
ob
je
ct
s
re
le
va
n
t

fo
r
th
e
p
ro
b
le
m
.
F
or
a
p
ro
d
u
ct
io
n
,
d
is
tr
ib
u
ti
on
a
n
d
in
ve
n
to
ry
m
o
d
el
th
e

fu
n
d
am
en
ta
l
se
ts
co
u
ld
fo
r
ex
am
p
le
b
e
th
e
se
t
o
f
p
ro
d
u
ct
io
n
fa
ci
li
ti
es
,
th
e

se
t
of
d
is
tr
ib
u
ti
o
n
ce
n
te
rs
,
th
e
se
t
of
cu
st
o
m
er
zo
n
es
an
d
th
e
se
t
of
ti
m
e

p
er
io
d
s
w
h
ic
h
co
n
st
it
u
te
s
th
e
p
la
n
n
in
g
h
o
ri
zo
n
.
F
o
r
a
cr
ew
p
ai
ri
n
g
m
o
d
el

fo
r
th
e
ai
rl
in
e
in
d
u
st
ry
th
e
fu
n
d
am
en
ta
ls
et
s
w
o
u
ld
ra
th
er
b
e
th
e
se
t
of


ig
h
t

le
gs
,
th
e
se
t
of
cr
ew
m
em
b
er
s,
et
c.
R
el
at
io
n
s
b
et
w
ee
n
th
e
fu
n
d
am
en
ta
ls
et
s,

re
p
re
se
n
te
d
as
su
b
se
ts
of
a
C
ar
te
si
an
p
ro
d
u
ct
o
f
so
m
e
of
th
e
fu
n
d
am
en
ta
l

se
ts
,
a
re
a
ls
o
of
te
n
re
le
va
n
t
fo
r
th
e
m
o
d
el
.

L
ik
e
th
e
d
a
ta
,
d
ec
is
io
n
va
ri
a
b
le
s
an
d
co
n
st
ra
in
ts
ca
n
al
so
m
ak
e
u
se
of
th
es
e

se
ts
fo
r
in
d
ex
in
g.
If
,
fo
r
ex
a
m
p
le
,
a
m
o
d
el
is
b
u
il
t
to
�
n
d
th
e
op
ti
m
al
le
ve
l

of
p
ro
d
u
ct
io
n
o
n
ea
ch
of
th
e
av
ai
la
b
le
p
ro
d
u
ct
io
n
fa
ci
li
ti
es
,
a
si
n
gl
e
ge
n
er
ic

va
ri
ab
le
in
d
ex
ed
b
y
th
e
se
t
of
p
ro
d
u
ct
io
n
fa
ci
li
ti
es
ca
n
b
e
u
se
d
.
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C
h
ap
te
r
3.
A
lg
eb
ra
ic
M
o
d
el
li
n
g
L
an
gu
ag
e

W
e
il
lu
st
ra
te
th
e
p
ow
er
of
in
d
ex
in
g
b
y
a
si
m
p
le
ex
am
p
le
,
a
tr
an
sp
or
ta
ti
o

p
ro
b
le
m
.
S
om
e
co
m
m
o
d
it
y
is
to
b
e
tr
an
sp
or
te
d
fr
om
a
n
u
m
b
er
of
so
u
rc
e

to
a
n
u
m
b
er
o
f
d
es
ti
n
at
io
n
s.
O
n
ly
a
li
m
it
ed
q
u
an
ti
ty
of
th
e
co
m
m
o
d
it
y
i

av
ai
la
b
le
at
ea
ch
o
f
th
e
so
u
rc
es
an
d
ea
ch
of
th
e
d
es
ti
n
at
io
n
s
m
u
st
re
ce
iv

so
m
e
m
in
im
u
m
q
u
a
n
ti
ty
.
T
h
e
tr
an
sp
or
ta
ti
on
co
st
fr
om
a
so
u
rc
e
to
a
d
es

ti
n
at
io
n
is
ta
ke
n
to
b
e
p
ro
p
or
ti
on
al
to
th
e
q
u
an
ti
ty
w
h
ic
h
is
tr
an
sp
or
te

an
d
th
e
ob
je
ct
iv
e
is
to
m
in
im
iz
e
th
e
to
ta
l
tr
an
sp
or
ta
ti
on
co
st
.
H
er
e
is
h
ow

th
e
co
n
st
ra
in
ts
co
u
ld
p
o
ss
ib
ly
b
e
fo
rm
u
la
te
d
in
an
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n

gu
ag
e,
u
si
n
g
th
e
va
ri
ab
le
x
(
i
,
j
)
to
d
en
ot
e
th
e
le
ve
l
of
tr
an
sp
or
ta
ti
on
fr
om

th
e
so
u
rc
e
i
an
d
th
e
d
es
ti
n
at
io
n
j
(S
is
th
e
se
t
of
so
u
rc
es
an
d
D
is
th
e
se

of
d
es
ti
n
at
io
n
s)
:

f
o
r
a
l
l
(
i
,
S
)

s
u
p
p
l
y
(
i
)
=
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
C
A
P
A
C
I
T
Y
(
i
)
;

f
o
r
a
l
l
(
j
,
D
)

d
e
m
a
n
d
(
j
)
=
s
u
m
(
i
,
S
,
x
(
i
,
j
)
)
>
=
D
E
M
(
j
)
;

W
h
en
a
m
o
d
el
fo
rm
u
la
te
d
in
an
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e
is
tr
an
sl
at
e

in
to
an
L
P
,
ea
ch
of
th
e
ge
n
er
ic
co
n
st
ra
in
ts
ar
e
ex
p
an
d
ed
in
to
a
n
u
m
b
e

of
in
d
iv
id
u
al
co
n
st
ra
in
ts
go
ve
rn
ed
b
y
th
e
in
d
ex
in
g
se
t(
s)
.
L
ik
ew
is
e
ea
c

in
d
ex
ed
su
m
co
n
st
ru
ct
is
ex
p
an
d
ed
in
to
a
su
m
of
in
d
iv
id
u
al
te
rm
s.

In
th
e
ex
am
p
le
ab
ov
e,
if
S
=
f
se
at
tl
e,
sa
n
d
ie
go
g
an
d
D

=
f
n
ew
y
or
k

ch
ic
ag
o,
to
p
ek
a
g,
th
e
fo
ll
ow
in
g
co
n
st
ra
in
ts
ar
e
g
en
er
at
ed
(t
h
e
id
en
ti
�
ca
ti
o

of
ea
ch
co
n
st
ra
in
t
is
sh
ow
n
in
p
a
re
n
th
es
is
):

(
s
u
p
p
l
y
(
s
e
a
t
t
l
e
)
)
:

x
(
s
e
a
t
t
l
e
,
n
e
w
y
o
r
k
)
+
x
(
s
e
a
t
t
l
e
,
c
h
i
c
a
g
o
)
+
x
(
s
e
a
t
t
l
e
,
t
o
p
e
k
a
)

<
=
C
A
P
A
C
I
T
Y
(
s
e
a
t
t
l
e
)
;

(
s
u
p
p
l
y
(
s
a
n
d
i
e
g
o
)
)
:

x
(
s
a
n
d
i
e
g
o
,
n
e
w
y
o
r
k
)
+
x
(
s
a
n
d
i
e
g
o
,
c
h
i
c
a
g
o
)
+
x
(
s
a
n
d
i
e
g
o
,
t
o
p
e
k
a
)

<
=
C
A
P
A
C
I
T
Y
(
s
a
n
d
i
e
g
o
)
;

(
d
e
m
a
n
d
(
n
e
w
y
o
r
k
)
)
:

x
(
s
e
a
t
t
l
e
,
n
e
w
y
o
r
k
)
+
x
(
s
a
n
d
i
e
g
o
,
n
e
w
y
o
r
k
)
>
=
D
E
M
(
n
e
w
y
o
r
k
)
;

(
d
e
m
a
n
d
(
c
h
i
c
a
g
o
)
)
:

x
(
s
e
a
t
t
l
e
,
c
h
i
c
a
g
o
)
+
x
(
s
a
n
d
i
e
g
o
,
c
h
i
c
a
g
o
)
>
=
D
E
M
(
c
h
i
c
a
g
o
)
;

(
d
e
m
a
n
d
(
t
o
p
e
k
a
)
)
:

x
(
s
e
a
t
t
l
e
,
t
o
p
e
k
a
)
+
x
(
s
a
n
d
i
e
g
o
,
t
o
p
e
k
a
)
>
=
D
E
M
(
t
o
p
e
k
a
)
;

If
s
is
th
e
n
u
m
b
er
of
so
u
rc
es
an
d
d
is
th
e
n
u
m
b
er
of
d
es
ti
n
at
io
n
s,
th

co
eÆ
ci
en
t
m
at
ri
x
g
en
er
at
ed
fr
om

th
e
al
ge
b
ra
ic
fo
rm
u
la
ti
on
ab
ov
e
w
ou
l
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have s+d rows, sd columns and 2sd non zeros. We see that each individual

variable only appears in two individual constraints, thus the generated LP

becomes sparser and sparser as the number of sources and destinations

increase.

It is a typical behaviour of linear optimization models that the average

number of constraints in which each individual variable appears remains

independent of the size of the problem. Thus large scale LPs are typically

extremely sparse.

The format obtained above by expanding indexed sums and constraints is

generally not suited as input to a solver. An algebraic modelling system

takes as input a generic algebraic representation of the underlying model

plus a set of data which instantiates the model and generates the corre-

sponding problem instance (LP or MIP) in the format required by the

solver. Normally the communication with the solver is also handled by the

algebraic modelling system as illustrated below:

Model

SOLVERData

Results

Problem

Solution

A.M.S.

We now give an example of a generic algebraic model representation, an

associated data set and the corresponding problem instance as required by

the CPLEX solver. The model is a very simple production planning model

with a set of products, P, each of which can be produced either 'inside' or

'outside' at known costs. Furthermore inside production consumes a certain

amount of some limited resources, R, per unit of production, as speci�ed

by the matrix Consumption. The model is written as it would normally

be written by a modeller using algebraic notation. Algebraic modelling

languages are designed to mimic this notation as close as possible, while

still providing an unambiguous and machine readable notation.

20 Chapter 3. Algebraic Modelling Language

Model

minimize

X
p2P

(InCost(p) � ip(p) +OutCost(p) � op(p))

subject to

8r2R :

X
p2P

Consumption(p; r) � ip(p) � Capacity(r)

8p2P : ip(p) + op(p) = Demand(p)

8p2P : ip(p); op(p) � 0

Data

R = f0; 1g

P = f0; 1; 2g
0 1 2

Demand(p) 100 200 300

InCost(p) 0.6 0.8 0.3

OutCost(p) 0.8 0.9 0.4

Capacity(r)

0 20

1 40

Consumption(r,p) 0 1 2

0 0.5 0.4 0.3

1 0.2 0.4 0.6

The problem instance in CPLEX format should be self-explaining excep

for the representation of the coeÆcient matrix by the four arrays Cst, Clg

Rnr and Elm. This is a standard representation of sparse matrices [11]

Rnr and Elm holds a collection of sparse vectors, Rnr gives the row numbe

and Elm the corresponding value of each non zero element, Cst(i) contain

the start position of column i in the arrays Rnr and Elm, while Clg(i
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co
n
ta
in
s
th
e
n
u
m
b
er
of
n
on
ze
ro
el
em
en
ts
of
co
lu
m
n
i
(t
o
b
e
fo
u
n
d
in
th
e

fo
ll
ow
in
g
p
o
si
ti
o
n
s
in
R
n
r
an
d
E
lm
)
a
s
sh
ow
n
in
th
e
ex
am
p
le
.

P
ro
b
le
m

In
st
a
n
c
e
(S
o
lv
e
rs
fo
rm
a
t)

�
N
u
m
b
er
o
f
va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
,
n
an
d
m

�
O
p
ti
m
iz
at
io
n
se
n
se
(m
in
im
iz
e
or
m
ax
im
iz
e)

�
O
b
je
ct
iv
e
fu
n
ct
io
n
co
eÆ
ci
en
ts
,
c

�
R
ig
h
t
h
an
d
si
d
e
va
lu
es
,
b

�
C
on
st
ra
in
t
ty
p
es
,
s
e
n
s
e

�
C
o
eÆ
ci
en
t
m
at
ri
x
,
C
s
t
,
C
l
g
,
R
n
r
,
E
l
m

�
B
ou
n
d
s
on
va
ri
ab
le
s,
l
an
d
u

�
V
ar
ia
b
le
ty
p
es
(c
o
n
ti
n
u
ou
s
or
in
te
ge
r)
,
c
t
y
p
e

ip
0

ip
1

ip
2

op
0

op
1

op
2

l 0 l 1 d
0
d
1
d
2

2 6 6 6 6 40:
5

0:
4

0:
3

0:
2

0:
4

0:
6

1

1

1

1

1

1

3 7 7 7 7 5

i
n
t
m
=
5
;
i
n
t
n
=
6
;

i
n
t
c
[
]
=
{
0
.
6
,
0
.
8
,
0
.
3
,
0
.
8
,
0
.
9
,
0
.
4
}
;

i
n
t
b
[
]
=
{
2
0
,
4
0
,
1
0
0
,
2
0
0
,
3
0
0
}
;

c
h
a
r
s
e
n
s
e
[
]
=
(
'
L
'
,
'
L
'
,
'
E
'
,
'
E
'
,
'
E
'
}
;

i
n
t
C
s
t
[
]
=
{
0
,
3
,
6
,
9
,
1
0
,
1
1
}
;

i
n
t
C
l
g
[
]
=
{
3
,
3
,
3
,
1
,
1
,
1
}
;

i
n
t
R
n
r
[
]
=
{
0
,
1
,
2
,
0
,
1
,
2
,
0
,
1
,
3
,
0
,
1
,
4
,
2
,
3
,
4
}
;

d
o
u
b
l
e
E
l
m
[
]
=
{
0
.
5
,
0
.
2
,
1
,
0
.
4
,
0
.
4
,
1
,
0
.
3
,
0
.
6
,
1
,
1
,
1
,
1
}
;

A
li
st
o
f
d
es
ir
ab
le
fe
a
tu
re
s
o
f
a
n
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e
is
fo
u
n
d
in

th
e
cl
a
ss
ic
b
o
ok
o
n
m
at
h
em
a
ti
ca
lp
ro
gr
am
m
in
g
m
o
d
el
li
n
g
b
y
W
il
li
am
s
[3
0]
.

W
e
co
m
m
en
t
b
ri
e

y
on
so
m
e
of
th
es
e
fe
a
tu
re
s
b
el
ow
:
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3.
A
lg
eb
ra
ic
M
o
d
el
li
n
g
L
an
gu
ag
e

In
d
e
x
in
g
fo
r
re
p
e
ti
ti
o
n
a
n
d
u
se
o
f
re
p
e
a
te
d
su
m
s
ar
e,
as
al
re
ad

d
is
cu
ss
ed
,
es
se
n
ti
a
l
fo
r
m
a
n
a
g
in
g
la
rg
e
m
o
d
el
s.

R
e
la
ti
o
n
s
b
e
tw
e
e
n
in
d
ic
e
s.
T
h
is
fe
at
u
re
ca
n
fo
r
ex
am
p
le
b
e
u
se
d
to
re

st
ri
ct
th
e
ge
n
er
at
io
n
of
co
n
st
ra
in
ts
or
te
rm
s
of
re
p
ea
te
d
su
m
s.
F
o

ex
am
p
le
,
th
e
p
ar
ti
al
su
m
,

P i<
j
x
i
,
ca
n
b
e
w
ri
tt
en
in
G
A
M
S
as

s
u
m
(
i
$
(
o
r
d
(
i
)
L
T
o
r
d
(
j
)
)
,
x
(
i
)
)

S
o
m
e
m
o
d
el
s
h
av
e
u
n
d
er
ly
in
g
se
ts
w
it
h
a
n
at
u
ra
l
o
rd
er
on
th
e
el
e

m
en
ts
(t
y
p
ic
al
ly
a
se
t
of
ti
m
e
p
er
io
d
s)
.
S
u
ch
m
o
d
el
s
of
te
n
co
n
ta
i

co
n
st
ra
in
ts
w
h
ic
h
li
n
k
va
ri
ab
le
s
in
d
ex
ed
b
y
tw
o
su
b
se
q
u
en
t
se
t
el
e

m
en
ts
,
as
in
th
e
fo
ll
ow
in
g
co
n
st
ra
in
t

f
o
r
a
l
l
(
i
,
T
)

s
b
a
l
a
n
c
e
(
i
)
=

s
(
i
)
+
p
(
i
)
-
c
(
i
)
=
=
s
(
i
+
1
)
;

T
o
b
e
ab
le
to
fo
rm
u
la
te
su
ch
co
n
st
ra
in
ts
in
a
n
at
u
ra
l
w
ay
,
as
sh
ow

ab
ov
e,
it
is
n
ec
es
sa
ry
th
at
th
e
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e
u
se
d
su
p

p
or
t
th
e
u
se
of
in
d
ex
ex
p
re
ss
io
n
s
su
ch
as
i
+
1
fo
r
in
d
ex
in
g.

S
e
p
a
ra
ti
n
g
th
e
d
a
ta
fr
o
m

th
e
st
a
te
m
e
n
ts
o
f
th
e
m
o
d
e
l.
A
se
p
a
ra

ti
on
b
et
w
ee
n
th
e
d
at
a
an
d
th
e
m
o
d
el
fo
rm
u
la
ti
on
is
n
at
u
ra
ll
y
ac
h
ie
v
e

w
h
en
ge
n
er
ic
in
d
ex
ed
co
n
st
ra
in
ts
ar
e
u
se
d
,
si
n
ce
co
eÆ
ci
en
ts
ap
p
ea
r

in
g
in
a
g
en
er
ic
co
n
st
ra
in
t
n
or
m
al
ly
d
ep
en
d
s
on
th
e
in
d
ic
es
of
th

co
n
st
ra
in
t.
If
a
n
u
m
er
ic
va
lu
e
ap
p
ea
rs
in
a
ge
n
er
ic
co
n
st
ra
in
t
it
i

go
o
d
m
o
d
el
li
n
g
p
ra
ct
ic
e
to
re
p
re
se
n
t
it
b
y
a
sy
m
b
ol
ic
n
am
e.

A
ri
th
m
e
ti
c
o
n
th
e
c
o
e
Æ
c
ie
n
ts
.
T
h
e
d
at
a
ap
p
ea
ri
n
g
in
an
al
ge
b
ra
i

m
o
d
el
fo
rm
u
la
ti
on
is
of
te
n
d
er
iv
ed
fr
om

ot
h
er
d
at
a.
It
sh
ou
ld
b

p
os
si
b
le
to
ca
lc
u
la
te
th
e
d
er
iv
ed
d
at
a
w
it
h
in
th
e
al
ge
b
ra
ic
m
o
d
el
li
n

la
n
gu
ag
e
in
st
ea
d
of
ca
rr
y
in
g
ou
t
th
e
n
ec
es
sa
ry
ar
it
h
m
et
ic
ex
te
rn
al
ly

S
o
lv
e
r
in
d
e
p
e
n
d
e
n
t
m
o
d
e
l
fo
rm
u
la
ti
o
n
.
S
in
ce
th
e
tr
an
sl
at
io
n
fr
om

m
o
d
el
a
n
d
it
s
as
so
ci
at
ed
d
at
a
to
a
p
ro
b
le
m
in
st
an
ce
in
a
fo
rm
at
su
it

ab
le
fo
r
th
e
so
lv
er
is
ca
rr
ie
d
ou
t
b
y
th
e
m
o
d
el
li
n
g
sy
st
em
,
th
e
sa
m

m
o
d
el
ca
n
b
e
u
se
d
n
o
m
at
te
r
w
h
at
so
lv
er
is
u
se
d
to
so
lv
e
th
e
ge
n
er

at
ed
in
st
an
ce
(p
ro
v
id
ed
th
at
th
e
so
lv
er
is
su
p
p
o
rt
ed
b
y
th
e
m
o
d
el
li
n

sy
st
em
).
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T
h
is
se
ct
io
n
g
iv
es
a
sh
or
t
ov
er
v
ie
w
of
th
e
�
rs
t
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e,

G
A
M
S
.

G
A
M
S
w
a
s
d
ev
el
op
ed
in
th
e
se
ve
n
ti
es
b
y
th
e
W
or
ld
B
an
k
to
fa
ci
li
ta
te
th
e

d
ev
el
o
p
m
en
t
a
n
d
m
ai
n
te
n
an
ce
(m
o
d
i�
ca
ti
o
n
)
o
f
o
p
ti
m
iz
at
io
n
m
o
d
el
s
an
d

is
st
il
l
w
id
el
y
u
se
d
.
P
ri
or
to
th
e
ad
ve
n
t
of
G
A
M
S
,
th
e
tr
an
sl
at
io
n
fr
om
an

al
ge
b
ra
ic
d
es
cr
ip
ti
o
n
of
a
m
o
d
el
to
a
fo
rm
at
re
co
gn
iz
ab
le
b
y
th
e
so
ft
w
ar
e

u
se
d
to
so
lv
e
it
w
as
of
te
n
d
iÆ
cu
lt
an
d
er
ro
r-
p
ro
n
e
an
d
p
re
se
n
te
d
a
m
a
jo
r

ob
st
ac
le
fo
r
th
e
p
ra
ct
ic
al
su
cc
es
s
of
op
ti
m
iz
at
io
n
m
o
d
el
s.
T
h
is
ta
sk
h
as

b
ee
n
au
to
m
a
te
d
b
y
G
A
M
S
.
G
A
M
S
p
ro
v
id
es
a
m
ac
h
in
e
re
ad
ab
le
n
ot
at
io
n

fo
r
fo
rm
u
la
ti
n
g
op
ti
m
iz
at
io
n
m
o
d
el
s
w
h
ic
h
cl
os
el
y
re
se
m
b
le
s
th
e
al
ge
b
ra
ic

n
ot
at
io
n
w
h
ic
h
m
o
st
m
a
th
em
a
ti
ca
ll
y
tr
a
in
ed
m
o
d
el
le
rs
�
n
d
n
at
u
ra
l.
U
si
n
g

th
is
n
ot
at
io
n
,
an
A
S
C
II
�
le
,
sa
y
m
o
d
el
.g
m
s,
co
n
ta
in
in
g
b
ot
h
d
at
a
a
n
d

m
o
d
el
d
es
cr
ip
ti
on
m
u
st
b
e
p
re
p
ar
ed
.

W
h
en
a
so
lv
e
st
at
em
en
t
is
en
co
u
n
te
re
d
G
A
M
S
w
il
l
ge
n
er
at
e
a
m
o
d
el
in
-

st
an
ce
b
as
ed
on
th
e
in
p
u
t
�
le
an
d
p
a
ss
it
to
th
e
u
n
d
er
ly
in
g
op
ti
m
iz
at
io
n

so
ft
w
ar
e
in
th
e
re
q
u
ir
ed
fo
rm
at
.
A
ft
er
th
e
p
ro
b
le
m
h
as
b
ee
n
so
lv
ed
,
in
fo
r-

m
at
io
n
ab
ou
t
th
e
op
ti
m
al
so
lu
ti
o
n
is
p
as
se
d
b
a
ck
to
G
A
M
S
w
h
er
e
it
ca
n

b
e
u
se
d
fo
r
re
p
o
rt
g
en
er
at
io
n
.

W
e
w
il
l
sh
ow
h
ow
to
fo
rm
u
la
te
an
d
so
lv
e

m
ax
im
iz
e
cT
x

s.
t.
A
x
�
b
;
x
�
0

w
h
er
e

A
=

2 4
1

1

1

�2

0

1

0

1

�1
�1
1

�1
3 5

b
=

2 44 3 2
3 5

c
=

2 6 6 4
3 2 �1 �1

3 7 7 5

u
si
n
g
G
A
M
S
.

It
sh
ou
ld
b
e
em
p
h
a
si
ze
d
th
at
th
e
re
a
l
b
en
e�
t
of
G
A
M
S
is
it
s
ab
il
it
y
to

ge
n
er
a
te
th
e
p
ro
b
le
m
d
at
a
A
,
b
an
d
c,
gi
v
en
a
n
al
g
eb
ra
ic
re
p
re
se
n
ta
ti
on
of

a
sp
ec
i�
c
L
P
m
o
d
el
.
T
h
is
ex
a
m
p
le
se
rv
es
so
le
ly
to
il
lu
st
ra
te
el
em
en
ts
of

th
e
G
A
M
S
sy
n
ta
x
w
it
h
ou
t
h
av
in
g
to
in
tr
o
d
u
ce
d
et
ai
ls
o
f
a
sp
ec
i�
c
m
o
d
el
.

T
h
e
p
ro
b
le
m
w
a
s
st
at
ed
u
si
n
g
m
a
tr
ix
n
o
ta
ti
on
.
A
n
eq
u
iv
al
en
t
al
ge
b
ra
ic
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A
lg
eb
ra
ic
M
o
d
el
li
n
g
L
an
gu
ag
e

fo
rm
u
la
ti
on
is
to
m
ax
im
iz
e
z
su
b
je
ct
to

z
=

X j
2
J

c j
x
j

X j
2
J

a
ij
x
j
�
b i
;
8i
2
I

x
j
�
0
;
8j
2
J

w
h
ic
h
ca
n
b
e
ex
p
re
ss
ed
in
G
A
M
S
as
fo
ll
ow
s

$
i
n
l
i
n
e
c
o
m
{
}

$
i
n
c
l
u
d
e
"
d
a
t
a
.
g
m
s
"

{
-
-
-
-
-
-
-
-
-
-
-
H
e
r
e
c
o
m
e
s
t
h
e
m
o
d
e
l
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
}

v
a
r
i
a
b
l
e
z

'
o
b
j
e
c
t
i
v
e
f
u
n
c
t
i
o
n
v
a
l
u
e
'
;

p
o
s
i
t
i
v
e
v
a
r
i
a
b
l
e
x
(
j
)

'
a
c
t
i
v
i
t
y
l
e
v
e
l
s
'
;

e
q
u
a
t
i
o
n
s

d
e
f
z

c
o
n
s
t
r
a
i
n
t

'
l
p
c
o
n
s
t
r
a
i
n
t
s
'
;

d
e
f
z
.
.
z
=
E
=
s
u
m
(
j
,
c
(
j
)
*
x
(
j
)
)
;

c
o
n
s
t
r
a
i
n
t
(
i
)
.
.
s
u
m
(
j
,
A
(
i
,
j
)
*
x
(
j
)
)
=
L
=
b
(
i
)
;

m
o
d
e
l
m
y
l
p
/
a
l
l
/
;

s
o
l
v
e
m
y
l
p
m
a
x
i
m
i
z
i
n
g
z
u
s
i
n
g
l
p
;

w
h
er
e
d
at
a.
gm
s
is
a
�
le
co
n
ta
in
in
g

{
-
-
-
-
-
-
-
-
-
-
-
-
-
H
e
r
e
c
o
m
e
s
t
h
e
d
a
t
a
-
-
-
-
-
-
-
-
-
-
-
-
-
-
}

s
e
t
s

i

'
r
o
w
i
n
d
e
x
s
e
t
'

/
r
1
*
r
3
/

j

'
c
o
l
u
m
n
i
n
d
e
x
s
e
t
'

/
c
1
*
c
4
/
;

t
a
b
l
e
A
(
i
,
j
)

'
C
o
e
f
f
i
c
i
e
n
t
m
a
t
r
i
x
'

c
1

c
2

c
3

c
4
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r
1

1

1

1

-
2

r
2

1

1

r
3

-
1

-
1

1

-
1

p
a
r
a
m
e
t
e
r
b
(
i
)

'
R
i
g
h
t
h
a
n
d
s
i
d
e
s
'

/

r
1

4
,

r
2

3
,

r
3

1

/
;

p
a
r
a
m
e
t
e
r
c
(
j
)

'
O
b
j
e
c
t
i
v
e
f
u
n
c
t
i
o
n
c
o
e
f
f
i
c
i
e
n
t
s
'

/

c
1

3
,

c
2

2
,

c
3

-
1
,

c
4

-
1

/
;

se
ts
A
lm
os
t
ev
er
y
th
in
g
in
G
A
M
S
is
b
as
ed
on
se
ts
.
S
et
s
ar
e
u
se
d
as
d
o-

m
ai
n
s
of
p
ar
am
et
er
s,
va
ri
a
b
le
s,
eq
u
a
ti
on
s
an
d
m
u
lt
i-
d
im
en
si
on
al
se
ts
.

H
er
e
w
e
h
av
e
tw
o
se
ts
,
th
e
ro
w
in
d
ex
se
t,
i
=
r
1
,
r
2
,
r
3
,
an
d
th
e
co
l-

u
m
n
in
d
ex
se
t,
j
=
c
1
,
c
2
,
c
3
,
c
4
.
A
n
a
m
e
o
f
a
se
t
al
so
se
rv
es
as
in
d
ex

to
th
e
se
t.
T
h
e
el
em
en
ts
o
f
a
se
t
a
re
ca
ll
ed
la
b
el
s.
N
u
m
b
er
s
ar
e
al
-

lo
w
ed
as
la
b
el
s,
b
u
t
a
re
p
ot
en
ti
a
ll
y
d
an
g
er
ou
s
si
n
ce
th
ey
ar
e
tr
ea
te
d

as
st
ri
n
g
s
w
it
h
n
o
n
u
m
er
ic
a
l
va
lu
e
as
so
ci
a
te
d
.

p
a
ra
m
e
te
rs
P
ar
am
et
er
s
a
re
u
se
d
to
h
ol
d
d
a
ta
.
T
h
ey
ca
n
b
e
in
d
ex
ed
b
y

on
e
o
r
m
or
e
se
ts
(l
ik
e
a
rr
ay
s
in
C
)
or
n
o
t
at
al
l
in
w
h
ic
h
ca
se
th
ey

h
ol
d
a
si
n
g
le
n
u
m
er
ic
al
va
lu
e.
G
A
M
S
h
as
tw
o
al
te
rn
at
iv
e
sy
n
ta
x
es

fo
r
d
ec
la
ri
n
g
a
p
ar
am
et
er
w
h
ic
h
is
n
ot
in
d
ex
ed
.
p
a
r
a
m
e
t
e
r
s
;

or

s
c
a
l
a
r
s
;

T
h
e
ex
am
p
le
sh
ow
s
h
ow
p
a
ra
m
et
er
s
ca
n
b
e
d
e�
n
ed
(h
av
e

va
lu
es
as
si
g
n
ed
to
th
em
)
w
h
en
th
ey
a
re
d
ec
la
re
d
.
T
h
e
ta
b
le
co
n
st
ru
ct

u
se
d
a
b
ov
e
is
a
co
n
v
en
ie
n
t
w
ay
to
d
ec
la
re
a
n
d
d
e�
n
e
tw
o
o
r
h
ig
h
er

d
im
en
si
on
al
p
ar
am
et
er
s.

v
a
ri
a
b
le
s
It
is
n
ec
es
sa
ry
to
d
ec
la
re
th
e
d
ec
is
io
n
va
ri
ab
le
s
of
th
e
m
o
d
el

b
ef
or
e
th
ey
ca
n
b
e
u
se
d
in
th
e
eq
u
at
io
n
s.
V
a
ri
ab
le
s
ca
n
b
e
d
ec
la
re
d

a
s
fr
ee
(t
h
e
d
ef
a
u
lt
),
p
o
si
ti
ve
(�
0)
,
n
eg
at
iv
e
(�
0)
,
b
in
ar
y
or
in
te
ge
r.

In
G
A
M
S
w
e
m
u
st
al
w
ay
s
sp
ec
if
y
a
si
n
g
le
va
ri
ab
le
as
th
e
ob
je
ct
iv
e

fu
n
ct
io
n
w
h
ic
h
w
e
w
an
t
m
in
im
iz
e
o
r
m
ax
im
iz
e.
T
h
is
is
w
h
y
w
e
in
tr
o-

d
u
ce
d
th
e
va
ri
ab
le
z
a
b
ov
e
to
h
o
ld
th
e
va
lu
e
o
f
th
e
ob
je
ct
iv
e
fu
n
ct
io
n

va
lu
e.
T
h
is
va
ri
ab
le
m
u
st
b
e
fr
ee
(n
o
lo
w
er
or
u
p
p
er
b
ou
n
d
s)
,
in

p
ar
ti
cu
la
r
it
ca
n
n
ot
b
e
d
ec
la
re
d
a
s
a
p
os
it
iv
e
va
ri
ab
le
.
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A
lg
eb
ra
ic
M
o
d
el
li
n
g
L
an
gu
ag
e

e
q
u
a
ti
o
n
s
E
q
u
at
io
n
s
ar
e
u
se
d
to
sp
ec
if
y
th
e
co
n
st
ra
in
ts
of
th
e
m
o
d
e

A
n
eq
u
at
io
n
w
h
ic
h
is
n
ot
in
d
ex
ed
co
rr
es
p
on
d
s
to
a
si
n
gl
e
co
n
st
ra
in

(r
ow
).
A
n
in
d
ex
ed
eq
u
at
io
n
ge
n
er
at
es
a
n
u
m
b
er
o
f
co
n
st
ra
in
ts
d
e

p
en
d
in
g
on
th
e
ca
rd
in
al
it
y
an
d
n
u
m
b
er
o
f
se
ts
ov
er
w
h
ic
h
it
is
in

d
ex
ed
.
E
q
u
at
io
n
s
ar
e
d
ec
la
re
d
b
y
li
st
in
g
th
ei
r
n
am
es
fo
ll
ow
in
g
th

ke
y
w
or
d
e
q
u
a
t
i
o
n
s
.
(C
om
m
as
an
d
/o
r
n
ew
li
n
es
ar
e
u
se
d
as
se
p
ar
a

to
rs
in
li
st
s)
.
A
d
e�
n
it
io
n
of
an
eq
u
at
io
n
co
n
si
st
s
of
th
e
n
am
e
o

th
e
eq
u
at
io
n
in
d
ex
ed
b
y
th
e
se
ts
ov
er
w
h
ic
h
it
is
q
u
a
n
ti
�
ed
fo
ll
ow
e

b
y
tw
o
d
ot
s
.
.

fo
ll
ow
ed
b
y
th
e
ex
p
re
ss
io
n
u
se
d
to
ge
n
er
at
e
th

in
d
iv
id
u
al
co
n
st
ra
in
ts
.

T
h
e
sa
m
e
G
A
M
S
m
o
d
el
ca
n
b
e
u
se
d
in
d
ep
en
d
en
tl
y
of
th
e
si
ze
of
th
e
p
ro
b

le
m
.
T
o
so
lv
e
a
n
L
P
w
it
h
sa
y
30
00
ro
w
s
an
d
40
00
va
ri
ab
le
s
w
e
si
m
p
l

in
cl
u
d
e
an
ap
p
ro
p
ri
at
e
d
at
a
�
le
fo
r
th
e
p
ro
b
le
m
.
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.2

C
o
n
c
lu
si
o
n

A
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
cl
os
el
y
re
se
m
b
le
s
th
e
n
ot
at
io
n
co
m
m
on
l

u
se
d
b
y
re
se
ar
ch
er
s
an
d
p
ra
ct
it
io
n
er
s
fo
r
d
es
cr
ib
in
g
an
d
co
m
m
u
n
ic
at
in

li
n
ea
r
op
ti
m
iz
at
io
n
m
o
d
el
s,
ye
t
th
ey
im
p
os
e
a
fo
rm
al
sy
n
ta
x
w
h
ic
h
m
ak
e

it
ea
sy
to
p
ro
ce
ss
th
e
m
o
d
el
fo
rm
u
la
ti
on
b
y
a
co
m
p
u
te
r
p
ro
gr
am
.

M
an
u
al
ge
n
er
at
io
n
of
th
e
co
n
tr
ai
n
ts
of
an
in
st
an
ce
of
a
li
n
ea
r
op
ti
m
iz
at
io

m
o
d
el
is
ve
ry
ti
m
e
co
n
su
m
in
g,
ev
en
fo
r
sm
al
li
n
st
an
ce
s.
F
or
la
rg
er
in
st
an
ce

th
is
ta
sk
b
ec
om
es
im
p
os
si
b
le
an
d
so
m
e
k
in
d
of
au
to
m
at
ic
ge
n
er
at
io
n
i

re
q
u
ir
ed
.
O
th
er
k
in
d
s
of
m
o
d
el
li
n
g
sy
st
em
s
ex
is
t
w
h
ic
h
a
re
n
ot
b
as
ed
o

an
al
ge
b
ra
ic
m
o
d
el
d
es
cr
ip
ti
on
,
b
u
t
th
es
e
ar
e
ge
n
er
al
ly
u
se
d
o
n
ly
w
it
h
i

sp
ec
i�
c
ap
p
li
ca
ti
on
ar
ea
s
[3
0]
.

A
n
ot
h
er
w
ay
to
ge
n
er
at
e
a
p
ro
b
le
m
in
st
an
ce
fr
om
a
m
o
d
el
an
d
a
ss
o
ci
at
e

d
at
a
is
to
u
se
so
m
e
co
n
ve
n
ti
on
al
p
ro
gr
am
m
in
g
la
n
gu
ag
e
to
ex
p
re
ss
th

tr
an
sl
at
io
n
.
W
h
en
th
is
ap
p
ro
ac
h
is
u
se
d
th
e
b
u
rd
en
of
ke
ep
in
g
tr
ac
k
o
f
ro
w

an
d
co
lu
m
n
n
u
m
b
er
s
of
th
e
ge
n
er
at
ed
co
eÆ
ci
en
t
m
at
ri
x
is
on
th
e
sh
ou
ld
er

of
th
e
p
ro
gr
am
m
er
.
T
h
e
u
n
d
er
ly
in
g
al
ge
b
ra
ic
d
es
cr
ip
ti
on
is
n
ot
ex
p
li
ci
tl

ap
p
ar
en
t
in
th
e
re
su
lt
in
g
co
d
e,
w
h
ic
h
b
ec
om
es
d
iÆ
cu
lt
to
d
eb
u
g
an
d
m
o
d

if
y.
H
ow
ev
er
,
in
si
tu
at
io
n
s
w
h
er
e
an
op
ti
m
iz
at
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In
te
ri
or
P
o
in
t
A
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or
it
h
m
s

3
9

th
e
a
lg
or
it
h
m

w
h
en
th
e
cu
rr
en
t
it
er
at
e
is
su
Æ
ci
en
tl
y
cl
os
e
to
fu
l�
ll
th
e

o
p
ti
m
al
it
y
co
n
d
it
io
n
s.
F
o
r
ex
am
p
le
w
h
en
jj
A
x
�
b
jj

1
+
jj
b
jj

�
10
�
8
,
jj
A
T
y
+
z
�
c
jj

1
+
jj
c
jj

�

10
�
8
an
d
jc
T
c
�
b
T
y
j

1
+
jc
T
x
j

�
10
�
8
.
T
h
e
n
u
m
b
er
o
f
it
er
a
ti
on
s
re
q
u
ir
ed
to
�
n
d
a

so
lu
ti
on
w
h
ic
h
sa
ti
s�
es
th
e
te
rm
in
at
io
n
cr
it
er
ia
is
g
en
er
al
ly
b
et
w
ee
n
2
0
a
n
d

50
ir
re
sp
ec
ti
ve
o
f
th
e
si
ze
of
th
e
p
ro
b
le
m
.
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le
ar
ly
,
th
e
m
o
st
ti
m
e
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n
su
m
in
g
ta
sk
s
in
ea
ch
it
er
at
io
n
ar
e
th
e
so
lv
es
in

st
ep
2
an
d
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S
in
ce
th
e
co
eÆ
ci
en
t
m
at
ri
x
of
th
e
tw
o
sy
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em
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ar
e
th
e
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m
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a
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ct
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iz
at
io
n
of
th
e
m
at
ri
x
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3 5 c
an
b
e
re
u
se
d
fo
r
so
lv
in
g

th
e
se
co
n
d
sy
st
em
.

O
n
e
st
ep
of
b
lo
ck
L
U
fa
ct
or
iz
at
io
n
of
th
e
m
a
tr
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M
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ve
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0

0
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0
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Z
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In
tr
o
d
u
ci
n
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th
e
sh
o
rt
h
a
n
d
n
ot
at
io
n
D
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X
�
1
Z
an
d
p
er
fo
rm
in
g
an
ot
h
er

b
lo
ck
L
U
fa
ct
o
ri
za
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on
st
ep
w
e
ge
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=
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0
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0
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A
T
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T
h
u
s
th
e
fa
ct
o
ri
za
ti
o
n
of
M

ca
n
b
e
co
m
p
le
te
d
b
y
co
m
p
u
ti
n
g
a
C
h
ol
es
k
y

fa
ct
o
ri
za
ti
on
of
th
e
sy
m
m
et
ri
c
p
os
it
iv
e
se
m
id
e�
n
it
e
m
at
ri
x
A
D
�
1
A
T
.
T
h
is

is
k
n
ow
n
a
s
th
e
n
o
rm
al
eq
u
at
io
n
s
a
p
p
ro
ac
h
.
A
lt
er
n
at
iv
el
y
a
fa
ct
or
iz
at
io
n

of
th
e
sy
m
m
et
ri
c
in
d
e�
n
it
e
m
at
ri
x

� �
X
�
1
Z

A
T

A

0

� ca
n
b
e
u
se
d
.
T
h
is
is

k
n
ow
n
as
th
e
a
u
g
m
en
te
d
sy
st
em
a
p
p
ro
ac
h
.

M
os
t
in
te
ri
or
-p
o
in
t
im
p
le
m
en
ta
ti
on
s
ar
e
b
a
se
d
o
n
th
e
n
or
m
al
eq
u
at
io
n
s
ap
-

p
ro
ac
h
.
O
n
e
o
f
th
e
re
as
on
s
fo
r
th
is
is
th
at
al
go
ri
th
m
s
an
d
so
�
st
ic
at
ed
so
ft
-

w
a
re
fo
r
sp
a
rs
e
C
h
ol
es
k
y
fa
ct
or
iz
at
io
n
ar
e
re
ad
il
y
av
ai
la
b
le
.
F
u
rt
h
er
m
or
e,

si
n
ce
th
e
n
o
n
-z
er
o
st
ru
ct
u
re
of
A
D
�
1
A
T

re
m
a
in
s
th
e
sa
m
e
fr
om
it
er
at
io
n

to
it
er
at
io
n
,
a
�
ll
re
d
u
ci
n
g
re
or
d
er
in
g
ca
n
b
e
co
m
p
u
te
d
on
ly
on
ce
an
d
u
se
d

in
a
ll
su
b
se
q
u
en
t
it
er
a
ti
o
n
s.
H
ow
ev
er
,
th
e
ad
d
it
io
n
al
fr
ee
d
om
in
th
e
ch
oi
ce

o
f
p
iv
ot
or
d
er
in
tr
o
d
u
ce
d
b
y
th
e
a
u
gm
en
te
d
sy
st
em
ap
p
ro
ac
h
ca
n
b
e
u
se
d

to
d
ec
re
a
se
th
e
a
m
ou
n
t
o
f
�
ll
-i
n
co
n
si
d
er
ab
ly
fo
r
so
m
e
p
ro
b
le
m
s
[2
7]
.
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p
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or
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oi
n
t
m
et
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o
d
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ge
n
er
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ar
se
p
ro
b
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m
s
h
av
e
b
ee
n
re
p
or
te
d
[2
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2
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C
h
a
p
te
r
5

P
a
ra
ll
e
l
c
o
m
p
u
ti
n
g
o
n
th
e
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M

S
P

T
ec
h
n
ol
og
ic
a
l
ad
va
n
ce
s
h
av
e
al
lo
w
ed
th
e
co
n
st
ru
ct
io
n
of
fa
st
er
an
d
fa
st
er

co
m
p
u
te
rs
ev
er
si
n
ce
th
e
�
rs
t
co
m
p
u
te
rs
w
er
e
b
u
il
t.
Y
et
th
e
d
em
an
d
fo
r

in
cr
ea
se
d
co
m
p
u
ti
n
g
p
ow
er
co
n
ti
n
u
es
.
P
h
y
si
ca
l
li
m
it
s
su
ch
a
s
th
e
sp
ee
d
of

li
gh
t
is
li
m
it
in
g
th
e
sc
o
p
e
fo
r
fu
rt
h
er
im
p
ro
ve
m
en
ts
o
f
se
q
u
en
ti
al
co
m
p
u
ti
n
g

sp
ee
d
,
fo
rc
in
g
co
m
p
u
te
r
co
n
st
ru
ct
or
s
to
ex
p
lo
it
p
ar
al
le
li
sm
to
m
ee
t
th
is

d
em
an
d
.

T
h
is
ch
ap
te
r
gi
v
es
an
in
tr
o
d
u
ct
io
n
to
so
m
e
of
th
e
is
su
es
in
vo
lv
ed
in
w
ri
ti
n
g

p
ro
gr
a
m
s
fo
r
p
ar
al
le
l
co
m
p
u
te
rs
.
T
h
e
p
u
rp
os
e
of
w
ri
ti
n
g
p
ar
al
le
l
p
ro
gr
am
s

is
n
or
m
a
ll
y
a
d
es
ir
e
to
d
ec
re
as
e
th
e
w
al
l
cl
o
ck
ex
ec
u
ti
on
ti
m
e
a
s
co
m
p
ar
ed

w
it
h
a
se
q
u
en
ti
al
im
p
le
m
en
ta
ti
on
.
A
n
ot
h
er
re
a
so
n
co
u
ld
b
e
to
so
lv
e
p
ro
b
-

le
m
s
w
h
ic
h
re
q
u
ir
es
m
o
re
m
em
or
y
th
a
n
av
ai
la
b
le
o
n
a
si
n
gl
e
p
ro
ce
ss
or
.

D
i�
er
en
t
p
ar
al
le
l
co
m
p
u
ta
ti
on
al
m
o
d
el
s
(p
ar
ad
ig
m
s)
o�
er
s
d
i�
er
en
t
co
n
-

ce
p
tu
al
v
ie
w
s
of
w
h
at
ty
p
es
of
op
er
at
io
n
s
ar
e
av
a
il
ab
le
fo
r
th
e
p
ro
gr
am
m
er

[1
9]
.
T
h
e
p
ar
al
le
l
co
m
p
u
ta
ti
on
a
l
m
o
d
el
d
o
es
n
ot
n
ec
es
sa
ri
ly
co
rr
es
p
on
d
to

th
e
p
h
y
si
ca
l
ar
ch
it
ec
tu
re
of
th
e
co
m
p
u
te
r
on
w
h
ic
h
th
e
p
ro
gr
am
is
ex
ec
u
te
d
.

D
at
a
p
a
ra
ll
el
p
ro
g
ra
m
m
in
g
m
o
d
el
.
In
th
is
m
o
d
el
a
si
n
gl
e
p
ro
gr
am
w
it
h

a
g
lo
b
a
l
n
a
m
e-
sp
a
ce
d
e�
n
es
th
e
op
er
at
io
n
s
(m
u
ch
li
ke
in
a
co
n
ve
n
ti
on
al

se
q
u
en
ti
a
l
m
o
d
el
).
P
ar
al
le
li
sm
is
ac
h
ie
ve
d
b
y
ex
ec
u
ti
n
g
op
er
at
io
n
s
on
ar
ra
y

el
em
en
ts
si
m
u
lt
a
n
eo
u
sl
y
ac
ro
ss
a
ll
p
ro
ce
ss
or
s.
T
h
e
co
m
p
il
er
is
re
sp
o
n
si
b
le
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1

42

C
h
ap
te
r
5.
P
ar
al
le
l
co
m
p
u
ti
n
g
on
th
e
IB
M

S
P

fo
r
th
e
ac
tu
al
d
is
tr
ib
u
ti
on
of
d
at
a
an
d
co
m
m
u
n
ic
a
ti
o
n
b
et
w
ee
n
p
ro
ce
ss
or
s

H
ig
h
P
er
fo
rm
an
ce
F
or
tr
an
is
an
ex
te
n
si
on
of
F
or
tr
an
w
it
h
co
n
st
ru
ct
s
fo

gu
id
in
g
th
e
co
m
p
il
er
to
ge
n
er
at
e
eÆ
ci
en
t
co
d
e
fo
r
p
ar
al
le
l
ar
ra
y
op
er
at
io
n
s

T
h
e
sh
ar
ed
m
em
or
y
p
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p
ro
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u
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n
tr
ar
y
to
th
e
d
at

p
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l
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p
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p
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b
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p
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m
er
.
C
om
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at
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b
et
w
ee
n
th
e
p
ro
ce
ss
es
is
a
ch
ie
ve
d
b
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b
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r
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n
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iz
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c.

T
h
e
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si
n
g
p
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al
le
l
p
ro
gr
am
m
in
g
m
o
d
el
.
In
th
is
p
ro
gr
am
m
in

m
o
d
el
ea
ch
p
ro
ce
ss
ex
ec
u
te
s
an
in
d
ep
en
d
en
t
p
ro
gr
am
w
it
h
it
s
ow
n
lo
ca

m
em
or
y
sp
ac
e.
In
or
d
er
to
ac
ce
ss
d
at
a
p
er
ta
in
in
g
to
an
ot
h
er
p
ro
ce
ss
,
th
i

d
at
a
m
u
st
b
e
ex
p
li
ci
tl
y
co
m
m
u
n
ic
at
ed
b
et
w
ee
n
th
e
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o
p
ro
ce
ss
es
.
F
or
su
c

a
co
m
m
u
n
ic
at
io
n
to
ta
ke
p
la
ce
b
ot
h
p
ro
ce
ss
es
in
v
ol
v
ed
m
u
st
p
ar
ti
ci
p
at
e
ac

ti
ve
ly
.
T
h
e
M
es
sa
ge
P
as
si
n
g
In
te
rf
ac
e
(M
P
I)
sp
ec
i�
es
a
se
t
of
su
b
ro
u
ti
n
e

fo
r
co
m
m
u
n
ic
at
io
n
b
et
w
ee
n
p
ro
ce
ss
es
.
M
P
I
h
as
b
ee
n
im
p
le
m
en
te
d
on

va
st
n
u
m
b
er
of
p
la
tf
or
m
s
in
cl
u
d
in
g
b
ot
h
d
is
tr
ib
u
te
d
an
d
sh
ar
ed
m
em
or

m
u
lt
ip
ro
ce
ss
or
s,
n
et
w
or
k
s
of
w
or
k
st
at
io
n
s
an
d
ev
en
si
n
gl
e
p
ro
ce
ss
or
co
m

p
u
te
rs
.

In
P
ap
er
B
a
p
ar
al
le
l
m
es
sa
ge
-p
as
si
n
g
p
ro
gr
am
w
a
s
d
ev
el
o
p
ed
fo
r
th
e
IB
M

S
P
sy
st
em

at
U
N
I-
C
u
si
n
g
M
P
I.
T
h
e
m
es
sa
ge
p
as
si
n
g
p
ar
al
le
l
p
ro
gr
am

m
in
g
m
o
d
el
�
ts
w
el
l
on
p
ar
al
le
l
co
m
p
u
te
rs
co
n
si
st
in
g
of
se
p
ar
at
e
p
ro
ce
ss
or

co
n
n
ec
te
d
b
y
a
co
m
m
u
n
ic
at
io
n
n
et
w
or
k
.
M
os
t
m
o
d
er
n
su
p
er
co
m
p
u
te
rs

in
cl
u
d
in
g
th
e
IB
M
S
P
,
an
d
al
so
n
et
w
or
k
s
of
w
or
k
st
at
io
n
s
fa
ll
in
to
th
is
ca
t

eg
or
y.
T
h
is
ch
ap
te
r
gi
v
es
a
n
in
tr
o
d
u
ct
io
n
to
th
e
IB
M
S
P
sy
st
em
at
U
N
I-
C

an
d
so
m
e
of
th
e
is
su
es
in
vo
lv
ed
in
w
ri
ti
n
g
eÆ
ci
en
t
p
ar
al
le
l
m
es
sa
ge
-p
as
si
n

p
ro
gr
am
s.
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h
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h
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p
ro
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n
o
d
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,
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w
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h
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lo
ca
l
m
em
o
ry
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F
o
u
r
o
f
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es
e
n
o
d
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a
re
fo
r
in
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ra
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iv
e
u
se
,
12
b
el
on
g
to

p
o
ol
fo
r
p
ar
al
le
l
te
st
jo
b
s,
64
a
re
re
se
rv
ed
fo
r
p
a
ra
ll
el
b
a
tc
h
jo
b
s
an
d
th

la
st
20
ar
e
u
se
d
fo
r
se
q
u
en
ti
al
b
at
ch
jo
b
s.
A
ll
n
o
d
es
ru
n
u
n
d
er
th
e
IB
M
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sy
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T
h
e
n
o
d
es
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n
ex
ec
u
te
d
i�
er
en
t
p
ro
gr
am
s
si
m
u
l-

ta
n
eo
u
sl
y
an
d
ar
e
co
n
n
ec
te
d
b
y
a
h
ig
h
-p
er
fo
rm
an
ce
sw
it
ch
th
ro
u
gh
w
h
ic
h

co
m
m
u
n
ic
a
ti
on
b
et
w
ee
n
th
e
n
o
d
es
ca
n
ta
k
e
p
la
ce
.
T
h
e
co
m
m
u
n
ic
at
io
n

sp
ee
d
is
es
se
n
ti
a
ll
y
th
e
sa
m
e
b
et
w
ee
n
an
y
p
a
ir
of
n
o
d
es
.
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H
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rd
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a
re
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ri
st
ic
s

T
h
e
6
4
n
o
d
es
av
ai
la
b
le
fo
r
p
ar
al
le
l
b
at
ch
jo
b
s
ar
e
so
-c
al
le
d
th
in
n
o
d
es
co
n
-

si
st
in
g
of
a
12
0
M
H
z
P
2S
C
p
ro
ce
ss
or
a
n
d
a
3.
5
G
B
y
te
sc
ra
tc
h
d
is
k
sp
ac
e.

H
al
f
o
f
th
e
p
ar
al
le
l
b
a
tc
h
n
o
d
es
ar
e
eq
u
ip
p
ed
w
it
h
51
2
M
B
y
te
of
m
ai
n

m
em
o
ry
a
n
d
th
e
ot
h
er
h
al
f
w
it
h
2
56
M
B
y
te
.
If
a
jo
b
n
ee
d
s
to
b
e
ex
ec
u
te
d

o
n
la
rg
e
m
em
or
y
n
o
d
es
,
th
is
m
u
st
b
e
sp
ec
i�
ed
in
th
e
jo
b
co
m
m
an
d
�
le
.

E
ac
h
p
ro
ce
ss
or
h
a
s
tw
o
�
x
ed
p
oi
n
t
u
n
it
s,
tw
o


oa
ti
n
g
p
oi
n
t
u
n
it
s,
an
d
an

in
st
ru
ct
io
n
a
n
d
b
ra
n
ch
co
n
tr
o
l
u
n
it
.
T
h
is
su
p
er
-s
ca
la
r
a
rc
h
it
ec
tu
re
m
ak
es

it
p
os
si
b
le
to
p
er
fo
rm
tw
o


oa
ti
n
g
p
oi
n
t
m
u
lt
ip
ly
/
ad
d
op
er
at
io
n
s
p
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Chapter 6

Direct solution of sparse

systems of linear

equations

This chapter introduces some of the basic concepts which are used in Paper

B, \Direct Solution of Sparse Systems of Linear Equations using Spiked

Triangular Permutation and Matrix Modi�cation".

We consider the problem of solving a system of linear equations, Ax = b,

where the matrix A 2 Rn�n is large, sparse and unsymmetric. This is

the kind of systems which are solved when the sparse simplex method is

applied to solve large sparse LPs. (For an example of such a matrix, see

Figure 6.2.)

Sparse simplex-type algorithms typically spend the majority of their exe-

cution time solving such systems. The use of direct solution techniques is

favoured by the simplex algorithm since a factorization can be reused for

several iteration by appropriate use of updating schemes.

The rows of A can be reordered (permuted) without changing the solution

of the system provided that b is reordered accordingly, similarly the columns

of A can be reordered if the unknowns x are reordered accordingly. A per-

mutation matrix (of order n) is a matrix P 2 Rn�n such that every row and
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K

L3L2L1

Figure 6.1: Non-zero pattern after the triangularizing reordering procedure

The matrix is divided in �ve parts K (the kernel matrix), L1, L2, L3 an

the rest, which is all zero.

every column of P are unit vectors. Pre-multiplication by a permutatio

matrix corresponds to row permutation while post-multiplication by a per

mutation matrix corresponds to column permutation. I.e. if [p1 p2 : : : pn

and [q1 q2 : : : qn] are permutations of [1 2 : : : n], then the matrix ^A

de�ned by

^Apiqj = Aij 8i; j = 1; : : : ; n

can be written as

^A = PAQT

where P and QT are permutation matrices given by

P = [ep1 : : : epn ] and Q = [eq1 : : : eqn ]

Since the early days of computational linear programming [29] a trian

gularizing reordering procedure of the rows and columns has been use

as part of the basis factorization procedure. This reordering results in

matrix, ^A, in which the �rst s rows and last t columns �ts a lower trian

gular form, i.e. such that 8i = 1; : : : ; s 8j = i + 1; : : : ; n : ^Aij = 0 an

8j = n+ 1� t; : : : ; n 8i = 1; : : : ; j� 1 : ^Aij = 0 as illustrated in Figure 6.1

The reordered system can be solved for the �rst s unknowns by forwar

substitution, then a system of order n�s� t, known as the kernel, must b

solved before the last t unknows are determined by forward substitution.

The triangularizing reordering is accomplished by the following procedure
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Figure 6.3: A sparse matrix and the associated bipartite graph.

independently (f.ex. in parallel) and that �ll-in is limited to the diagonal

blocks.

It turns out that the block triangular form of a matrix can be found by

fast graph algorithms and that the block triangular form of a matrix is

essentially unique. The permutation to block triangular form is generally

done in two steps [11].

1. Find a reordering with non-zeros on the diagonal. Given an n by

n matrix B, �nding a permutation PBQ with non-zero elements

along the diagonal is called �nding a transversal. In graph theo-

retical terms this corresponds to �nding a perfect matching in the

bipartite graph G = (N;E) with N = fr1; r2; :::; rmg [ fc1; c2; :::cmg

and E = ffri; cjgjBij 6= 0g associated with B. (see Figure 6.3) As

symmetric permutations preserve the diagonal elements we only need

to consider row permutations PA when looking for a transversal.

The algorithm can be seen as assigning rows to the columns such

that every row is incident with the column to which it is assigned. If

this is not possible the matrix is structurally singular. The following

algorithm for �nding a transversal

U = f1; :::; ng

for k = 1 to n do

52 Chapter 6. Direct solution of sparse systems of linear equation

�nd i0 2 U i1; i2; :::; il 62 U such that Bi0i1 ; Bi1i2 ; :::; Bisk 6= 0

pk = js

for j=1 to s do

pij = ij�1

end for

U = U n fi0g

end for

augments the number of rows in the transversal by one in each itera

tion. A simple assignment occurs in the k'th iteration if an unassigne

row with a non-zero element in the k'th column exists, i.e. there ex

ists an i0 such that Bi0k 6= 0. If not, a depth-�rst search is initiated t

�nd the chain Bi0i1 ; Bi1i2 ; :::; Bisk 6= 0 (which is called an augmentin

path). The worst case complexity of this algorithm is O(nt), wher

t is the number of non-zero elements of B. Complicated algorithm

with better worst case complexities (as for example the algorithm b

Hopcroft and Karp with worst case complexity O(
p
n t)) can be con

structed, but the algorithm described above performs well in practic

[11].

2. Find a symmetric reordering Q ^BQT of the matrix ^B = PB, resultin

from the �rst step, that puts the matrix into block triagular form

In graph theoretical terms this corresponds to �nding the maxima

strongly connected components and their topological order in the di

rected graph G(V;A) with V = f1; :::; ng and A = f(j; i) : ^Bij 6= 0

associated with ^B. A strongly connected component in a directe

graph is a subset of the vertices such that a directed path exists be

tween each ordered pair of vertices in the subset. It can be seen tha

the sub matrix corresponding to a strongly connected component i

irreducible. By de�nition a path between two vertices from two di�er

ent maximal strongly connected components can only exist in one o

the directions (otherwise their union would constitute a strongly con

nected component contradicting the assumption that they were bot

maximal). The direction of the path de�nes a partial order of th

maximal strongly connected components. The block triangular form

is achieved by permuting the matrix such that the diagonal block

corresponds to the maximal strongly connected components in thei

topological order.

The block triangular form and the intermediate permutation for a zero-fre
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Figure 6.5: Permuted non-zero patterns of world.bas.kernel. 1) transversa

2) block triangular form

diagonal of world.bas.kernel are shown in �gure 6.5.

Spiky, described in Paper B, does not permute the kernel to block trian

gular form prior to the factorization. This possibility was tested, using a

implementation of block triangular ordering from the Harwell subroutin

library, but it turned out that the ordering time exceeded the factorizatio

time of the unordered matrices.

6.2 Exploitation of solution sparsity in sparse

triangular solves

The execution time for solving large sparse LPs by a simplex algorithm i

typically dominated by the solution of very sparse triangular systems [5

Generally the right-hand sides of these systems and, more important, als

the resulting solution vectors are sparse as well. A straightforward spars

implementation of the substitution algorithm as shown below solves th

system in a time proportional to the number of non-zeros in the matrix.

The system Lx = b, where L is a sparse unit lower triangular matrix i

solved by setting x = b followed by sparse forward substitution.
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Figure 6.7: The associated graph G(L)
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than the cost of the two triangular solves. However, a factorization is of

ten reused for solving several di�erent systems with the same matrix A

but with di�rent right hand sides. Thus in many contexts, including th

simplex method, the aggregate cost of triangular solves can be much large

than the factorization cost.

We will consider two di�erent approaches for exploiting parallelism whe

solving sparse triangular systems of linear equations. Assume that th

system we want to solve, Lx = b, has been scaled to make L unit lowe

triangular.

The graph G(L) = (V;A) associated with L will be useful in both cases. I

is de�ned by

V = f1; 2; :::; ng

A = f(j; i) : Lij 6= 0 and j < ig

Parallel forward substitution

De�ne the level of a node of G(L) to be the length of the longest pat

pointing into the node. If no arcs enters the node its level is 0.

The key observation is that the forward substitution of variables corre

sponding to nodes at the same level can be performed in parallel. But tha

all values of variables of lower levels must be determined before the valu

of a variable is found. Thus the level of the node with the highest level i

the graph determines minimumnumber of step required by parallel forwar

substitution.

The partitioned inverse approach

The partitioned inverse approach for solving triangular systems in paralle

was introduced by Alvarado, Pothen and Schreiber [2]. The idea is t

obtain a representation of L�1 as a product of k unit lower matrices

L�1 = P1P2:::Pk

such that no �ll is introduced, i.e. none of the Pi matrices has a non-zer

element in a position where L has a zero. Often it will be the case tha
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b
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at
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b
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b
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b
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b
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b
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p
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e
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e
ac
ti
ve
n
o
d
es
.
P
is
ca
ll
ed
th
e
ro
ot
n
o
d
e.
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p
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b
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b
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b
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P
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p
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=
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R
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e p
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d
es
=
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=
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b
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b
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b
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b
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d
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b
er
o
f
�
x
ed
b
in
a
ry
va
ri
ab
le
s.
S
in
c

b
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b
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.
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b
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b
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b
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b
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b
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b
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re
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d
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l
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.
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b
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p
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p
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b
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Æ
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Æ
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at
x
1
is
a
bi
n
ar
y
va
ri
ab
le
an
d
th
at
0
�
x
2
;x
3
�
1
ar
e
va
li
d

bo
u
n
ds
.
T
h
en
8
x
1
+
4
x
2
+
4x
3
�
8
ca
n
re
pl
ac
e
th
e
o
ld
co
n
st
ra
in
t
si
n
ce
th
e

u
pp
er
bo
u
n
d
o
f
8
on
m
ax
f4
x
2
+
4
x
3
:
x
2
S
x
1
=
0
g
is
ea
si
ly
ob
ta
in
ed
fr
om

th
e
bo
u
n
ds
o
n
x
2
an
d
x
3
.
N
ow
su
pp
os
e
th
a
t

x
2
+
x
3
�
1

is
a
n
ot
he
r
co
n
st
ra
in
t
in
M
.
U
si
n
g
th
is
\s
id
e
co
n
st
ra
in
t"
w
e
se
e
th
at

m
a
xf
4x
2
+
4
x
3
:
x
2
S
x
1
=
0
g�
4
so
th
e
or
ig
in
al
co
n
st
ra
in
t
ca
n
be
re
pl
ac
ed

by

4x
1
+
4x
2
+
4x
3
�
4

w
hi
ch
in
tu
rn
is
eq
u
iv
al
en
t
to
x
1
+
x
2
+
x
3
�
1

T
h
e
th
eo
re
m

ca
n
ea
si
ly
b
e
ex
te
n
d
ed
to
si
m
u
lt
a
n
eo
u
s
re
d
u
ct
io
n
of
co
eÆ
-

ci
en
ts
.
R
ec
a
ll
th
at
D
is
th
e
in
d
ex
se
t
o
f
th
e
b
in
a
ry
va
ri
ab
le
s
an
d
C
is
th
e

in
d
ex
se
t
o
f
th
e
co
n
ti
n
u
os
va
ri
ab
le
s.

T
h
e
o
re
m

A
.2
A
n
in
eq
u
al
it
y
a
x
�
b
of
th
e
fo
rm
u
la
ti
on
o
f
M

ca
n
be
re
-

p
la
ce
d
by

X j
2
D

(a
j
�
Æ j
)x
j
+

X j
2
C

a
j
x
j
�
b
�

X j
2
D

Æ j

(A
.2
)

w
he
re
0
�
Æ j
�
m
a
xf
0;
b
�
m
a
xf

P k
6=
j
a
k
x
k
:
x
2
S
x
j
=
0
gg
w
it
ho
u
t
a�
ec
ti
n
g

th
e
se
t
o
f
fe
a
si
bl
e
so
lu
ti
on
s.
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A
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(S
u
bs
et
co
eÆ
ci
en
t
re
du
ct
io
n
)
L
et
x
j

be
a
bi
n
ar
y
va
ri
ab
le

A
n
d
le
t
a
x
�
b
be
an
in
eq
u
al
it
y
of
th
e
fo
rm
u
la
ti
on
of
M
.
If
K

�
J
su
c

th
at
j
62
K

an
d
fi
:
a
i
<
0
g�
K

th
en

(a
j
�
Æ)
x
j
+

X k
2
K

a
k
x
k
�
b
�
Æ

(A
.3

is
a
va
li
d
in
eq
u
al
it
y
w
he
n
0
�
Æ
�
b
�
m
ax
fP
k
2
K

a
k
x
k
:
x
2
S
x
j
=
0
g

P
ro
o
f

T
h
e
in
eq
u
al
it
y
a
j
x
j
+

P k
2
K

a
k
x
k

�
b
is
im
p
li
ed
b
y
a
x
�
b

N
ow
th
e
th
eo
re
m
fo
ll
ow
s
b
y
ap
p
ly
in
g
co
eÆ
ci
en
t
re
d
u
ct
io
n
on
th
e
im
p
li
e

in
eq
u
al
it
y.

E
x
a
m
p
le
4
L
et
x
1
2
f0
;1
g
an
d
0
�
x
2
;x
3
;x
4
;x
5
�
1,
an
d
co
n
si
de
r
th

in
eq
u
al
it
y

3x
1
+
x
2
+
x
3
+
x
4
+
x
5
�
4

B
y
ch
oo
si
n
g
K
=
f2
;3
;4
gw
e
ob
ta
in
th
e
va
li
d
in
eq
u
al
it
y

2
x
1
+
x
2
+
x
3
+
x
4
�
3

w
hi
ch
is
n
ot
av
ai
la
bl
e
by
si
m
pl
e
co
eÆ
ci
en
t
re
du
ct
io
n
.

A
.4

C
u
t
g
e
n
e
ra
ti
o
n
.

A
.4
.1

L
if
ti
n
g
o
f
c
u
ts
.

A
lg
or
it
h
m
s
w
h
ic
h
co
m
b
in
e
b
ra
n
ch
-a
n
d
-b
ou
n
d
an
d
au
to
m
at
ic
re
fo
rm
u
la
ti
o

ar
e
ca
ll
ed
b
ra
n
ch
-a
n
d
-c
u
t
al
go
ri
th
m
s.
A
u
to
m
at
ic
re
fo
rm
u
la
ti
on
ca
n
in
p
ri
n

ci
p
le
b
e
ap
p
li
ed
at
an
y
n
o
d
e
of
an
L
P
b
as
ed
b
ra
n
ch
-a
n
d
-b
ou
n
d
al
go
ri
th
m

H
ow
ev
er
th
e
fa
ct
th
at
cu
ts
ge
n
er
at
ed
at
on
e
n
o
d
e
ar
e
n
ot
ge
n
er
al
ly
va
li

at
o
th
er
n
o
d
es
m
a
ke
s
th
is
ap
p
ro
ac
h
co
m
p
u
ta
ti
on
al
ly
u
n
at
tr
ac
ti
ve
.
L
if
ti
n

p
ro
v
id
es
a
te
ch
n
iq
u
e
to
ov
er
co
m
e
th
is
d
ra
w
b
a
ck
b
y
ob
ta
in
in
g
a
gl
ob
al
l

va
li
d
in
eq
u
al
it
y
fr
om
an
in
eq
u
al
it
y
va
li
d
on
ly
at
a
gi
ve
n
n
o
d
e.

T
h
e
o
re
m

A
.4
L
et
�
x
�
�
be
a
va
li
d
in
eq
u
al
it
y
fo
r
S
x
j
=
0
.
T
he
n
~�
j
x
j
+

P k
6=
j
�
k
x
k

�
�
is
a
va
li
d
in
eq
u
al
it
y
fo
r
S
if
~�
j
�
�
�
m
ax
fP
k
6=
j
�
k
x
k

x
2
S
x
j
=
1
g.
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1

P
ro
o
f

T
o
sh
ow
th
at
th
e
in
eq
u
al
it
y
is
va
li
d
fo
r
S
=
S
x
j
=
0
[S
x
j
=
1
w
e
m
u
st

sh
ow
th
at
it
is
va
li
d
fo
r
b
o
th
S
x
j
=
0
an
d
S
x
j
=
1
.
~�
j
x
j
+

P k
6=
j
�
k
x
k

�
�
is

va
li
d
fo
r
S
x
j
=
0
fo
r
a
n
y
va
lu
e
of
~�
j
.
F
or
x
2
S
x
j
=
1
,
~�
j
x
j
+

P k
6=
j
�
k
x
k

=

~�
j
+

P k
6=
j
�
k
x
k
�
�
w
h
ic
h
is
va
li
d
fo
r
S
x
j
=
1
if
~�
j
�
�
�
m
ax
fP
k
6=
j
�
k
x
k
:

x
2
S
x
j
=
1
g

T
h
e
st
ro
n
g
es
t
in
eq
u
al
it
y
is
ob
ta
in
ed
fo
r
~�
j

=
�
�
m
ax
fP
k
6=
j
�
k
x
k

:
x
2

S
x
j
=
1
g.
B
u
t
n
or
m
a
ll
y
w
e
w
il
l
b
e
sa
ti
s�
ed
w
it
h
a
va
lu
e
ob
ta
in
ed
fr
om
a

re
la
x
a
ti
on
o
f
th
e
m
ax
im
iz
at
io
n
p
ro
b
le
m
.

It
is
al
so
p
o
ss
ib
le
to
a
p
ly
th
e
th
eo
re
m
to
ob
ta
in
a
g
lo
b
al
ly
va
li
d
in
eq
u
al
it
y

fr
om
a
va
li
d
in
eq
u
al
it
y
fo
r
a
n
o
d
e
w
h
er
e
o
n
e
of
th
e
b
in
ar
y
va
ri
ab
le
s
h
as

b
ee
n
�
x
ed
at
o
n
e.
If
�
x
�
�
is
a
va
li
d
in
eq
u
al
it
y
fo
r
S
x
j
=
1
w
e
ca
n
ob
ta
in

a
va
li
d
in
eq
u
al
it
y
fo
r
S
b
y
ap
p
ly
in
g
th
e
th
eo
re
m
w
it
h
x
j

co
m
p
le
m
en
te
d
,

si
n
ce
�
x
�
�
is
va
li
d
fo
r
S
^x
j
=
0
w
h
er
e
^x
j
=
1
�
x
j
.

If
a
va
li
d
in
eq
u
al
it
y
is
gi
v
en
fo
r
a
su
b
se
t
o
f
S
w
it
h
m
or
e
th
an
on
e
va
ri
ab
le

�
x
ed
,
a
va
li
d
in
eq
u
al
it
y
fo
r
S
is
ob
ta
in
ed
b
y
se
q
u
en
ti
al
ly
li
ft
in
g
ea
ch
of
th
e

�
x
ed
va
ri
a
b
le
s.
G
en
er
al
ly
,
d
i�
er
en
t
va
li
d
in
eq
u
al
it
ie
s
ca
n
b
e
o
b
ta
in
ed
b
y

va
ry
in
g
th
e
or
d
er
in
w
h
ic
h
th
e
�
x
ed
va
ri
ab
le
s
ar
e
co
n
si
d
er
ed
fo
r
li
ft
in
g,
as

il
lu
st
ra
te
d
b
y
th
e
fo
ll
ow
in
g
ex
am
p
le
.

E
x
a
m
p
le
5
L
et
S
=
fx
2
f0
;1
g4
:
13
x
1
+
11
x
2
+
1
1x
3
+
10
x
4
�
32
g.

W
e
se
e
th
at
x
2
+
x
3
�
1
is
a
va
li
d
in
eq
u
al
it
y
fo
r
S
x
1
=
1
;x
4
=
0
=
f(
x
2
;x
3
)
2

f0
;1
g2
:
11
x
2
+
11
x
3
�
19
g

1
.
B
y
li
ft
in
g
x
2
+
x
3

�
1
fo
r
^x
1

w
e
ge
t
~�
1

=

1
�
m
ax
fx
2
+
x
3

:

S
^x
1
=
1
;x
4
=
0
g
=
1
�
2
=
�1
so
th
e
in
eq
u
al
it
y
be
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m
es
�(
1
�
x
1
)
+

x
2
+
x
3

�
1
o
r
x
1
+
x
2
+
x
3

�
2.

L
if
ti
n
g
th
is
fo
r
x
4

w
e
ge
t

~�
4

=

2
�
m
a
xf
x
1
+
x
2
+
x
3

:
S
x
4
=
1
g
=

2
�
2
=

0
so
th
e
va
li
d

in
eq
u
al
it
y
fo
r
S
be
co
m
es

x
1
+
x
2
+
x
3
�
2

2
.
L
if
ti
n
g
x
2
+
x
3

�
1
fo
r
x
4

�
rs
t,
w
e
ge
t
~�
4

=

1
�
m
a
xf
x
2
+
x
3

:

S
^x
1
=
0
;x
4
=
1
g=
1
�
0
=
1
so
th
e
in
eq
u
a
li
ty
be
co
m
es
x
2
+
x
3
+
x
4
�
1.

L
if
ti
n
g
th
is
fo
r
^x
1
w
e
ge
t
~�
1
=
1
�m
a
xf
x
2
+
x
3
+
x
4
:
S
^x
1
=
1
g=
1
�3
=

�1
so
th
e
va
li
d
in
eq
u
a
li
ty
fo
r
S
be
co
m
es
�2
(1
�x
1
)+
x
2
+
x
3
+
x
4
�
1

o
r
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1
+
x
2
+
x
3
+
x
4
�
3
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G
om
or
y
[8
]
p
io
n
ee
re
d
th
e
id
ea
of
ad
d
in
g
va
li
d
in
eq
u
al
it
ie
s
to
a
gi
ve
n
in
te
ge

li
n
ea
r
p
ro
gr
am
m
in
g
fo
rm
u
la
ti
on
in
or
d
er
to
ti
gh
te
n
th
e
L
P
-r
el
ax
at
io
n
u
n
t

a
n
in
te
ge
r
op
ti
m
al
so
lu
ti
on
is
ob
ta
in
ed
.
A
G
om
or
y
cu
t,
v
io
la
te
d
b
y
th

cu
rr
en
t
so
lu
ti
on
of
th
e
L
P
-r
el
ax
at
io
n
,
ca
n
b
e
ob
ta
in
ed
fo
r
ea
ch
fr
ac
ti
on
a

va
ri
ab
le
w
it
h
in
it
.
A
lt
h
ou
gh
th
e
G
om
or
y
cu
ts
ar
e
n
ot
im
m
ed
ia
te
ly
ap
p
l

ca
b
le
to
m
ix
ed
0-
1
li
n
ea
r
p
ro
gr
am
s,
th
e
id
ea
ca
n
b
e
ex
te
n
d
ed
to
th
is
ty
p

of
p
ro
b
le
m
[3
].

L
et
x
�
b
e
th
e
op
ti
m
al
so
lu
ti
on
of
th
e
L
P
-r
el
ax
at
io
n
of
th
e
cu
rr
en
t
fo
rm
u
la

ti
on
of
M
an
d
le
t
B
b
e
th
e
co
rr
es
p
on
d
in
g
b
as
is
-m
at
ri
x
.
L
et
x
j
b
e
a
b
in
a
r

va
ri
ab
le
su
ch
th
at
x
� j
is
fr
ac
ti
on
al
.
L
et
y
=
eT i
B
�
1
N

(i
.e
.
th
e
i'
th
ro
w
o

th
e
op
ti
m
al
si
m
p
le
x
-t
ab
le
au
)
w
h
er
e
i
is
th
e
p
os
it
io
n
of
x
j
in
th
e
b
as
is
.
T
h

i'
th
ro
w
of
th
e
op
ti
m
al
si
m
p
le
x
-t
ab
le
au
re
ad
s

x
j
+

X
k
2
D
N

y k
x
k
+

X
k
2
C
N

y k
x
k
=
x
� j

w
h
er
e
D
N

d
en
ot
es
th
e
n
on
-b
as
ic
b
in
ar
y
va
ri
ab
le
s
an
d
C
N

d
en
ot
es
th
e
n
on

b
as
ic
co
n
ti
n
u
ou
s
va
ri
ab
le
s
in
cl
u
d
in
g
sl
ac
k
-v
ar
ia
b
le
s.
L
et
ba
c
d
en
ot
e
th

la
rg
es
t
in
te
ge
r
le
ss
th
an
or
eq
u
al
to
a
an
d
le
t
f(
a)
d
en
ot
e
a
�
ba
c.
T
h
en
th

si
m
p
le
x
-t
ab
le
au
ro
w
s
ca
n
b
e
re
w
ri
tt
en
as

x
j
+

X
k
2
D
N

by
k
cx
k
+

X
k
2
D
N

f
(y
k
)x
k
+

X
k
2
C
N

y k
x
k
=
x
� j

T
h
e
�
rs
t
tw
o
te
rm
s
on
th
e
le
ft
si
d
e
ar
e
in
te
ge
r
va
lu
ed
fo
r
an
y
fe
as
ib
l

so
lu
ti
on
s
to
M
.
S
o
w
e
g
et

X
k
2
D
N

f
(y
k
)x
k
+

X
k
2
C
N

y k
x
k
�
x
� j

(m
o
d1
)

T
h
is
re
la
ti
on
re
m
ai
n
s
tr
u
e
if
w
e
su
b
tr
ac
t
th
e
in
te
ge
r

P k
2

^
D
N

x
k

on
th
e
le
f

si
d
e,
fo
r
so
m
e
su
b
se
t

^
D
N

o
f
D
N

X
k
2
D
N

n
^
D
N

f
(y
k
)x
k
+

X
k
2

^
D
N

(f
(y
k
)
�
1)
x
k
+

X
k
2
C
N

y k
x
k
�
x
� j

(m
o
d1
)

F
or
th
is
to
b
e
tr
u
e,
at
le
as
t
on
e
o
f
th
e
fo
ll
ow
in
g
tw
o
co
n
d
it
io
n
s
m
u
st
b

tr
u
e.
1)
th
e
su
m
of
th
e
n
on
-n
eg
at
iv
e
le
ft
h
an
d
si
d
e
te
rm
s
is
gr
ea
te
r
th
an
o
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eq
u
al
to
x
� j
,
or
2
)
th
e
su
m
of
th
e
n
eg
at
iv
e
le
ft
h
a
n
d
si
d
e
te
rm
s
is
le
ss
th
an

o
r
eq
u
al
to
x
� j
�
1
.
T
o
re
a
li
ze
th
is
,
as
su
m
e
th
a
t
b
o
th
co
n
d
it
io
n
s
ar
e
fa
ls
e,

i.
e
th
a
t
th
e
su
m
of
th
e
n
on
-n
eg
at
iv
e
le
ft
h
an
d
si
d
es
is
st
ri
ct
ly
le
ss
th
an
x
� j

an
d
th
e
su
m
o
f
th
e
n
eg
at
iv
e
te
rm
s
on
th
e
le
ft
h
a
n
d
si
d
e
is
st
ri
ct
ly
gr
ea
te
r

th
a
n
x
� j
�
1
.
It
fo
ll
ow
s
th
e
to
ta
l
su
m
of
th
e
le
ft
h
an
d
si
d
e
te
rm
s
is
st
ri
ct
ly

b
et
w
ee
n
x
� j
�
1
an
d
x
� j
an
d
th
er
ef
o
re
ca
n
n
ot
b
e
eq
u
al
to
x
� j
m
o
d
u
lo
1.

W
e
ge
t

X
k
2
D
N

n
^
D
N

f
(y
k
)x
k
+

X
k
2
C
+ N

y k
x
k
�
x
� j

o
r

X
k
2

^
D
N

(f
(y
k
)
�
1
)x
k
+

X
k
2
C
� N

y k
x
k
�
x
� j
�
1

w
h
er
e
C
+ N

=
fk
2
C
N

:
y k
>
0g
a
n
d
C
� N

=
fk
2
C
N

:
y k
<
0g
.

M
u
lt
ip
ly
in
g
th
e
la
st
in
eq
u
a
li
ty
b
y
�1
,
d
iv
id
in
g
b
o
th
in
eq
u
al
it
ie
s
b
y
th
ei
r

ri
gh
t
h
a
n
d
si
d
e
a
n
d
�
n
al
ly
ad
d
in
g
th
em
y
ie
ld
s

X
k
2
D
N

n
^
D
N

f
(y
k
)

x
� j

x
k
+

X
k
2

^
D
N

1
�
f
(y
k
)

1
�
x
� j

x
k
+

X
k
2
C
+ N

y k x
� j
x
k
�

X
k
2
C
� N

y k

1
�
x
� j
x
k
�
1

(A
.4
)

T
h
e
le
ft
h
an
d
si
d
e
is
ze
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+
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+
u
j
cx
� j
�
bu
0
� b
+

X j
2
D

u
j
c:
u
;u
0
�
0g

T
h
is
p
ro
b
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at
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ra
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b
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at
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at
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b
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b
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+
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j
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or
ex
am
p
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p
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p
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p
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b
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ra
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b
in
at
or
ia
l

op
ti
m
iz
at
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p
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.
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.
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.
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p
ro
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c
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p
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t
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p
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p
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p
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p
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b
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b
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at
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at
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at
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b
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m
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p
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at
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p
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b
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p
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re
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at
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Æ
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h
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p
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b
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b
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b
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p
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p
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p
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b
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b
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b
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equivalent augmented system. A discussion of these techniques can be

found in Du� et. al. [5], Chapter 11.

Gondzio [11] used the matrix modi�cation approach in connection with a

spiked triangular reordering of the basis matrix for the basis inverse repre-

sentation of an implementation of a simplex-like algorithm. Spiky follows

the principles outlined by Gondzio, but we have included several improve-

ments. A new faster heuristic for �nding a spiked triangular reordering is

used instead of the SPK1 heuristic [18]. This change is crucial to avoid

that the reordering time dominates the total execution time. Furthermore

we make sure that sparsity is exploited in every part of the factorization.

Solution sparsity is exploited when solving the sparse triangular systems

occurring during the block LU-factorization. This was also done in [11]

but the paper is lacking in detail as regards the implementation. Our

implementation of this feature follows the ideas outlined in [10] where im-

plementation tricks to avoid that the symbolic computations dominate the

solve are discussed. In [11] a dense factorization of the Schur complement

was used. Experiments in this paper show that the Schur complement ma-

trix is often suÆciently sparse to bene�t from a sparse implementation of

its factorization and this possibility has been included in Spiky.

In the next section we give an overview of the method and a numerical ex-

ample is given in section 3. In the following three sections the 3 main steps

of the factorization, ordering, computation of the block LU-factorization of

the augmented system and LU-factorization of the Schur complement are

discussed. Section 7 discus the solve. The numerical stability of the method

is discussed in section 8. Section 9 contains computational experiments. A

parallel implementation is discussed in section 10. Finally the conclusion

is presented in section 11.

B.2 Overview of the method.

We wish to solve the systems Bx = b and BT y = d, where B is a large

sparse non-singular m �m real matrix.

96 Appendix B. Direct solution of sparse unsymmetric systems (SPIKY

K

L3L2L1

Figure B.1: Non-zero pattern after initial triangularizing reordering proce

dure. The matrix is divided in �ve parts K (the kernel matrix), L1, L2, L

and the rest, which is all zero.

B.2.1 Identifying the kernel.

By applying a triangularizing reordering procedure to B the dimension o

the matrix which must be factorized can often be reduced considerably

This is particularly true for linear programming basis matrices which typ

ically contain many singleton columns. We refer to the kernel, K, of

matrix, B, as what remains after recursively removing column and row sin

gletons from the matrix. The kernel of matrix and the associated reorderin

is illustrated in Figure 1.

A factorization of the kernel matrix K can be exploited to solve system

involving B, via the factorization

PBQ =

2
4 L11 0 0

L12 K 0

L13 L2 L3
3

5

=

2
4 L11 0 0

L12 I 0

0 0 I
3

5
2

4 I 0 0

0 K 0

0 0 I
3

5
2

4 I 0 0

0 I 0

L13 L2 L3
3

5

Spiky includes a triangularizing reordering procedure following the princi

ples described by Orchard-Hays [17] as its �rst step.
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at
B
0
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ea
si
ly
in
v
er
ti
b
le

(m
ea
n
in
g
th
at
B
0
x
=
b
a
n
d
B
T 0
y
=
d
ca
n
b
e
so
lv
ed
eÆ
ci
en
tl
y
)
an
d
th
at

th
e
n
u
m
b
er
o
f
sp
ik
es
s
ca
n
b
e
k
ep
t
lo
w
.
E
x
p
er
ie
n
ce
sh
ow
s
th
at
m
os
t
re
al

w
or
ld
sp
ar
se
li
n
ea
r
p
ro
gr
am
m
in
g
b
as
es
al
lo
w
n
ea
rl
y
tr
ia
n
gu
la
r
p
er
m
u
ta
-

ti
on
s,
i.
e.
th
ey
ca
n
b
e
p
er
m
u
te
d
to
lo
w
er
tr
ia
n
gu
la
r
m
at
ri
ce
s
ex
ce
p
t
fo
r

a
sm
al
l
n
u
m
b
er
o
f
sp
ik
e
co
lu
m
n
s.
T
h
u
s
th
e
ea
si
ly
in
ve
rt
ib
le
fo
rm
w
e
u
se

fo
r
B
0
is
a
lo
w
er
tr
ia
n
g
u
la
r
m
at
ri
x
.
(A
n
ot
h
er
ea
si
ly
in
v
er
ti
b
le
fo
rm
w
h
ic
h

se
em
s
p
a
rt
ic
u
la
rl
y
d
es
ir
ab
le
in
a
p
ar
al
le
l
se
tt
in
g
is
th
e
b
lo
ck
d
ia
go
n
al
fo
rm
.)

In
th
e
d
es
cr
ip
ti
o
n
a
b
ov
e
w
e
h
av
e
av
oi
d
ed
th
e
u
se
o
f
p
er
m
u
ta
ti
on
m
at
ri
ce
s,

im
p
li
ci
tl
y
as
su
m
in
g
th
at
B
is
a
lr
ea
d
y
in
sp
ik
ed
tr
ia
n
g
u
la
r
fo
rm
.
In
p
ra
ct
ic
e,

of
co
u
rs
e,
w
e
fa
ct
or
iz
e
a
sp
ik
ed
tr
ia
n
g
u
la
r
p
er
m
u
ta
ti
on
of
B
.

B
y
fa
ct
or
iz
at
io
n
w
e
u
n
d
er
st
an
d
th
e
p
ar
t
o
f
th
e
co
m
p
u
ta
ti
on
of
th
e
so
lu
ti
on

to
B
x
=
b
or
B
T
y
=
d
w
h
ic
h
ca
n
b
e
p
er
fo
rm
ed
b
ef
or
e
th
e
ri
gh
t-
h
an
d
si
d
e

is
k
n
ow
n
(a
n
d
th
er
ef
or
e
ca
n
b
e
re
u
se
d
fo
r
d
i�
er
en
t
ri
gh
t-
h
an
d
si
d
es
).
T
h
e

fa
ct
o
ri
za
ti
on
p
a
rt
o
f
th
e
m
et
h
o
d
d
es
cr
ib
ed
ab
ov
e
co
n
si
st
s
of
th
e
fo
ll
ow
in
g
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rd
e
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n
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en
ti
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,
h
op
ef
u
ll
y
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al
l,
n
u
m
b
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sp
ik
e
co
lu
m
n
s

a
n
d
th
e
a
ss
o
ci
at
ed
or
d
er
in
g
w
h
ic
h
p
u
ts
th
e
re
m
a
in
in
g
m
at
ri
x
in
lo
w
er
tr
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an
gu
la
r
fo
rm
.
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B
lo
ck
L
U
-f
a
c
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ri
z
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ti
o
n
o
f
th
e
a
u
g
m
e
n
te
d
sy
st
e
m
.
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p
en
d
ix
B
.
D
ir
ec
t
so
lu
ti
on
of
sp
ar
se
u
n
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b
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p
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d
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n
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f
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at
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b
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b
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b
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p
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at
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p
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at
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=
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P
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b
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O
rd
e
ri
n
g
a
lg
o
ri
th
m

W
e
d
is
cu
ss
h
ow
to
re
or
d
er
th
e
b
as
is
m
at
ri
x
in
to
a
fo
rm

w
h
ic
h
is
lo
w
e

tr
ia
n
gu
la
r
ex
ce
p
t
fo
r
a
n
u
m
b
er
of
co
lu
m
n
s,
ca
ll
ed
sp
ik
es
,
re
a
ch
in
g
ab
ov

th
e
d
ia
go
n
al
.
W
e
w
is
h
to
ke
ep
th
e
n
u
m
b
er
of
sp
ik
es
in
th
e
re
su
lt
in
g
sp
ik
e

tr
ia
n
gu
la
r
fo
rm

as
lo
w
a
s
p
os
si
b
le
.
It
is
an
N
P
-h
ar
d
p
ro
b
le
m

to
�
n
d

p
er
m
u
ta
ti
on
w
it
h
th
e
m
in
im
u
m
n
u
m
b
er
of
sp
ik
es
,
b
u
t
eÆ
ci
en
t
h
eu
ri
st
ic

ar
e
av
ai
la
b
le
.

B
.4
.1

S
p
ik
e
d
tr
ia
n
g
u
la
r
fo
rm

O
rd
er
in
g
al
go
ri
th
m
s
to
o
b
ta
in
a
sp
ik
ed
tr
ia
n
gu
la
r
p
er
m
u
ta
ti
on
of
B
h
av

b
ee
n
ar
ou
n
d
in
li
n
ea
r
p
ro
gr
am
m
in
g
fo
r
a
lo
n
g
ti
m
e.
In
19
71
,
H
el
le
rm
a

an
d
R
ar
ic
k
[1
2]
in
tr
o
d
u
ce
d
th
e
P
3

h
eu
ri
st
ic
fo
r
p
er
m
u
ti
n
g
a
sp
ar
se
u
n

sy
m
m
et
ri
c
m
at
ri
x
in
to
sp
ik
ed
tr
ia
n
gu
la
r
fo
rm
w
it
h
a,
h
op
ef
u
ll
y,
sm
al
ln
u
m

b
er
of
sp
ik
es
.
W
h
en
G
au
ss
ia
n
el
im
in
at
io
n
w
it
h
ou
t
p
iv
ot
in
g
is
ap
p
li
ed
to

sp
ik
ed
tr
ia
n
gu
la
r
m
at
ri
x
,
th
e
�
ll
is
co
n
�
n
ed
to
th
e
sp
ik
e
co
lu
m
n
s.
T
h
ei

al
go
ri
th
m
w
as
u
se
d
to
d
et
er
m
in
e
a
re
or
d
er
in
g
of
th
e
b
as
is
m
at
ri
x
,
b
ef
or

th
e
L
U
fa
ct
or
s
a
re
co
m
p
u
te
d
b
y
G
au
ss
ia
n
el
im
in
at
io
n
,
w
it
h
th
e
p
u
rp
os
e
o

im
p
ro
v
in
g
th
e
sp
ar
si
ty
of
th
e
re
su
lt
in
g
fa
ct
or
s.
H
ow
ev
er
th
e
st
at
ic
re
or
d
er

in
gs
of
b
o
th
th
e
P
3
an
d
th
e
P
4
[1
3]
h
eu
ri
st
ic
s,
w
h
ic
h
si
m
p
ly
co
n
si
st
s
i
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O
rd
er
in
g
a
lg
or
it
h
m
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3

ap
p
ly
in
g
P
3
to
ea
ch
of
th
e
d
ia
go
n
al
b
lo
ck
s
of
th
e
b
lo
ck
tr
ia
n
gu
la
r
fo
rm
of

th
e
m
at
ri
x
,
su
�
er
fr
om
se
ve
re
n
u
m
er
ic
al
in
st
ab
il
it
y.
In
fa
ct
a
b
re
ak
d
ow
n
of

th
e
G
au
ss
ia
n
el
im
in
at
io
n
d
u
e
to
a
st
ru
ct
u
ra
ll
y
ze
ro
p
iv
ot
is
n
ot
on
ly
p
os
si
-

b
le
b
u
t
a
ls
o
fr
eq
u
en
t.
T
h
e
m
o
d
i�
ed
h
eu
ri
st
ic
P
5
[7
]
w
as
d
es
ig
n
ed
to
av
oi
d

st
ru
ct
u
ra
ll
y
ze
ro
p
iv
o
ts
,
b
u
t
sm
a
ll
p
iv
ot
s
le
ad
in
g
to
n
u
m
er
ic
al
in
st
ab
il
it
y

w
er
e
n
ot
av
oi
d
ed
.
T
o
en
h
a
n
ce
n
u
m
er
ic
al
st
ab
il
it
y,
th
e
st
at
ic
or
d
er
in
gs
o
b
-

ta
in
ed
b
y
th
e
ab
ov
e
m
en
ti
o
n
ed
h
eu
ri
st
ic
s
ca
n
b
e
co
m
b
in
ed
w
it
h
a
d
y
n
am
ic

co
lu
m
n
in
te
rc
h
a
n
ge
st
ra
te
g
y
[1
],
w
h
ic
h
h
ow
ev
er
in
cr
ea
se
s
th
e
�
ll
-i
n
.
In
a

co
m
p
ar
is
on
w
it
h
th
e
M
ar
k
ow
it
z
st
ra
te
g
y
th
e
au
th
o
rs
ge
n
er
al
ly
d
is
co
u
ra
ge

th
e
u
se
of
sp
ik
ed
tr
ia
n
g
u
la
r
or
d
er
in
gs
p
ri
or
to
L
U
fa
ct
or
iz
at
io
n
.

H
er
e
th
e
si
tu
a
ti
on
is
d
i�
er
en
t.
S
in
ce
ea
ch
sp
ik
e
co
lu
m
n
is
re
p
la
ce
d
b
y
a

u
n
it
ve
ct
o
r
w
it
h
th
e
o
n
e
el
em
en
t
o
n
th
e
d
ia
go
n
a
l,
st
ru
ct
u
ra
l
b
re
ak
d
ow
n

ca
n
n
o
t
o
cc
u
r.
F
u
rt
h
er
m
or
e
si
n
ce
an
a
u
gm
en
te
d
sy
st
em
is
co
n
si
d
er
ed
th
er
e

is
n
o
n
ee
d
fo
r
in
te
rc
h
an
gi
n
g
sp
ik
e
co
lu
m
n
s.
N
u
m
er
ic
al
d
iÆ
cu
lt
ie
s
re
su
lt
-

in
g
fr
om
sm
al
l
p
iv
ot
el
em
en
ts
in
th
e
sp
ik
e
co
lu
m
n
s
ar
e
m
it
ig
at
ed
to
th
e

S
ch
u
r
co
m
p
le
m
en
t
S
w
h
er
e
p
iv
o
ti
n
g
ca
n
b
e
ap
p
li
ed
w
it
h
ou
t
d
es
tr
oy
in
g
th
e
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ar
si
ty
o
f
B
0
.
T
h
is
,
u
n
fo
rt
u
n
at
el
y,
as
w
il
l
b
e
fu
rt
h
er
d
is
cu
ss
ed
in
se
ct
io
n

8,
d
o
es
n
ot
m
ea
n
th
a
t
th
e
m
et
h
o
d
is
n
u
m
er
ic
al
ly
st
ab
le
.
B
u
t
n
ev
er
th
el
es
s

a
cc
u
ra
te
so
lu
ti
on
s
a
re
ob
ta
in
ed
fo
r
m
o
st
o
f
th
e
te
st
p
ro
b
le
m
s
co
n
si
d
er
ed
.

F
le
tc
h
er
a
n
d
H
a
ll
[8
]
sh
ow
ed
h
ow
se
ve
ra
l
w
el
l
k
n
ow
n
h
eu
ri
st
ic
s
fo
r
o
b
-

ta
in
in
g
a
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ed
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n
g
u
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r
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ti
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of
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n
b
e
v
ie
w
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as
d
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en
t
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e-
b
re
ak
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s
o
f
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e
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m
e
b
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ic
p
ro
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d
u
re
.
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p
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th
e
p
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n

b
e
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in
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ag
es
.
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ir
st
B
is
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w
a
n
d
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lu
m
n
p
er
m
u
te
d
in
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a

lo
w
er
b
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ck
tr
ia
n
gu
la
r
fo
rm
w
it
h
fu
ll
y
d
en
se
re
c
ta
n
g
u
la
r
d
ia
go
n
al
b
lo
ck
s.

A
ft
er
co
m
p
le
ti
n
g
th
e
�
rs
t
st
ag
e,
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is
a
si
m
p
le
m
a
tt
er
to
�
n
d
a
sp
ik
ed
tr
i-

an
gu
la
r
m
at
ri
x
.
T
ra
v
er
se
th
e
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lu
m
n
s
of
th
e
re
or
d
er
ed
m
at
ri
x
H

in
or
d
er
;

w
h
en
ev
er
a
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lu
m
n
ri
si
n
g
ab
ov
e
th
e
d
ia
go
n
al
is
en
co
u
n
te
re
d
th
is
co
lu
m
n
is

re
m
ov
ed
a
n
d
p
u
t
on
a
st
ac
k
fo
r
la
te
r
in
se
rt
io
n
a
s
a
sp
ik
e
an
d
th
e
re
m
ai
n
in
g

co
lu
m
n
s
ar
e
sh
u
�
ed
to
th
e
le
ft
.
C
ol
u
m
n
s
m
at
ch
in
g
th
e
d
ia
go
n
al
ar
e
le
ft
in

p
la
ce
.
W
h
en
a
co
lu
m
n
is
re
ac
h
ed
w
h
ic
h
li
es
st
ri
ct
ly
b
el
ow
th
e
d
ia
go
n
al
it

is
p
er
m
u
te
d
to
th
e
ri
g
h
t
b
y
in
se
rt
in
g
co
lu
m
n
s
fr
o
m
th
e
sp
ik
e
st
ac
k
to
th
e

le
ft
of
it
u
n
ti
l
it
�
ts
th
e
d
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go
n
al
.
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v
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n
b
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h
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�
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ov
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m
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s
w
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ec
t
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ro
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u
p
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w
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u
n
ts
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d
en
o
te
s
a
n
o
n
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e
ro
e
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m
e
n
t,
x
a
p
o
ss
ib
le
n
o
n
-z
e
ro
e
le
m
e
n
t

F
ig
u
re
B
.3
:
A
lo
w
er
b
lo
ck
tr
ia
n
gu
la
r
m
at
ri
x
w
it
h
fu
ll
y
d
en
se
re
c
ta
n
g
u
la

b
lo
ck
s
an
d
th
e
co
rr
es
p
on
d
in
g
sp
ik
ed
lo
w
er
tr
ia
n
gu
la
r
m
at
ri
x
.
T
h
e
co
lu
m
n

in
p
os
it
io
n
s
3,
5,
8
a
n
d
9
ar
e
sp
ik
es
.
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F
ig
u
re
B
.4
:
N
on
-z
er
o
p
at
te
rn
of
b
ra
n
d
y.
1
)
a
ft
er
th
e
�
rs
t
st
ag
e
re
or
d
er
in

2)
in
sp
ik
ed
tr
ia
n
gu
la
r
fo
rm



B
.4

O
rd
er
in
g
a
lg
or
it
h
m

10
5

re
m
ov
e
a
ll
ro
w
s
w
it
h
ze
ro
ro
w
co
u
n
t

u
n
ti
l
al
l
ro
w
s
a
n
d
co
lu
m
n
s
ar
e
re
m
ov
ed

B
y
re
m
ov
in
g
a
ro
w
or
a
co
lu
m
n
w
e
u
n
d
er
st
an
d
to
p
er
m
u
te
it
to
th
e
�
rs
t

p
os
it
io
n
in
th
e
re
or
d
er
ed
m
a
tr
ix
w
h
ic
h
h
as
n
ot
y
et
b
ee
n
as
si
gn
ed
an
d
d
is
-

re
g
ar
d
it
in
th
e
re
m
ai
n
d
er
of
th
e
a
lg
or
it
h
m
.
If
th
e
m
in
im
u
m
ro
w
co
u
n
t
is

sh
a
re
d
b
y
m
or
e
th
a
n
on
e
ro
w
th
e
se
le
ct
io
n
o
f
th
e
n
ex
t
ro
w
in
th
e
or
d
er
in
g

ca
n
b
e
b
as
ed
o
n
d
i�
er
en
t
ru
le
s.

A
m
or
e
d
et
a
il
ed
d
es
cr
ip
ti
on
of
th
e
re
o
rd
er
in
g
sc
h
em
e,
in
co
rp
or
at
in
g
th
e

se
co
n
d
st
ag
e
�
n
al
p
la
ce
m
en
t
o
f
sp
ik
e
co
lu
m
n
s,
is
sh
ow
n
in
F
ig
u
re
5.
I
an
d

J
ar
e
th
e
se
ts
o
f
ac
ti
v
e
ro
w
s
an
d
co
lu
m
n
s
re
sp
ec
ti
v
el
y.
In
ea
ch
it
er
at
io
n
th
e

k
't
h
ro
w
an
d
co
lu
m
n
of
th
e
p
er
m
u
te
d
m
at
ri
x
a
re
d
et
er
m
in
ed
.
(W
e
sa
y
th
at

th
e
ro
w
a
n
d
co
lu
m
n
ar
e
p
ai
re
d
).
If
th
e
p
ai
re
d
co
lu
m
n
is
n
ot
a
sp
ik
e,
th
e

al
go
ri
th
m
en
su
re
s
th
at
th
e
d
ia
go
n
al
el
em
en
t
in
th
e
p
er
m
u
te
d
m
at
ri
x
is
n
on

ze
ro
.
W
h
en
sp
ik
e
co
lu
m
n
s
ar
e
id
en
ti
�
ed
th
ey
a
re
re
m
ov
ed
fr
om
th
e
se
t
of

ac
ti
v
e
co
lu
m
n
s
a
n
d
p
u
t
in
th
e
se
t
S
of
u
n
p
la
ce
d
sp
ik
e
co
lu
m
n
s.
W
h
en
ev
er

th
er
e
is
an
ac
ti
v
e
ro
w
w
h
ic
h
ca
n
n
ot
b
e
p
ai
re
d
w
it
h
a
n
ac
ti
v
e
co
lu
m
n
su
ch

th
a
t
th
e
d
ia
g
on
al
el
em
en
t
b
ec
om
es
n
on
ze
ro
(m
in
fR
i
:
i
2
I
g
=
0)
th
is

ro
w
is
p
ai
re
d
w
it
h
a
sp
ik
e
co
lu
m
n
fr
om
S
.

T
h
e
tw
o
m
os
t
u
se
d
ti
e-
b
re
ak
ru
le
s
u
se
d
to
se
le
ct
on
e
of
th
e
ro
w
s
w
it
h

m
in
im
u
m
ro
w
co
u
n
t
in
li
n
e
10
ar
e

H
R

C
h
o
os
e
a
ro
w
w
h
ic
h
m
ax
im
iz
es
th
e
n
u
m
b
er
o
f
ro
w
s
re
m
ov
ed
w
it
h
ze
ro

ro
w
co
u
n
t
as
a
re
su
lt
of
re
m
ov
in
g
th
e
co
lu
m
n
s
in
te
rs
ec
ti
n
g
th
e
ro
w
.

T
h
is
is
th
e
ru
le
u
se
d
b
y
H
el
le
rm
an
an
d
R
ar
ic
k
in
th
ei
r
P
3
an
d
P
4

h
eu
ri
st
ic
s.
U
si
n
g
th
is
ru
le
,
in
li
n
e
10
,
r
m
u
st
b
e
ch
os
en
to
m
ax
im
iz
e

jfi
2
I
:
jfj
2
J
:
B
ij
6=
0
^
B
r
j
6=
0g
j=
p
gj

S
P
K
1
C
h
o
os
e
a
ro
w

w
h
ic
h
m
ax
im
iz
es
th
e
co
lu
m
n
co
u
n
t
su
m

of
th
e

co
lu
m
n
s
in
ci
d
en
t
w
it
h
th
e
ro
w
.
T
h
is
si
m
p
le
ru
le
w
as
p
ro
p
os
ed
b
y

S
ta
d
th
er
r
an
d
W
o
o
d
[1
8]
.
U
si
n
g
th
is
ru
le
,
in
li
n
e
10
,
r
m
u
st
b
e
ch
o-

se
n
to
m
ax
im
iz
e

P j
2
J
:B
r
j
6=
0
C
j
w
h
er
e
C
j
=
jfi
2
I
:
B
ij
6=
0g
ji
s
th
e

co
lu
m
n
co
u
n
t
o
f
co
lu
m
n
j.
N
o
te
th
at
th
er
e
is
n
o
n
ee
d
to
u
p
d
at
e
th
e

C
j
's
d
u
ri
n
g
th
e
re
or
d
er
in
g
b
ec
a
u
se
th
e
co
lu
m
n
co
u
n
ts
of
th
e
ac
ti
ve

co
lu
m
n
s
d
o
es
n
o
t
ch
an
ge
.

It
is
se
en
th
at
th
e
H
R
ru
le
is
m
u
ch
m
or
e
in
v
ol
v
ed
th
an
th
e
S
P
K
1
ru
le
.
It

is
h
ig
h
ly
p
ro
b
le
m
d
ep
en
d
en
t,
w
h
ic
h
o
f
th
es
e
tw
o
ru
le
s
le
ad
s
to
th
e
sm
al
le
st

n
u
m
b
er
of
sp
ik
e
co
lu
m
n
s.
E
x
p
er
im
en
ts
of
F
le
tc
h
er
an
d
H
al
l
[8
]
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p
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7

th
e
n
u
m
b
er
of
sp
ik
es
ob
ta
in
ed
w
it
h
th
es
e
tw
o
ti
e-
b
re
ak
ru
le
s
gi
ve
s
n
o
cl
ea
r

in
d
ic
a
ti
o
n
in
fa
v
ou
r
of
on
e
th
e
tw
o
ru
le
s,
so
th
ey
d
ec
id
ed
to
u
se
th
e
S
P
K
1

ru
le
b
ec
a
u
se
o
f
it
s
lo
w
er
ex
ec
u
ti
on
ti
m
e.

N
o
m
a
tt
er
w
h
at
ru
le
is
u
se
d
to
ch
o
o
se
r
in
li
n
e
10
of
th
e
or
d
er
in
g
sc
h
em
e,
an

eÆ
ci
en
t
im
p
le
m
en
ta
ti
on
n
ee
d
s
ea
sy
ac
ce
ss
to
th
e
ro
w
s
w
it
h
m
in
im
u
m
ro
w

co
u
n
t
in
ea
ch
it
er
at
io
n
.
T
h
e
se
ts
of
ro
w
s
w
it
h
a
p
ar
ti
cu
la
r
ro
w
co
u
n
t
ca
n

b
e
im
p
le
m
en
te
d
a
s
a
co
ll
ec
ti
o
n
of
d
ou
b
ly
li
n
k
ed
li
st
s
[1
1]
.
T
h
is
co
ll
ec
ti
on
of

d
ou
b
ly
li
n
ke
d
li
st
s
is
ea
si
ly
in
it
ia
li
ze
d
in
O
(m
)
ti
m
e
w
h
en
th
e
ro
w
co
u
n
t
of

al
l
ro
w
s
a
re
k
n
ow
n
.
S
in
ce
th
e
re
or
d
er
in
g
al
g
or
it
h
m
n
ee
d
s
to
h
av
e
ro
w
w
is
e

a
cc
es
s
to
th
e
m
a
tr
ix
in
a
d
d
it
io
n
to
th
e
co
lu
m
n
w
is
e
in
p
u
t
fo
rm
at
,t
h
e
in
it
ia
l

ro
w
co
u
n
ts
m
u
st
b
e
co
m
p
u
te
d
an
y
w
ay
w
h
en
th
e
ro
w
w
is
e
re
p
re
se
n
ta
ti
on

is
d
et
er
m
in
ed
.
E
ac
h
ti
m
e
a
co
lu
m
n
is
re
m
ov
ed
fr
o
m
th
e
ac
ti
v
e
p
ar
t
of
th
e

m
at
ri
x
th
e
ro
w
co
u
n
t
of
th
e
ro
w
s
w
h
ic
h
h
av
e
n
on
ze
ro
el
em
en
ts
in
th
is

co
lu
m
n
ar
e
d
ec
re
a
se
d
b
y
o
n
e.
E
ac
h
ti
m
e
a
ro
w
co
u
n
t
is
d
ec
re
as
ed
th
e

ro
w
is
d
el
et
ed
fr
o
m
th
e
se
t
o
f
ro
w
s
w
it
h
th
e
ol
d
ro
w
co
u
n
t
a
n
d
in
se
rt
ed
in

th
e
se
t
of
ro
w
s
w
it
h
th
e
n
ew
ro
w
co
u
n
t
in
co
n
st
an
t
ti
m
e.
S
in
ce
ea
ch
n
on

ze
ro
el
em
en
t
ca
n
on
ly
b
e
re
m
ov
ed
fr
om
th
e
a
ct
iv
e
p
ar
t
o
n
ce
,
th
e
ov
er
al
l

co
m
p
le
x
it
y
of
m
ai
n
ta
in
in
g
ac
ce
ss
to
ro
w
s
b
y
th
ei
r
ro
w
co
u
n
t
is
O
(n
z
).
It
is

p
os
si
b
le
to
ex
p
lo
it
th
e
fa
ct
th
at
ro
w
co
u
n
ts
ar
e
al
w
ay
s
d
ec
re
as
ed
b
y
on
e
to

ob
ta
in
a
fa
st
er
im
p
le
m
en
ta
ti
on
(t
h
o
u
gh
th
e
co
m
p
le
x
it
y
is
st
il
l
O
(n
z
))
,
b
y

u
si
n
g
a
d
at
a
st
ru
ct
u
re
d
es
cr
ib
ed
in
Z
la
te
v
[2
0]
,
C
h
ap
te
r
6.
2.

G
a
ll
iv
an
et
al
.
[9
]
u
se
d
th
e
or
d
er
in
g
sc
h
em
e
d
es
cr
ib
ed
ab
ov
e
w
it
h
ou
t
an
y

ti
e-
b
re
ak
ru
le
at
al
l
an
d
ca
ll
ed
th
e
re
su
lt
in
g
al
go
ri
th
m
L
O
R
A
.
E
ve
n
if
n
o

ti
e-
b
re
ak
ru
le
is
u
se
d
w
e
m
u
st
h
av
e
a
cc
es
s
to
at
le
as
t
on
e
ro
w
w
it
h
m
in
im
u
m

ro
w
co
u
n
t
in
ea
ch
it
er
a
ti
o
n
.
T
o
en
su
re
th
is
it
is
st
il
l
n
ec
es
sa
ry
to
m
ai
n
ta
in

se
ts
of
ro
w
s
w
it
h
th
e
sa
m
e
ro
w
co
u
n
t
as
d
es
cr
ib
ed
a
b
ov
e.

T
h
e
n
ew
re
o
rd
er
in
g
al
g
or
it
h
m
(s
h
ow
n
in
F
ig
u
re
6)
w
as
d
es
ig
n
ed
to
av
oi
d

m
ai
n
ta
in
in
g
se
ts
o
f
ro
w
s
w
it
h
th
e
sa
m
e
ro
w
co
u
n
t,
ex
ce
p
t
fo
r
ro
w
s
w
it
h

ro
w
co
u
n
t
0
o
r
1.
W
h
en
ev
er
th
e
m
in
im
u
m
ro
w
co
u
n
t
is
0
or
1
th
e
n
ew

a
lg
or
it
h
m
w
o
rk
s
es
se
n
ti
a
ll
y
in
th
e
sa
m
e
w
ay
a
s
th
e
or
d
er
in
g
sc
h
em
e
d
e-

sc
ri
b
ed
a
b
ov
e.
W
h
en
th
e
m
in
im
u
m
ro
w
co
u
n
t
is
2
or
m
or
e
a
sp
ik
e
co
lu
m
n

m
u
st
b
e
se
le
ct
ed
.
In
st
ea
d
of
co
n
si
d
er
in
g
o
n
ly
co
lu
m
n
s
w
h
ic
h
ar
e
in
ci
d
en
t

w
it
h
ro
w
s
of
m
in
im
u
m
ro
w
co
u
n
t,
al
l
ac
ti
ve
co
lu
m
n
s
ar
e
co
n
si
d
er
ed
.
W
e

ch
o
o
se
a
co
lu
m
n
w
it
h
m
ax
im
u
m
co
lu
m
n
co
u
n
t
a
m
on
g
th
e
ac
ti
ve
co
lu
m
n
s.

T
h
e
m
in
im
u
m
ro
w
co
u
n
t
m
ig
h
t
n
o
t
d
ec
re
as
e
im
m
ed
ia
te
ly
as
a
re
su
lt
(t
h
e

a
lg
or
it
h
m
is
n
o
t
lo
ca
ll
y
op
ti
m
al
)
b
u
t
si
n
ce
th
e
m
ax
im
u
m
n
u
m
b
er
of
ro
w

co
u
n
ts
ar
e
d
ec
re
a
se
d
th
is
ch
o
ic
e
te
n
d
s
to
b
e
h
el
p
fu
l
in
la
te
r
it
er
at
io
n
s.
It
is

im
p
o
rt
an
t
to
m
en
ti
on
th
a
t
it
is
n
ot
n
ec
es
sa
ry
to
in
sp
ec
t
al
l
a
ct
iv
e
co
lu
m
n
s

10
8
A
p
p
en
d
ix
B
.
D
ir
ec
t
so
lu
ti
on
of
sp
ar
se
u
n
sy
m
m
et
ri
c
sy
st
em
s
(S
P
IK
Y

1
:

I
=
f1
;:
::
;m
g;
J
=
f1
;:
::
;m
g;
S
=
;

2
:

fo
ra
ll
i
2
I
d
o

R
i
=
jfj
2
J
:
B
ij
6=
0g
j

3
:

re
p
e
a
t

4
:

p
=
m
in
fR
i
:
i
2
I
g

5
:

if
p
>
=
2
th
e
n

6
:

ch
o
os
e
c
2
J
su
ch
th
at
c
=
a
rg
m
a
x
fC
j
:
j
2
J
g

7
:

J
=
J
nf
cg
;

S
=
S
[
fc
g

8
:

fo
ra
ll
i
2
I
su
ch
th
at
B
ic
6=
0
d
o

R
i
=
R
i
�
1

9
:

e
ls
e

1
0
:

if
p
=
0
th
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S
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e
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ad
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b
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b
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d
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1
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n
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p
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at
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b
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b
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at
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r
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b
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b
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b
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b
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b
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b
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b
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b
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b
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b
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b
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ra
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b
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at
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b
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p
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d
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b
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at
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d
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b
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b
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ro
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b
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p
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at
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at
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p
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p
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b
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d
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ro
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p
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d
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p
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b
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b
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p
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b
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b
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b
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b
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b
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b
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at
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p
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p
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p
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f
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p
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at
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b
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d
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p
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w
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b
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p
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p
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is
se
ct
io
n
a

12
2
A
p
p
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b
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d
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p
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p
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p
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w
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O
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e
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e
u
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p
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b
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p
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b
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p
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p
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se
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p
le
m
en
te
d
),
p
lu
s
a
va
ri
an
t
of
S
P
K
1,
ca
ll
ed
S
P
K
1(
5)
,
w
h
er
e
th

m
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b
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b
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at
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ra
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p
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at
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ra
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w
el
l
as
th
e
ex
ec
u
ti
on
ti
m

fo
r
ea
ch
of
th
e
4
st
ep
s
of
th
e
fa
ct
or
iz
at
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p
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at
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at
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=
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f
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p
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d
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u
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io
n
s
9
an
d
10
.

F
or
n
ot
at
io
n
al
co
n
ve
n
ie
n
ce
w
e
sh
al
l
u
se
th
e
co
n
ve
n
ti
on
th
at
ze
ro
m
u
lt
ip
li
e

w
it
h
in
�
n
it
y
or
m
in
u
s
in
�
n
it
y
is
ze
ro
(
0
�1
=
1
�0
=
0
��
1
=
�1
�0
=
0

th
ro
u
gh
ou
t
th
e
p
ap
er
.
T
h
e
i'
th
ro
w
of
a
m
at
ri
x
A
w
il
lb
e
d
en
ot
ed
A
i
.
If
I
i

a
su
b
se
t
of
ro
w
in
d
ic
es
,
A
I
d
en
ot
es
th
e
co
rr
es
p
on
d
in
g
su
b
m
at
ri
x
.
If
v
is

ve
ct
or
,
v +
is
a
ve
ct
or
w
it
h
el
em
en
ts
v +
i
=
v i
if
v i
>
0
a
n
d
0
if
v i
<
=

an
d
v �
is
a
v
ec
to
r
w
it
h
el
em
en
ts
v �
i
=
v i
if
v i
<
0
a
n
d
0
if
v i
>
=
0.

C
.2

T
ra
d
it
io
n
a
l
L
P
re
d
u
c
ti
o
n

L
P
re
d
u
ct
io
n
te
ch
n
iq
u
es
ar
e
u
su
al
ly
p
re
se
n
te
d
as
a
co
ll
ec
ti
on
of
si
m
p
le
ru
le

w
h
ic
h
,
if
th
ey
ca
n
b
e
a
p
p
li
ed
,
re
d
u
ce
s
th
e
si
ze
of
th
e
p
ro
b
le
m
.
A
re
d
u
ct
io

m
ig
h
t
m
ak
e
it
p
os
si
b
le
to
ap
p
ly
on
e
of
th
e
ru
le
s
to
th
e
n
ew
re
d
u
ce
d
p
ro
b
le
m

to
m
ak
e
fu
rt
h
er
re
d
u
ct
io
n
s
w
h
ic
h
co
u
ld
n
ot
h
av
e
b
ee
n
m
ad
e
d
ir
ec
tl
y
in
th

or
ig
in
al
p
ro
b
le
m
.
In
th
is
w
ay
th
e
ap
p
li
ca
ti
on
of
th
e
ru
le
s
co
n
ti
n
u
es
u
n
t

n
o
m
or
e
re
d
u
ct
io
n
s
ca
n
b
e
m
ad
e
o
r
th
e
re
d
u
ct
io
n
s
o
b
ta
in
ab
le
ar
e
n
o
lo
n
ge

w
or
th
th
e
e�
or
t
to
�
n
d
th
em
.

H
er
e
w
e
w
il
l
re
ga
rd
th
e
tr
ad
it
io
n
al
L
P
re
d
u
ct
io
n
ru
le
s
as
re
la
x
at
io
n
s
o

th
e
fo
ll
ow
in
g
e
x
tr
e
m
e
L
P
re
d
u
ct
io
n
al
go
ri
th
m
b
as
ed
on
th
e
op
ti
m
al
it

co
n
d
it
io
n
s
fo
r
th
e
li
n
ea
r
p
ro
gr
am

P
:

m
in
im
iz
e
fc
T
x
:
A
x
=
b;
l
�
x
�
u
g

an
d
it
s
as
so
ci
at
ed
d
u
al
p
ro
gr
am

D
:
m
ax
im
iz
e
fb
T
y
+
lT
z
�
u
T
w
:
A
T
y
+
z
�
w
=
c;
z
�
0;
w
�
0g
:

T
h
es
e
ca
n
b
e
st
at
ed
as
fo
ll
ow
s:
(x
;y
;z
;w
)
ar
e
op
ti
m
al
so
lu
ti
on
s
fo
r
P

re
sp
ec
ti
v
el
y
D
if
an
d
on
ly
if

A
x
=
b

A
T
y
+
z
�
w
=
c



C
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T
ra
d
it
io
n
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l
�
x
�
u

z
;w
�
0

cT
x
=
bT
y
+
lT
z
�
u
T
w

T
h
e
o
p
ti
m
a
li
ty
re
g
io
n
w
il
l
b
e
d
en
ot
ed
S
�
(A
;b
;c
;l
;u
)
or
si
m
p
ly
S
�

,
i.
e.

S
�

is
th
e
se
t
o
f
p
ri
m
al
-d
u
a
l
so
lu
ti
on
s
(x
;y
;z
;w
)
2
R
n

�
R
m

�
R
n

�
R
n

sa
ti
sf
y
in
g
th
e
op
ti
m
al
it
y
co
n
d
it
io
n
s
st
at
ed
a
b
ov
e.
In
an
y
op
ti
m
al
so
lu
ti
on

x
j
b
el
on
gs
to
th
e
in
te
rv
al
[x
� j
;x
� j
]
w
h
er
e

x
� j
=
m
in
fx
j
:
(x
;y
;z
;w
)
2
S
�
g

(C
.1
)

x
� j
=
m
ax
fx
j
:
(x
;y
;z
;w
)
2
S
�
g

(C
.2
)

E
ac
h
o
f
th
es
e
b
ou
n
d
s
ca
n
b
e
o
b
ta
in
ed
b
y
so
lv
in
g
a
li
n
ea
r
p
ro
gr
am

in

(x
;y
;z
;w
).
T
h
e
ex
tr
em
e
a
lg
or
it
h
m

si
m
p
ly
co
n
si
st
s
in
so
lv
in
g
th
es
e
2n

li
n
ea
r
p
ro
gr
a
m
s.
If
x
� j
=
x
� j
,
x
j
ca
n
b
e
el
im
in
a
te
d
b
y
su
b
st
it
u
ti
n
g
it
w
it
h

th
is
va
lu
e.
If
th
e
op
ti
m
al
so
lu
ti
on
is
u
n
iq
u
e,
a
ll
va
ri
ab
le
s
ca
n
b
e
el
im
in
at
ed

in
th
is
w
ay
a
n
d
th
e
re
su
lt
in
g
re
d
u
ce
d
p
ro
b
le
m

is
em
p
ty
.
O
th
er
w
is
e
th
e

re
m
ai
n
in
g
co
n
st
ra
in
ts
d
es
cr
ib
e
th
e
o
p
ti
m
al
fa
ce
.

O
f
co
u
rs
e
on
e
n
ev
er
w
a
n
ts
to
u
se
ex
tr
em
e
L
P
re
d
u
ct
io
n
.
T
h
e
ti
m
e
re
q
u
ir
ed

to
d
et
er
m
in
e
ju
st
on
e
o
f
th
e
2
n
b
ou
n
d
s
ex
ce
ed
s
th
e
ti
m
e
re
q
u
ir
ed
to
so
lv
e

th
e
o
ri
gi
n
al
u
n
-r
ed
u
ce
d
L
P
.
In
p
ra
ct
ic
e
w
e
n
ee
d
to
co
n
si
d
er
re
la
x
at
io
n
s
of

(C
.1
)
a
n
d
(C
.2
)
in
or
d
er
to
ob
ta
in
lo
w
er
a
n
d
u
p
p
er
b
o
u
n
d
s
on
x
� j
an
d
x
� j
.

S
u
ch
b
ou
n
d
s
w
il
l
b
e
ca
ll
ed
im
pl
ie
d
bo
u
n
ds
,
i.
e.
th
e
b
ou
n
d
s
x
j
�
x
j
�
x
j

ar
e
im
p
li
ed
if
a
n
d
on
ly
if
x
j
�
x
� j
a
n
d
x
j
�
x
� j
.
W
e
sh
al
l
al
so
u
se
im
p
li
ed

b
ou
n
d
s
on
th
e
d
u
al
va
ri
ab
le
s
y
;z
a
n
d
w
d
e�
n
ed
a
n
al
og
ou
sl
y.

B
y
is
o
la
ti
n
g
a
va
ri
ab
le
in
an
eq
u
a
li
ty
w
e
m
ig
h
t
b
e
a
b
le
to
st
re
n
gt
h
en
th
e

b
ou
n
d
s
o
n
th
is
va
ri
ab
le
.
If
a
ij
6=
0,
is
ol
a
ti
n
g
x
j
in
th
e
i'
th
eq
u
al
it
y,
w
e
ge
t

x
j
=
(b
i
�

P k
6=
j
a
ik
x
k
)=
a
ij
A
n
y
u
p
p
er
b
o
u
n
d
on
th
e
ri
gh
t
h
an
d
si
d
e
is
an

u
p
p
er
b
ou
n
d
on
x
j
.
F
in
d
in
g
th
e
lo
w
es
t
p
os
si
b
le
u
p
p
er
b
ou
n
d
(b
as
ed
on

p
ri
m
a
l
in
fo
rm
a
ti
on
)
on
th
e
ri
g
h
t
h
a
n
d
si
d
e
w
o
u
ld
in
vo
lv
e
th
e
m
ax
im
iz
at
io
n

of
th
e
ri
gh
t
h
a
n
d
si
d
e
su
b
je
ct
to
A
x
=
b;
l
�
x
�
u
;
a
p
ro
b
le
m
ju
st
as

d
iÆ
cu
lt
as
th
e
or
ig
in
al
p
ro
b
le
m
.
In
st
ea
d
w
e
m
ax
im
iz
e
th
e
ri
gh
t
h
an
d
si
d
e

su
b
je
ct
to
x
2
fx
2
R
n

:
x
�
x
�
x
gw
h
er
e
x
a
n
d
x
ar
e
th
e
st
ro
n
ge
st
cu
r-

re
n
tl
y
k
n
ow
n
im
p
li
ed
b
ou
n
d
s
on
x
.
T
h
is
p
ro
v
id
es
an
al
te
rn
at
iv
e,
ge
n
er
al
ly

w
ea
k
er
,
u
p
p
er
b
o
u
n
d
on
x
j

w
h
ic
h
is
m
u
ch
fa
st
er
to
�
n
d
.
If
a
ij
>
0,
th
is

m
a
x
im
u
m
is
a
ch
ie
ve
d
si
m
p
ly
b
y
se
tt
in
g
ea
ch
va
ri
a
b
le
x
k

fo
r
w
h
ic
h
a
ik

is

p
os
it
iv
e
eq
u
al
to
x
k

an
d
ea
ch
va
ri
ab
le
x
k

fo
r
w
h
ic
h
a
ik

is
n
eg
at
iv
e
eq
u
al
to

x
k
;
a
n
d
th
e
op
p
o
si
te
if
a
ij

<
0.
L
ow
er
b
ou
n
d
s
ar
e
tr
ea
te
d
si
m
il
ar
ly
.
F
or

sp
ar
se
p
ro
b
le
m
s,
u
si
n
g
on
ly
b
ou
n
d
s
o
n
th
e
va
ri
ab
le
s
an
d
a
si
n
gl
e
co
n
st
ra
in
t

14
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A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

of
P
at
a
ti
m
e,
u
su
al
ly
q
u
it
e
st
ro
n
g
im
p
li
ed
b
ou
n
d
s
ca
n
b
e
co
m
p
u
te
d
eÆ

ci
en
tl
y.
T
h
is
te
ch
n
iq
u
e
is
ca
ll
ed
m
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
an
d
ca
n
b

su
m
m
ar
iz
ed
as
sh
ow
n
in
F
ig
u
re
1.

In
it
ia
li
z
e
x
j
=
l j
a
n
d
x
j
=
u
j

fo
r
a
ll
j
2
f
1
;
::
:;
n
g

r
e
p
e
a
t

L
et
x
j

b
e
a
v
a
ri
a
b
le
a
n
d
A
i
x
=
b i
a
c
o
n
st
ra
in
t
su
ch
th
a
t
A
ij
6=
0
.

if
m
in
f
x
j

:
A
i
x
=

b i
;
x
�
x
�
x
g
>

x
j

t
h
e
n
x
j

=

m
in
f
x
j

:
A
i
x
=

b i
;
x
�

x
�
x
g

if
m
a
x
f
x
j

:
A
i
x
=

b i
;
x
�
x
�
x
g
<

x
j

th
e
n
x
j

=

m
a
x
f
x
j

:
A
i
x
=

b i
;
x
�

x
�
x
g

u
n
ti
l
n
o
m
o
re
b
o
u
n
d
s
c
a
n
b
e
st
re
n
g
th
e
n
e
d

F
ig
u
re
C
.1
:
M
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
(p
ri
m
al
va
ri
ab
le
s)

M
yo
p
ic
b
o
u
n
d
st
re
n
gt
h
en
in
g
ca
n
al
so
b
e
ap
p
li
ed
to
th
e
d
u
al
co
n
st
ra
in
ts
t

ob
ta
in
im
p
li
ed
b
o
u
n
d
s
on
th
e
d
u
al
va
ri
ab
le
s
in
a
si
m
il
ar
w
ay
.
F
in
al
ly
i

sh
ou
ld
n
ot
b
e
fo
rg
ot
te
n
th
at
th
e
ze
ro
-g
ap
co
n
d
it
io
n
cT
x
=
bT
y
+
lT
z
�
u
T
w

m
ig
h
t
al
so
b
e
u
se
d
to
st
re
n
gt
h
en
th
e
b
ou
n
d
s
o
f
so
m
e
va
ri
ab
le
s.

A
b
ou
n
d
on
a
va
ri
ab
le
of
a
li
n
ea
r
p
ro
gr
am
is
sa
id
to
b
e
re
du
n
da
n
t
if
it
ca

b
e
re
m
ov
ed
w
it
h
ou
t
a�
ec
ti
n
g
th
e
se
t
of
so
lu
ti
on
s
sa
ti
sf
y
in
g
th
e
co
n
st
ra
in
t

of
th
e
L
P
.
A
b
o
u
n
d
on
a
va
ri
ab
le
is
w
ea
kl
y
re
du
n
da
n
t
if
it
is
re
d
u
n
d
an
t
an

th
er
e
ex
is
t
a
fe
as
ib
le
so
lu
ti
on
w
it
h
th
e
va
lu
e
of
th
e
va
ri
ab
le
at
it
s
b
ou
n
d
.

T
h
e
im
p
li
ed
b
ou
n
d
s
ar
e
u
se
d
to
d
et
ec
t
co
n
d
it
io
n
s
fo
r
re
d
u
ci
n
g
P
in
th
re

w
ay
s. 1.

If
a
va
ri
ab
le
x
j
is
fo
rc
ed
b
y
th
e
p
ri
m
al
co
n
st
ra
in
ts
to
ta
ke
a
sp
ec
i�

va
lu
e
x
� j
th
en
th
e
va
ri
ab
le
ca
n
b
e
el
im
in
at
ed
b
y
su
b
st
it
u
ti
n
g
it
w
it

th
is
va
lu
e.

2.
If
z j
>
0
(w
j

>
0)
is
im
p
li
ed
b
y
th
e
d
u
al
co
n
st
ra
in
ts
th
en
x
j

m
u
s

b
e
at
it
s
lo
w
er
b
ou
n
d
x
j
=
l j
(u
p
p
er
b
ou
n
d
x
j
=
u
j
)
in
a
n
y
op
ti
m
a

so
lu
ti
on
.
In
th
is
ca
se
x
j
ca
n
b
e
el
im
in
at
ed
as
ab
ov
e.

3.
If
th
e
b
ou
n
d
s
on
a
va
ri
ab
le
l j
�
x
j

�
u
j

a
re
re
d
u
n
d
a
n
t
th
en
x

m
ay
b
e
tr
ea
te
d
as
fr
ee
an
d
h
en
ce
ca
n
b
e
el
im
in
at
ed
b
y
G
au
ss
ia

el
im
in
at
io
n
.
T
h
is
al
so
el
im
in
at
es
on
e
of
th
e
eq
u
at
io
n
s
of
th
e
L
P
i

w
h
ic
h
x
j
ap
p
ea
rs
.
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T
h
e
�
rs
t
ca
se
o
cc
u
rs
if
x
j
=
x
j
.
T
h
e
op
ti
m
al
va
lu
e
o
f
x
j
is
im
p
li
ed
b
y
th
e

p
ro
b
le
m
co
n
st
ra
in
ts
o
n
ly
an
d
is
n
ot
d
u
e
to
ec
o
n
om
ic
al
p
re
fe
re
n
ce
s;
th
er
e

ar
e
si
m
p
ly
n
o
ot
h
er
fe
as
ib
le
al
te
rn
at
iv
es
.
T
h
is
d
is
ti
n
ct
io
n
o
f
th
e
ca
u
se
of

th
e
o
p
ti
m
a
l
va
lu
e
o
f
a
va
ri
a
b
le
ca
n
b
e
im
p
or
ta
n
t
fo
r
th
e
in
te
rp
re
ta
ti
on
of

th
e
so
lu
ti
o
n
[9
].

T
h
e
se
co
n
d
ca
se
is
d
et
ec
te
d
if
z
j

>
0
(w
j

>
0
)
w
h
ic
h
is
b
as
ed
on
p
u
re

d
u
al
in
fo
rm
at
io
n
.
It
is
ea
sy
to
se
e
th
at
an
o
p
ti
m
al
so
lu
ti
on
w
it
h
x
j
=
l j

(x
j
=
u
j
)
m
u
st
ex
is
t
if
z j
�
0
(
w
j
�
0)
is
re
d
u
n
d
an
t
in
D
,
b
u
t
of
co
u
rs
e

al
te
rn
at
iv
e
op
ti
m
a
l
so
lu
ti
on
s
w
it
h
o
th
er
va
lu
es
o
f
x
j

m
ig
h
t
ex
is
t
if
th
e

re
d
u
n
d
an
cy
is
w
ea
k
.
In
se
ct
io
n
5,
w
e
w
il
l
d
is
cu
ss
h
ow
w
ea
k
ly
re
d
u
n
d
an
t

b
ou
n
d
s
(p
ri
m
a
l
or
d
u
al
)
sh
ou
ld
b
e
h
an
d
le
d
.

In
th
e
th
ir
d
ca
se
,
x
j

is
sa
id
to
b
e
im
p
li
ed
fr
ee
.
D
ep
en
d
in
g
on
th
e
n
on
-

ze
ro
st
ru
ct
u
re
of
th
e
co
eÆ
ci
en
t
m
at
ri
x
,
th
e
u
se
o
f
G
au
ss
ia
n
el
im
in
at
io
n
to

re
m
ov
e
a
ro
w
a
n
d
a
co
lu
m
n
m
ig
h
t
re
su
lt
in
n
ew
n
on
-z
er
o
el
em
en
ts
(�
ll
-i
n
)

in
th
e
re
d
u
ce
d
co
eÆ
ci
en
t
m
at
ri
x
.
F
or
th
is
re
a
so
n
so
m
e
im
p
le
m
en
ta
ti
on
s

re
st
ri
ct
th
e
u
se
o
f
G
au
ss
ia
n
el
im
in
at
io
n
to
va
ri
a
b
le
s
w
h
ic
h
ap
p
ea
rs
in
at

m
o
st
a
ce
rt
a
in
n
u
m
b
er
o
f
ro
w
s.
T
h
e
ea
si
es
t
im
p
le
m
en
ta
ti
on
is
ac
h
ie
ve
d
b
y

co
n
si
d
er
in
g
on
ly
va
ri
ab
le
s
co
rr
es
p
o
n
d
in
g
to
si
n
gl
et
o
n
co
lu
m
n
s,
b
ec
au
se
in

th
is
ca
se
n
o
n
ew
n
on
-z
er
o
el
em
en
ts
ar
e
ge
n
er
at
ed
w
h
en
th
e
co
rr
es
p
on
d
in
g

ro
w
is
re
m
ov
ed
.

S
om
e
ca
se
s
of
in
fe
as
ib
il
it
y
a
n
d
u
n
b
ou
n
d
ed
n
es
s
ca
n
tr
iv
ia
ll
y
b
e
d
et
ec
te
d

d
u
ri
n
g
th
e
re
d
u
ct
io
n
p
h
as
e.
T
h
is
o
cc
u
rs
w
h
en
in
co
m
p
at
ib
le
im
p
li
ed
lo
w
er

an
d
u
p
p
er
b
o
u
n
d
s
o
n
a
va
ri
a
b
le
(p
ri
m
al
or
d
u
al
)
ar
e
d
et
ec
te
d
.
F
or
ea
se
of

p
re
se
n
ta
ti
o
n
w
e
sh
a
ll
n
ot
m
en
ti
on
th
is
p
os
si
b
il
it
y
a
ga
in
an
d
si
m
p
ly
as
su
m
e

th
a
t
th
e
p
ro
b
le
m
at
h
an
d
is
fe
as
ib
le
a
n
d
b
ou
n
d
ed
.

C
.3

W
h
y
d
o
e
s
it
w
o
rk
?

It
m
ig
h
t
co
m
e
a
s
a
su
rp
ri
se
th
at
th
e
fa
st
L
P
re
d
u
ct
io
n
te
ch
n
iq
u
es
d
es
cr
ib
ed

in
th
e
p
re
ce
d
in
g
se
ct
io
n
ar
e
of
te
n
so
su
cc
es
sf
u
l.
T
h
e
ke
y
is
su
e
to
ex
p
la
in

th
is
fa
ct
is
th
e
m
o
d
el
li
n
g
p
ra
ct
ic
e
ty
p
ic
al
ly
o
b
se
rv
ed
w
h
en
fo
rm
u
la
ti
n
g
la
rg
e

L
P
m
o
d
el
s.
W
e
sh
al
l
n
ot
at
te
m
p
t
to
ex
p
la
in
th
is
fa
ct
in
d
et
ai
l,
b
u
t
w
e
sh
ow

so
m
e
ty
p
ic
al
si
tu
at
io
n
s
in
p
ra
ct
ic
al
m
o
d
el
fo
rm
u
la
ti
on
w
h
ic
h
le
ad
s
to
ea
sy

re
d
u
ct
io
n
s.

A
n
eq
u
at
io
n
su
ch
as

P j
a
ij
x
j
=
b i
w
h
er
e
b i
=
0
an
d
x
j
;a
ij
�
0
a
ll
ow
u
s

to
�
x
a
ll
va
ri
a
b
le
s
o
cc
u
rr
in
g
in
th
is
eq
u
a
ti
on
to
ze
ro
.
S
u
ch
an
eq
u
at
io
n
ca
n
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4

A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

ap
p
ea
r
in
a
p
ro
b
le
m
,
fo
r
ex
am
p
le
if
b i
re
p
re
se
n
ts
th
e
av
ai
la
b
le
am
ou
n
t
o

a
re
so
u
rc
e
co
n
su
m
ed
b
y
so
m
e
of
th
e
ac
ti
v
it
ie
s
x
j
(t
h
e
on
es
w
it
h
a
ij
>
0
)

T
h
e
eq
u
at
io
n
is
p
ar
t
of
a
m
o
d
el
cl
as
s
w
h
ic
h
is
u
se
d
to
ge
n
er
at
e
se
ve
ra

m
o
d
el
in
st
an
ce
s
w
it
h
va
ry
in
g
d
at
a.
In
ot
h
er
w
or
d
s,
b i
is
n
ot
al
w
ay
s
ze
ro
s

th
e
p
ar
ti
ci
p
at
in
g
va
ri
ab
le
s
ca
n
n
ot
ge
n
er
al
ly
b
e
re
m
ov
ed
fr
om
th
e
m
o
d
e

cl
a
ss
fo
rm
u
la
ti
on
.
W
it
h
so
m
e
e�
or
t
it
sh
ou
ld
b
e
p
os
si
b
le
to
fo
rm
u
la
te
th

m
o
d
el
cl
as
s
in
m
os
t
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
in
su
ch
a
w
ay
th
a
t
th

va
ri
ab
le
s
in
q
u
es
ti
on
ar
e
n
ot
ge
n
er
at
ed
fo
r
m
o
d
el
in
st
an
ce
s
w
it
h
b i
=
0

H
ow
ev
er
th
is
is
n
or
m
al
ly
a
b
ad
id
ea
to
d
o,
si
n
ce
it
ob
sc
u
re
s
th
e
m
o
d
el
an

th
e
sa
m
e
jo
b
is
d
on
e
n
ic
el
y
b
y
th
e
p
ro
b
le
m
re
d
u
ct
io
n
,
if
av
ai
la
b
le
.

T
h
e
u
se
of
so
ca
ll
ed
ac
co
u
n
ti
n
g
va
ri
ab
le
s
to
h
el
p
m
o
d
el
fo
rm
u
la
ti
on
an

m
ai
n
te
n
an
ce
is
a
co
m
m
on
an
d
se
n
si
b
le
p
ra
ct
ic
e
[1
3]
.
G
en
er
al
ly
sp
ea
k
in
g

ac
co
u
n
ti
n
g
va
ri
ab
le
s
ar
e
re
d
u
n
d
an
t
va
ri
ab
le
s
in
tr
o
d
u
ce
d
in
th
e
m
o
d
el
w
it

th
e
p
u
rp
os
e
of
d
en
ot
in
g
so
m
e
ex
p
re
ss
io
n
u
se
d
in
th
e
m
o
d
el
.
B
y
as
so
ci
at
in

a
n
am
e
w
it
h
a
p
os
si
b
ly
co
m
p
li
ca
te
d
ex
p
re
ss
io
n
,
th
e
m
o
d
el
ca
n
b
ec
om
e
m
u
c

ea
si
er
to
fo
rm
u
la
te
an
d
u
n
d
er
st
an
d
.
F
u
rt
h
er
m
or
e
th
e
ri
sk
of
m
o
d
el
li
n

er
ro
rs
is
d
ec
re
as
ed
if
a
va
ri
ab
le
is
u
se
d
to
d
en
ot
e
a
re
p
ea
te
d
ly
o
cc
u
rr
in

ex
p
re
ss
io
n
.
It
is
cl
ea
r
th
at
th
e
b
ou
n
d
s
(i
f
an
y
)
on
ac
co
u
n
ti
n
g
va
ri
ab
le

m
u
st
b
e
re
d
u
n
d
an
t.
T
h
is
is
ea
si
ly
d
et
ec
te
d
b
y
th
e
p
ro
b
le
m
re
d
u
ct
io
n
an

th
er
ef
or
e
th
es
e
va
ri
ab
le
s
ca
n
b
e
el
im
in
at
ed
.

It
ca
n
b
e
co
n
ve
n
ie
n
t
to
fo
rm
u
la
te
a
m
o
d
el
u
si
n
g
so
m
e
ex
p
li
ci
tl
y
�
x
ed
va
r

ab
le
s.
It
is
al
so
su
rp
ri
si
n
gl
y
fr
eq
u
en
t
fo
r
p
ra
ct
ic
al
p
ro
b
le
m
s
to
co
n
ta
i

va
ri
ab
le
s
w
h
ic
h
ar
e
im
p
li
ci
tl
y
�
x
ed
b
y
si
n
gl
et
on
ro
w
s.
S
om
et
im
es
th
e
re

m
ov
al
of
th
e
im
p
li
ci
tl
y
�
x
ed
va
ri
ab
le
s
re
su
lt
s
in
n
ew
ro
w
si
n
gl
et
on
s
an

th
er
eb
y
th
e
d
et
ec
ti
on
of
m
or
e
im
p
li
ci
tl
y
�
x
ed
va
ri
ab
le
s.

B
as
ed
on
m
y
ex
p
er
ie
n
ce
w
it
h
p
u
b
li
cl
y
av
ai
la
b
le
te
st
p
ro
b
le
m
s,
it
is
m

im
p
re
ss
io
n
th
at
m
or
e
th
an
95
%
of
al
l
re
d
u
ct
io
n
s
m
ad
e
b
y
tr
ad
it
io
n
al
L
P

re
d
u
ct
io
n
ca
n
b
e
at
tr
ib
u
te
d
to
on
e
of
th
e
ca
se
s
d
es
cr
ib
ed
ab
ov
e.

C
.4

A
g
g
re
ss
iv
e
b
o
u
n
d
st
re
n
g
th
e
n
in
g

M
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
m
ig
h
t
le
ad
to
an
in
�
n
it
e
se
q
u
en
ce
of
b
ou
n

im
p
ro
ve
m
en
ts
.
F
or
ex
am
p
le
,
th
e
eq
u
at
io
n
s

�x
1
+
2
x
2
=
2

(C
.3

x
1
+
x
2
=
4

(C
.4



C
.4

A
g
gr
es
si
ve
b
o
u
n
d
st
re
n
gt
h
en
in
g
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w
it
h
th
e
in
it
ia
l
b
o
u
n
d
s
1
�
x
1
�
4
an
d
0
�
x
2
�
3
le
ad
to
th
e
fo
ll
ow
in
g

in
�
n
it
e
se
q
u
en
ce
o
f
im
p
li
ed
b
ou
n
d
s

F
ro
m
x
2
=
1
+
1
=
2x
1
w
e
ge
t
x
2
�
3=
2

F
ro
m
x
1
=
4
�
x
2
w
e
g
et
x
1
�
5=
2

F
ro
m
x
2
=
1
+
1
=
2x
1
w
e
ge
t
x
2
�
9
=
4

F
ro
m
x
1
=
4
�
x
2
w
e
g
et
x
1
�
7
=
4

F
ro
m
x
2
=
1
+
1
=
2x
1
w
e
ge
t
x
2
�
15
=
8

a
n
d
so
on
..
.

It
ca
n
b
e
se
en
th
a
t
th
e
im
p
li
ed
b
ou
n
d
s
on
x
1
an
d
x
2
co
n
ve
rg
es
to
x
1
2
[2
;2
]

an
d
x
2
2
[2
;2
].
A
s
p
oi
n
te
d
ou
t
b
y
F
o
u
re
r
a
n
d
G
ay
[5
]
th
is
am
ou
n
ts
to

so
lv
in
g
th
e
a
b
ov
e
sy
st
em
it
er
at
iv
el
y
w
it
h
th
e
G
a
u
ss
-S
ei
d
el
m
et
h
o
d
.

T
h
e
m
y
o
p
ic
b
o
u
n
d
st
re
n
g
th
en
in
g
w
o
rk
s
su
rp
ri
si
n
gl
y
w
el
l
on
re
al
w
or
ld

sp
ar
se
L
P
's
.
H
ow
ev
er
it
is
te
m
p
ti
n
g
to
tr
y
th
e
p
os
si
b
il
it
y
to
st
re
n
gt
h
en

b
ou
n
d
s
fu
rt
h
er
b
y
co
n
si
d
er
in
g
m
or
e
th
a
n
on
e
eq
u
at
io
n
at
a
ti
m
e
to
-

g
et
h
er
w
it
h
th
e
cu
rr
en
tl
y
b
es
t
k
n
ow
n
im
p
li
ed
b
o
u
n
d
s.
T
h
is
gi
ve
s
ri
se
to

th
e
a
ge
n
er
a
l
b
o
u
n
d
st
re
n
g
th
en
in
g
a
lg
or
it
h
m

sh
ow
n
in
F
ig
u
re
2,
w
h
er
e

I i
j

�
f1
;:
::
;m
gc
an
b
e
ch
os
en
a
cc
or
d
in
g
to
d
i�
er
en
t
st
ra
te
gi
es
,
I i
j

=
fig

co
rr
es
p
on
d
s
to
n
or
m
al
m
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g.
S
om
e
ot
h
er
p
os
si
b
le

st
ra
te
gi
es
ar
e:

In
it
ia
li
ze
x
j
=
l j
a
n
d
x
j
=
u
j

fo
r
a
ll
j
2
f
1
;
::
:;
n
g

r
e
p
e
a
t

L
et
x
j

b
e
a
v
a
ri
a
b
le
a
n
d
A
i
x
=
b i
a
co
n
st
ra
in
t
su
ch
th
a
t
A
ij
6=
0
.

if
m
in
f
x
j

:
A
I
i
j
x
=

b I
i
j
;
x
�
x
�
x
g
>

x
j

th
e
n
x
j

=

m
in
f
x
j

:
A
I
i
j
ix
=

b I
i
j
;
x
�
x
�
x
g

if
m
a
x
f
x
j

:
A
I
i
j
x
=

b I
i
j
;
x
�
x
�
x
g
<

x
j

th
e
n
x
j

=

m
a
x
f
x
j

:
A
I
i
j
x
=

b I
i
j
;
x
�
x
�
x
g

u
n
ti
l
n
o
m
o
re
b
o
u
n
d
s
ca
n
b
e
st
re
n
g
th
en
ed

F
ig
u
re
C
.2
:
G
en
er
al
b
ou
n
d
st
re
n
g
th
en
in
g
(p
ri
m
al
va
ri
ab
le
s)

S
li
g
h
tl
y
m
y
o
p
ic
b
o
u
n
d
st
re
n
g
th
e
n
in
g
I i
j

=
fi;
k
g
w
h
er
e
k
is
ch
os
en

to
b
e
am
on
g
th
e
ro
w
s
w
h
ic
h
m
a
x
im
iz
e
th
e
n
u
m
b
er
of
co
lu
m
n
s
w
it
h

n
o
n
-z
er
o
el
em
en
ts
in
b
o
th
ro
w
i
an
d
k
.
T
h
is
st
ra
te
gy
h
as
th
e
ad
va
n
-

ta
ge
th
at
th
e
n
u
m
b
er
of
ro
w
s
(t
w
o)
in
th
e
L
P
's
w
e
ar
e
so
lv
in
g
ar
e

�
x
ed
an
d
k
n
ow
n
in
a
d
va
n
ce
.
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A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

E
g
o
c
e
n
tr
ic
b
o
u
n
d
st
re
n
g
th
e
n
in
g
I i
j
=
fi
:
A
ij
6=
0
gA
n
ad
va
n
ta
ge
o

th
is
sc
h
em
e
is
th
at
th
e
se
t
of
eq
u
at
io
n
s,
I i
j
,
to
in
cl
u
d
e
in
th
e
b
ou
n

st
re
n
gt
h
en
in
g
of
x
j
d
o
es
n
ot
d
ep
en
d
on
i,
so
th
e
to
ta
l
n
u
m
b
er
of
L
P

in
v
ol
ve
d
in
th
e
b
ou
n
d
st
re
n
gt
h
en
in
g
is
li
m
it
ed
to
tw
o
fo
r
ea
ch
va
r

ab
le
.
If
th
er
e
h
ap
p
en
s
to
b
e
fe
w
va
ri
ab
le
s
(b
es
id
es
x
j
)
w
it
h
n
on
-z
er

el
em
en
ts
in
m
or
e
th
an
on
e
o
f
th
e
eq
u
at
io
n
s
d
et
er
m
in
ed
b
y
th
e
se
t
I i
j

th
e
re
su
lt
in
g
b
o
u
n
d
s
w
il
ln
ot
b
e
m
u
ch
st
ro
n
ge
r
th
an
th
e
b
ou
n
d
s
w
h
ic

co
u
ld
h
av
e
b
ee
n
ac
h
ie
ve
d
b
y
d
oi
n
g
m
y
op
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
o

ea
ch
o
f
th
e
in
d
iv
id
u
al
eq
u
at
io
n
s.
In
th
is
ca
se
,
h
ow
ev
er
,
th
e
re
su
lt

in
g
tw
o
L
P
's
w
il
l
h
av
e
n
ea
rl
y
d
ia
go
n
al
b
as
es
an
d
th
e
co
m
p
u
ta
ti
on
a

e�
or
t
to
so
lv
e
th
em
is
n
ot
m
u
ch
b
ig
ge
r
th
an
th
e
e�
or
t
of
p
er
fo
rm

in
g
m
y
op
ic
b
ou
n
d
st
re
n
gt
h
en
in
g.
If
th
e
eq
u
at
io
n
s
on
th
e
co
n
tr
a
r

h
av
e
m
an
y
n
on
-z
er
o
el
em
en
ts
in
co
m
m
on
co
lu
m
n
s,
m
or
e
w
o
rk
ca
n
b

ex
p
ec
te
d
,
b
u
t
ge
n
er
al
ly
w
e
w
il
l
al
so
ob
ta
in
st
ro
n
ge
r
b
ou
n
d
s.

T
h
e
av
er
ag
e
n
u
m
b
er
of
n
on
ze
ro
el
em
en
ts
in
ea
ch
co
lu
m
n
is
ty
p
ic
al
l

re
as
on
ab
ly
sm
al
lf
or
la
rg
e
sp
ar
se
re
al
w
or
ld
L
P
's
so
th
e
si
ze
of
th
e
L
P

w
h
ic
h
m
u
st
b
e
so
lv
ed
b
y
th
e
b
ou
n
d
st
re
n
gt
h
en
in
g
p
ro
ce
d
u
re
w
it
h
th
i

st
ra
te
gy
is
sm
al
l
on
av
er
ag
e.
S
om
et
im
es
an
ot
h
er
w
is
e
sp
ar
se
p
ro
b
le
m

m
ig
h
t
co
n
ta
in
a
sm
al
l
n
u
m
b
er
of
d
en
se
co
lu
m
n
s.
S
tr
en
gt
h
en
in
g
th

b
ou
n
d
s
on
a
va
ri
ab
le
co
rr
es
p
on
d
in
g
to
a
co
lu
m
n
w
it
h
a
n
u
m
b
er
o

n
on
ze
ro
el
em
en
ts
m
u
ch
h
ig
h
er
th
an
th
e
av
er
ag
e
w
it
h
th
is
st
ra
te
g

in
v
ol
ve
s
so
lv
in
g
a
b
ig
L
P
(p
o
te
n
ti
al
ly
as
b
ig
as
th
e
or
ig
in
al
if
th

co
lu
m
n
in
q
u
es
ti
on
is
fu
ll
y
d
en
se
).
T
h
er
ef
or
e
su
ch
d
en
se
co
lu
m
n

m
u
st
b
e
ex
cl
u
d
ed
fr
om
th
is
st
ra
te
gy
an
d
m
yo
p
ic
b
o
u
n
d
st
re
n
gt
h
en
in

u
se
d
fo
r
th
e
co
rr
es
p
on
d
in
g
va
ri
ab
le
s.

F
u
ll
b
o
u
n
d
st
re
n
g
th
e
n
in
g
I i
j
=
f1
;:
::
;m
gW
it
h
fu
ll
b
o
u
n
d
st
re
n
gt
h
en

in
g
w
e
a
re
ap
p
ro
ac
h
in
g
ex
tr
em
e
L
P
re
d
u
ct
io
n
.
T
h
e
d
i�
er
en
ce
is
th
a

w
h
il
e
ex
tr
em
e
L
P
re
d
u
ct
io
n
co
n
si
d
er
a
ll
eq
u
at
io
n
s
of
th
e
op
ti
m
a

it
y
co
n
d
it
io
n
s
si
m
u
lt
an
eo
u
sl
y,
in
fu
ll
b
ou
n
d
st
re
n
gt
h
en
in
g
p
ri
m
al
an

d
u
al
co
n
st
ra
in
ts
ar
e
co
n
si
d
er
ed
se
p
ar
at
el
y.

A
n
y
th
in
g
b
ey
on
d
m
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
ce
rt
ai
n
ly
d
es
er
ve
s
th
e
ad

je
ct
iv
e
ag
gr
es
si
ve
.
E
ve
n
ca
rr
y
in
g
on
m
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
u
n
t

co
n
ve
rg
en
ce
is
so
m
et
im
es
co
n
si
d
er
ed
to
o
a
gg
re
ss
iv
e,
b
u
t
as
w
e
sh
al
l
se
e
i

th
e
se
ct
io
n
on
im
p
le
m
en
ta
ti
on
al
is
su
es
,
th
e
co
m
p
u
ta
ti
on
al
e�
or
t
of
co
n
ti
n

u
in
g
b
ou
n
d
st
re
n
gt
h
en
in
g
u
n
ti
l
n
o
b
ou
n
d
ca
n
b
e
m
ov
ed
m
or
e
th
an
a
sm
a

va
lu
e
E
P
S
(e
q
u
al
to
1e
-0
8
in
th
e
co
m
p
u
ta
ti
on
al
te
st
s)
is
n
ot
n
ec
es
sa
ri
l

p
ro
h
ib
it
iv
e.
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C
.5

P
ri
m
a
l-
d
u
a
l
in
te
ra
c
ti
o
n

T
h
e
p
ri
m
al
-d
u
al
co
n
n
ec
ti
on
o
f
th
e
op
ti
m
al
it
y
co
n
d
it
io
n
s
ca
n
b
e
ex
p
re
ss
ed

in
tw
o
a
lt
er
n
at
iv
e
w
ay
s.
A
s
th
e
co
m
p
le
m
en
ta
ry
sl
ac
k
n
es
s
co
n
d
it
io
n
,
(x
j
�

l j
)z
j

=
0;
(u
j
�
x
j
)w
j
=
0

fo
r
j
=
1;
::
:;
n
or
as
ct
x
=
bt
y
+
lt
z
�
u
t
w
.

A
lt
h
ou
gh
th
ey
ar
e
eq
u
iv
a
le
n
t
if
th
e
w
h
ol
e
se
t
of
op
ti
m
al
it
y
co
n
d
it
io
n
s
is

co
n
si
d
er
ed
si
m
u
lt
an
eo
u
sl
y,
d
i�
er
en
ce
s
ar
e
p
os
si
b
le
in
th
e
b
ou
n
d
s
w
h
ic
h

ca
n
b
e
ac
h
ie
ve
d
b
y
m
yo
p
ic
b
ou
n
d
st
re
n
gt
h
en
in
g
on
ea
ch
of
th
e
al
te
rn
at
iv
e

fo
rm
u
la
ti
o
n
s.
T
h
e
p
ro
b
le
m

re
d
u
ct
io
n
ca
n
ta
k
e
ad
va
n
ta
ge
of
b
ot
h
th
es
e

fo
rm
u
la
ti
o
n
s
at
th
e
sa
m
e
ti
m
e.

T
h
e
co
n
st
ra
in
t
ct
x
=
bt
y
+
lt
z
�
u
t
w
ca
n
b
e
u
se
d
fo
r
b
o
u
n
d
st
re
n
gt
h
en
in
g

(
ct
x
�
f
�
bt +
y
+
bt �
y
+
lt +
z
+
lt �
z
�
u
t +
w
�
u
t �
w
an
d
bt
y
+
lt
z
�
u
t
w
�

f
�
ct +
x
+
ct �
x
).
H
er
e
f
a
n
d
f
a
re
th
e
cu
rr
en
tl
y
b
es
t
k
n
ow
n
b
ou
n
d
s
on

th
e
op
ti
m
al
o
b
je
ct
iv
e
fu
n
ct
io
n
va
lu
e.
If
fo
r
so
m
e
re
as
on
an
u
p
p
er
or
lo
w
er

b
ou
n
d
o
n
th
e
ob
je
ct
iv
e
fu
n
ct
io
n
is
k
n
ow
n
it
ca
n
b
e
u
se
d
in
st
ea
d
of
f
o
r
f

if
it
is
st
ro
n
ge
r.

Im
p
li
ed
b
ou
n
d
s
o
n
th
e
d
u
al
va
ri
ab
le
s
ca
n
h
av
e
co
n
se
q
u
en
ce
s
fo
r
th
e
p
ri
m
al

p
ro
b
le
m
an
d
v
ic
e-
v
er
sa
.
W
e
h
av
e
a
lr
ea
d
y
d
is
cu
ss
ed
h
ow
a
st
ri
ct
ly
p
os
it
iv
e

im
p
li
ed
b
ou
n
d
o
n
a
va
ri
ab
le
z j
a
ll
ow
u
s
to
�
x
th
e
co
rr
es
p
on
d
in
g
p
ri
m
al

va
ri
ab
le
at
it
s
lo
w
er
b
ou
n
d
.
C
on
ve
rs
el
y
it
is
al
so
p
os
si
b
le
to
�
x
a
d
u
al

va
ri
ab
le
z j
at
ze
ro
if
th
e
co
rr
es
p
o
n
d
in
g
p
ri
m
al
va
ri
ab
le
x
j

ca
n
b
e
sh
ow
n
,

b
y
a
n
im
p
li
ed
b
ou
n
d
,
to
b
e
st
ri
ct
ly
g
re
at
er
th
a
n
it
s
lo
w
er
b
o
u
n
d
.
T
h
is
d
o
es

n
ot
im
m
ed
ia
te
ly
re
su
lt
in
a
n
y
re
d
u
ct
io
n
s
b
u
t
m
ig
h
t
op
en
u
p
fo
r
fu
rt
h
er

st
re
n
g
th
en
in
g
o
f
th
e
b
ou
n
d
s
on
th
e
d
u
al
va
ri
a
b
le
p
os
si
b
ly
le
ad
in
g
to
th
e

�
x
in
g
o
f
p
ri
m
al
va
ri
ab
le
s.
C
u
ri
ou
sl
y,
th
e
u
se
of
p
ri
m
al
im
p
li
ed
b
ou
n
d
s
to

�
x
d
u
al
va
ri
ab
le
s
w
as
al
re
ad
y
ex
p
lo
it
ed
b
y
B
re
a
rl
y
et
.
al
.
[3
]
(a
lt
h
ou
gh
th
e

u
se
w
as
li
m
it
ed
to
sl
ac
k
co
lu
m
n
s)
b
u
t
th
is
im
p
or
ta
n
t
op
ti
on
se
em
s
to
h
av
e

b
ee
n
fo
rg
o
tt
en
b
y
la
te
r
au
th
or
s
[1
,
8]
.

In
st
ea
d
th
es
e
a
u
th
or
s
fo
cu
s
on
th
e
ab
il
it
y
to
�
x
p
ri
m
al
va
ri
ab
le
s
as
a
co
n
se
-

q
u
en
ce
o
f
w
ea
k
ly
re
d
u
n
d
a
n
t
d
u
al
b
ou
n
d
s.
C
le
ar
ly
th
e
re
m
ov
al
of
a
re
d
u
n
-

d
an
t
d
u
al
b
ou
n
d
re
st
ri
ct
s
th
e
p
ri
m
al
fe
as
ib
le
re
gi
on
b
y
�
x
in
g
th
e
as
so
ci
at
ed

p
ri
m
a
l
va
ri
ab
le
,
b
u
t
si
n
ce
th
e
d
u
a
l
fe
as
ib
le
re
g
io
n
is
n
ot
ch
an
ge
d
th
e
o
p
-

ti
m
al
ob
je
ct
iv
e
fu
n
ct
io
n
va
lu
e
d
o
es
n
ot
ch
a
n
ge
ei
th
er
.
In
o
th
er
w
or
d
s,
if

z j
�
0
is
w
ea
k
ly
re
d
u
n
d
an
t
th
er
e
ex
is
ts
a
n
op
ti
m
al
(p
ri
m
al
)
so
lu
ti
on
w
it
h

x
j

=
l j
.
B
u
t
b
y
�
x
in
g
x
j

w
e
m
ig
h
t
el
im
in
at
e
so
m
e
a
lt
er
n
at
iv
e
o
p
ti
m
al

so
lu
ti
on
s.
A
lt
h
o
u
gh
w
e
ar
e
so
m
et
im
es
on
ly
in
te
re
st
ed
in
an
y
si
n
gl
e
o
p
ti
m
al

so
lu
ti
on
,
in
ge
n
er
al
it
p
os
si
b
le
th
a
t
th
e
u
se
r
d
es
ir
es
to
re
ta
in
th
e
p
os
si
b
il
it
y

to
d
et
er
m
in
e
th
e
w
h
o
le
se
t
of
o
p
ti
m
al
so
lu
ti
on
s.
F
or
th
is
re
as
on
w
e
ch
o
os
e

14
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A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

n
ot
to
u
se
w
ea
k
d
u
al
re
d
u
n
d
an
cy
to
�
x
th
e
co
rr
es
p
on
d
in
g
p
ri
m
al
va
ri
ab
l

u
n
le
ss
th
is
op
ti
on
is
sp
ec
i�
ca
ll
y
en
ab
le
d
.
L
ik
e
in
th
e
p
ri
m
al
ca
se
(d
is
cu
ss
e

b
el
ow
)
ca
re
m
u
st
b
e
ta
ke
n
to
en
su
re
th
at
on
ly
si
m
u
lt
an
eo
u
sl
y
re
d
u
n
d
an

b
ou
n
d
s
ar
e
re
m
ov
ed
in
th
is
w
ay
.

C
.5
.1

Im
p
li
e
d
fr
e
e
v
a
ri
a
b
le
s

A
va
ri
ab
le
is
sa
id
to
b
e
im
p
li
ed
fr
ee
if
it
s
b
ou
n
d
s
ar
e
re
d
u
n
d
an
t.
W
h
en
ev
er

re
d
u
n
d
an
t
b
ou
n
d
on
a
p
ri
m
al
va
ri
ab
le
is
d
et
ec
te
d
w
e
ca
n
�
x
a
d
u
al
va
ri
ab
l

at
ze
ro
.
If
b
ot
h
of
th
e
b
ou
n
d
s
ar
e
re
d
u
n
d
an
t
th
e
va
ri
ab
le
ca
n
b
e
el
im
in
at
e

b
y
su
b
st
it
u
ti
on
.
T
h
is
op
ti
on
is
m
os
t
ad
va
n
ta
ge
ou
s
fo
r
co
lu
m
n
s
w
it
h
fe
w

n
on
-z
er
os
.

In
p
ra
ct
ic
e,
L
P
's
te
n
d
to
h
av
e
m
an
y
w
ea
k
ly
re
d
u
n
d
an
t
b
o
u
n
d
s
a
n
d
it
i

im
p
or
ta
n
t
fo
r
th
e
re
d
u
ct
io
n
al
go
ri
th
m
to
d
et
ec
t
as
m
an
y
as
p
os
si
b
le
o

th
es
e;
h
ow
ev
er
ca
re
m
u
st
b
e
ta
k
en
.
T
h
e
re
m
ov
al
of
on
e
w
ea
k
ly
re
d
u
n
d
an

in
eq
u
al
it
y
fr
om
a
sy
st
em

of
in
eq
u
al
it
ie
s
m
ig
h
t
n
eg
at
e
th
e
re
d
u
n
d
an
cy
o

ot
h
er
in
eq
u
al
it
ie
s.
T
h
er
ef
or
e
a
se
t
of
w
ea
k
ly
re
d
u
n
d
an
t
in
eq
u
al
it
ie
s
ca

n
ot
ge
n
er
al
ly
b
e
re
m
ov
ed
si
m
u
lt
an
eo
u
sl
y.
T
h
is
w
as
(r
e)
d
is
co
ve
re
d
b
y
T
o
m

li
n
an
d
W
el
ch
[1
6]
in
"t
h
e
h
ar
d
w
ay
",
w
h
en
th
ei
r
p
ro
ce
d
u
re
fo
r
d
et
ec
ti
n

im
p
li
ed
fr
ee
L
P
va
ri
ab
le
s
re
su
lt
ed
in
an
u
n
b
o
u
n
d
ed
p
ro
b
le
m
.

T
h
e
q
u
es
ti
on
,
w
h
en
is
it
fe
as
ib
le
to
si
m
u
lt
an
eo
u
sl
y
re
m
ov
e
a
se
t
of
re
d
u
n

d
an
t
b
ou
n
d
s,
is
an
sw
er
ed
b
y
th
e
th
eo
ry
of
d
ep
en
d
en
cy
se
ts
,
se
e
G
re
en
b
er

[1
0]
.
L
et
B
=
fl j
�
x
j
:
l j
>
�1
g[
fx
j
�
u
j
:
u
j
<
1
gb
e
th
e
se
t
of
�
n
it

b
ou
n
d
s
on
th
e
p
ri
m
al
va
ri
ab
le
s.
A
d
ep
en
d
en
cy
se
t
fo
r
a
re
d
u
n
d
an
t
b
ou
n
d
i

a
se
t
of
co
n
st
ra
in
ts
w
h
ic
h
re
n
d
er
s
th
e
b
ou
n
d
re
d
u
n
d
an
t.
H
er
e
w
e
co
n
si
d
e

th
e
eq
u
at
io
n
s
fA
x
=
bg
as
gi
v
en
so
d
�
B
is
a
d
ep
en
d
en
cy
se
t
fo
r
e
2
B

i�
e
=2
d
an
d
e
is
im
p
li
ed
b
y
fA
x
=
bg
[
d
.
S
u
p
p
os
e
fA
x
=
b;
l
�
x
�
u

is
co
n
si
st
en
t
an
d
th
a
t
R
=
fl j
�
x
j

:
i
2
I 1
g[
fx
j

�
u
j

:
i
2
I 2
g
�
B

ar
e
al
l
re
d
u
n
d
an
t.
It
is
ea
si
ly
se
en
th
at
th
e
re
d
u
n
d
an
t
b
ou
n
d
s
in
R
ca
n
b

si
m
u
lt
an
eo
u
sl
y
re
m
ov
ed
if
an
d
on
ly
if
B
co
n
ta
in
s
a
d
ep
en
d
en
cy
se
t
co
m
m
o

fo
r
al
l
el
em
en
ts
of
R
.

T
h
is
d
o
es
n
ot
,
h
ow
ev
er
,
p
ro
v
id
e
an
al
go
ri
th
m
fo
r
�
n
d
in
g
a
m
ax
im
u
m
ca
rd
i

n
al
it
y
se
t
o
f
si
m
u
lt
an
eo
u
sl
y
re
d
u
n
d
an
t
b
ou
n
d
s,
al
th
ou
gh
th
is
p
ro
b
le
m
co
u
l

b
e
fo
rm
u
la
te
d
as
a
m
ax
-s
at
is
�
ab
il
it
y
p
ro
b
le
m
if
al
l
(m
in
im
al
)
d
ep
en
d
en
c

se
ts
fo
r
ea
ch
re
d
u
n
d
an
t
b
ou
n
d
w
er
e
k
n
ow
n
.
T
h
e
m
ax
-s
at
is
�
ab
il
it
y
p
ro
b
le
m

is
N
P
-h
ar
d
an
d
ev
en
th
e
ta
sk
of
d
et
er
m
in
in
g
al
l
d
ep
en
d
en
cy
se
ts
le
t
al
on

al
l
re
d
u
n
d
an
t
b
o
u
n
d
s
is
a
ch
al
le
n
gi
n
g
ta
sk
.
M
os
t
of
th
e
p
ra
ct
ic
al
m
et
h
o
d
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to
d
et
er
m
in
e
re
d
u
n
d
an
t
co
n
st
ra
in
ts
ar
e
b
a
se
d
on
so
m
e
k
in
d
of
p
iv
ot
in
g
al
-

go
ri
th
m
s
[6
].
C
le
a
rl
y
th
e
ti
m
e
re
q
u
ir
ed
to
so
lv
e
th
is
p
ro
b
le
m
to
op
ti
m
al
it
y

is
p
ro
h
ib
it
iv
e.

F
o
rt
u
n
at
el
y
a
ll
st
ri
ct
ly
re
d
u
n
d
an
t
b
o
u
n
d
s
ca
n
b
e
re
m
ov
ed
si
m
u
lt
an
eo
u
sl
y

w
it
h
ou
t
fu
rt
h
er
ad
o.
T
h
is
is
ex
p
lo
it
ed
w
h
en
a
st
ri
ct
ly
re
d
u
n
d
an
t
b
ou
n
d

is
d
et
er
m
in
ed
d
u
ri
n
g
th
e
b
o
u
n
d
st
re
n
g
th
en
in
g.
W
h
en
a
w
ea
k
ly
re
d
u
n
d
an
t

b
ou
n
d
is
fo
u
n
d
b
y
th
e
b
o
u
n
d
st
re
n
gt
h
en
in
g
w
e
ca
n
n
ot
d
et
er
m
in
e
th
e
co
r-

re
sp
on
d
in
g
d
ep
en
d
en
cy
se
t
si
n
ce
im
p
li
ed
b
ou
n
d
ca
n
h
av
e
b
ee
n
u
se
d
in
th
e

b
ou
n
d
in
g.

H
ow
ev
er
,
to
st
re
n
gt
h
en
th
e
d
u
al
p
ro
b
le
m
,
it
is
im
p
o
rt
an
t
to
d
et
er
m
in
e

a
s
m
an
y
si
m
u
lt
an
eo
u
sl
y
re
d
u
n
d
an
t
b
ou
n
d
s
as
p
os
si
b
le
in
re
as
on
ab
le
ti
m
e.

W
e
h
av
e
u
se
d
th
e
fo
ll
ow
in
g
h
eu
ri
st
ic
p
ro
ce
d
u
re
fo
r
d
et
er
m
in
in
g
a
se
t
of

si
m
u
lt
an
eo
u
sl
y
w
ea
k
ly
re
d
u
n
d
an
t
b
ou
n
d
s.
T
o
si
m
p
li
fy
th
e
d
is
cu
ss
io
n
w
e

co
n
si
d
er
a
n
L
P
w
it
h
lo
w
er
b
ou
n
d
s
on
ly
.

L
et
J
b
e
th
e
se
t
of
va
ri
ab
le
s
w
h
o
se
lo
w
er
b
ou
n
d
ca
n
b
e
se
en
to
b
e
w
ea
k
ly

re
d
u
n
d
an
t
b
y
co
n
si
d
er
in
g
on
ly
a
si
n
gl
e
eq
u
at
io
n
a
n
d
th
e
or
ig
in
al
b
ou
n
d
s:

J
=
fj
:
9i
su
ch
th
at
l j
=
m
in
f(
b i
�

X k
6=
j

a
ik
x
k
)=
a
ij
:
l
�
x
gg

A
n
d
le
t
I
b
e
th
e
se
t
of
eq
u
at
io
n
s
w
h
ic
h
to
ge
th
er
w
it
h
th
e
or
ig
in
al
b
ou
n
d
s

ca
n
b
e
u
se
d
to
d
et
er
m
in
e
a
w
ea
k
ly
re
d
u
n
d
an
t
b
o
u
n
d
.

I
=
fi
:
9j
su
ch
th
at
l j
=
m
in
f(
b i
�

X k
6=
j

a
ik
x
k
)=
a
ij
:
l
�
x
gg

N
ow
w
e
co
n
si
d
er
th
e
su
b
-m
a
tr
ix
A
I
J

o
f
th
e
co
n
st
ra
in
t
m
at
ri
x
.
N
ot
e
th
at

A
I
J

is
n
ot
n
ec
es
sa
ri
ly
q
u
ad
ra
ti
c,
si
n
ce
ea
ch
lo
w
er
b
ou
n
d
m
ig
h
t
b
e
d
et
er
-

m
in
ed
w
ea
k
ly
re
d
u
n
d
an
t
in
m
or
e
th
an
o
n
e
ro
w
a
n
d
a
d
ou
b
le
to
n
ro
w
ca
n

re
n
d
er
tw
o
lo
w
er
b
ou
n
d
s
w
ea
k
ly
re
d
u
n
d
an
t.
If
A
~ I
~ J
is
a
q
u
ad
ra
ti
c
su
b
m
a-

tr
ix
o
f
A
I
J

w
h
ic
h
ca
n
b
e
re
o
rd
er
ed
to
lo
w
er
tr
ia
n
g
u
la
r
fo
rm
th
en
al
l
th
e

re
d
u
n
d
an
t
b
o
u
n
d
s
in
B
=
fx
j
�
l j
:
j
2
~ J
gc
an
b
e
si
m
u
lt
an
eo
u
sl
y
re
m
ov
ed
,

b
ec
a
u
se
th
es
e
b
ou
n
d
s
d
o
es
n
o
t
h
av
e
an
y
ci
rc
u
la
r
d
ep
en
d
en
ci
es
.
T
h
e
p
ro
b
-

le
m
o
f
d
et
er
m
in
in
g
a
m
ax
im
u
m
si
ze
(p
er
m
u
te
d
)
tr
ia
n
gu
la
r
su
b
m
at
ri
x
o
f
a

sp
ar
se
m
at
ri
x
h
av
e
ot
h
er
ap
p
li
ca
ti
on
s
a
s
w
el
l,
se
e
fo
r
ex
am
p
le
[1
1,
4
],
an
d

eÆ
ci
en
t
h
eu
ri
st
ic
s
h
av
e
b
ee
n
d
ev
el
op
ed
fo
r
it
.
In
th
e
im
p
le
m
en
ta
ti
on
,
a

m
o
d
i�
ca
ti
on
of
th
e
S
P
K
1
h
eu
ri
st
ic
,
d
u
e
to
S
ta
d
th
er
r
an
d
W
o
o
d
[1
5]
,
h
av
e

b
ee
n
u
se
d
.
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0

A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

C
.5
.2

B
o
u
n
d
re
p
la
c
e
m
e
n
ts

O
ft
en
a
w
ea
k
re
d
u
n
d
an
cy
is
d
et
ec
te
d
on
ly
w
it
h
th
e
h
el
p
of
im
p
li
ed
b
ou
n
d

on
th
e
ot
h
er
va
ri
ab
le
s
an
d
m
ig
h
t
in
fa
ct
b
e
d
ep
en
d
en
t
on
th
es
e
im
p
li
e

b
ou
n
d
s
a
s
th
e
fo
ll
ow
in
g
ex
am
p
le
sh
ow
s.
F
or
th
e
sy
st
em

x
1
+
x
2
=
10

x
1
;x
2
�
0

n
on
e
o
f
th
e
lo
w
er
b
ou
n
d
s
ar
e
re
d
u
n
d
an
t,
h
ow
ev
er
it
is
ea
sy
to
d
er
iv
e
th

fo
ll
ow
in
g
im
p
li
ed
b
ou
n
d
s
x
1
2
[0
;1
0]
;x
2
2
[0
;1
0]
.
U
si
n
g
th
e
im
p
li
ed
b
ou
n

x
2
�
10
th
e
lo
w
er
b
ou
n
d
on
x
1
b
ec
om
es
re
d
u
n
d
an
t
an
d
w
e
ar
ri
ve
a
t
th

eq
u
iv
al
en
t
sy
st
em

x
1
+
x
2
=
10

0
�
x
2
�
10

If
th
is
w
as
a
p
ar
t
o
f
a
la
rg
er
sy
st
em
,
it
co
u
ld
b
e
u
se
d
to
el
im
in
at
e
x
1
w
h
ic

h
as
n
ow
b
ec
om
e
im
p
li
ed
fr
ee
.
A
n
ot
h
er
u
se
of
th
e
n
ew
eq
u
iv
a
le
n
t
sy
st
em

is
to
ex
p
lo
it
th
e
co
rr
es
p
on
d
in
g
ch
an
ge
s
of
th
e
d
u
al
b
ou
n
d
s.
In
th
e
�
rs

fo
rm
u
la
ti
on
th
e
b
ou
n
d
s
of
th
e
d
u
al
va
ri
ab
le
s
co
rr
es
p
on
d
in
g
to
x
1
an
d
x
2
ar

z 1
2
[0
;1
],
z 2
2
[0
;1
],
w
1
2
[0
;0
]
an
d
w
2
2
[0
;0
],
b
u
t
fo
r
th
e
al
te
rn
at
iv

fo
rm
u
la
ti
on
w
e
g
et
z 1
2
[0
;0
],
z 2
2
[0
;1
],
w
1
2
[0
;0
]
a
n
d
w
2
2
[0
;1
].
I

is
p
os
si
b
le
th
at
th
e
se
co
n
d
se
t
of
d
u
al
b
ou
n
d
ca
n
b
e
b
en
e�
ci
al
fo
r
th
e
d
u
a

b
ou
n
d
st
re
n
gt
h
en
in
g.

C
.6

Im
p
le
m
e
n
ta
ti
o
n
Is
su
e
s

T
h
e
en
gi
n
e
of
L
P
re
d
u
ct
io
n
is
th
e
b
ou
n
d
st
re
n
gt
h
en
in
g.
W
e
w
il
l
d
is
cu
s

h
ow
th
e
m
yo
p
ic
b
o
u
n
d
st
re
n
gt
h
en
in
g
ca
n
b
e
eÆ
ci
en
tl
y
im
p
le
m
en
te
d
.
O
u

d
is
cu
ss
io
n
is
fo
cu
se
d
on
th
e
p
ri
m
al
b
ou
n
d
st
re
n
gt
h
en
in
g,
b
u
t
it
is
va
li
d
fo

th
e
d
u
al
b
o
u
n
d
st
re
n
gt
h
en
in
g
as
w
el
l.

T
h
e
�
x
in
g
of
va
ri
ab
le
s
in
si
n
gl
et
on
ro
w
s
an
d
in
fo
rc
in
g
ro
w
s
b
o
th
co
m

ou
t
as
sp
ec
ia
l
ca
se
s
of
ge
n
er
al
m
y
op
ic
b
ou
n
d
st
re
n
gt
h
en
in
g.
N
ev
er
th
el
es

w
e
in
cl
u
d
e
te
st
s
fo
r
th
es
e
sp
ec
ia
l
ca
se
s
b
ec
au
se
su
ch
ro
w
s
ca
n
b
e
tr
ea
te

m
or
e
eÆ
ci
en
tl
y
a
n
d
w
it
h
le
ss
ex
p
os
u
re
to
ro
u
n
d
in
g
er
ro
r.
T
h
e
al
go
ri
th
m

fo
r
st
re
n
gt
h
en
in
g
th
e
va
ri
ab
le
s
ap
p
ea
ri
n
g
in
a
si
n
gl
e
ro
w
is
ou
tl
in
ed
b
el
ow
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1

if
R
ow
le
n
g
th
[i
]=
0
th
e
n

m
ar
k
th
is
ro
w
as
el
im
in
at
ed

e
ls
e if

R
ow
le
n
gt
h
[i
]=
1
th
e
n

m
a
rk
th
is
ro
w
as
el
im
in
at
ed
an
d
�
x
th
e
co
rr
es
p
on
d
in
g
va
ri
ab
le
(u
p
-

d
at
in
g
R
ow
le
n
g
th
)

e
ls
e L

=
P j

2
f
j
:A
i
j
>
0
^
x
j
>
�
1
g
A
ij
x
j
+

P j
2
f
j
:A
i
j
<
0
^
x
j
<
1
g
A
ij
x
j

L
in
f
=
jfA
ij
>
0
^
x
j
=
�1
gj
+
jfA
ij
<
0
^
x
j
=
1
gj

U
=

P j
2
f
j
:A
i
j
>
0
^
x
j
<
1
g
A
ij
x
j
+

P j
2
f
j
:A
i
j
<
0
^
x
j
>
�
1
g
A
ij
x
j

U
in
f
=
jfA
ij
>
0
^
x
j
=
1
gj
+
jfA
ij
<
0
^
x
j
=
�1
gj

if
L
=
b
[i
]
^
L
in
f
=
0
th
e
n

fo
ra
ll
va
ri
ab
le
s
j
o
f
ro
w
i
d
o
�
x
j
at
th
e
ap
p
ro
p
ri
at
e
b
ou
n
d

(u
p
d
a
ti
n
g
R
ow
le
n
gt
h
)

e
ls
e if

U
=
b
[i
]
^
U
in
f
=
0
th
e
n

fo
ra
ll
va
ri
ab
le
s
j
of
ro
w
i
d
o
�
x
j
at
th
e
a
p
p
ro
p
ri
at
e
b
ou
n
d

(u
p
d
at
in
g
R
ow
le
n
gt
h
)

e
ls
e if

L
in
f
=
1
^
U
in
f
�
1
th
e
n

�
n
d
j
su
ch
th
a
t
j
2
fj
:
(A
ij

>
0
^
x
j

=
�1
)
_
(A
ij

<

0
^
x
j
=
1
)g

if
a
ij
>
0
th
e
n

u
p
p
er
=
(b
[i
]
�
L
)=
a
ij
;
if
u
p
p
er
<
x
j
th
e
n
x
j
=
u
p
p
er
;

e
ls
e lo

w
er
=
(b
[i
]�
L
)=
a
ij
;
if
lo
w
er
>
x
j
th
e
n
x
j
=
lo
w
er
;

e
n
d
if

e
n
d
if

if
U
in
f
=
1
^
L
in
f
�
1
th
e
n

�
n
d
j
su
ch
th
a
t
j
2
fj
:
(A
ij

>
0
^
x
j

=
�1
)
_
(A
ij

<

0
^
x
j
=
1
)g

if
a
ij
>
0
th
e
n

lo
w
er
=
(b
[i
]�
U
)=
a
ij
;
if
lo
w
er
>
x
j
th
e
n
x
j
=
lo
w
er
;

e
ls
e u

p
p
er
=
(b
[i
]
�
U
)=
a
ij
;
if
u
p
p
er
<
x
j
th
e
n
x
j
=
u
p
p
er
;

e
n
d
if

e
n
d
if

if
L
in
f
=
0
th
e
n

15
2

A
p
p
en
d
ix
C
.
A
gg
re
ss
iv
e
L
P
re
d
u
ct
io

fo
r
al
l
va
ri
ab
le
s
j
of
ro
w
i
d
o

if
a
ij
>
0
th
e
n

u
p
p
er
=
(b
[i
]
�
L
)=
a
ij
+
x
j

;
if
u
p
p
er
<
x
j

th
e
n
x
j

=

u
p
p
er
;

e
ls
e lo

w
er
=
(b
[i
]
�
L
)=
a
ij
+
x
j

;

if
lo
w
er
>
x
j

th
e
n
x
j

=

lo
w
er
;

e
n
d
if

e
n
d
fo
r

e
n
d
if

if
U
in
f
=
0
th
e
n

fo
r
al
l
va
ri
ab
le
s
j
of
ro
w
i
d
o

if
a
ij
>
0
th
e
n

lo
w
er
=
(b
[i
]
�
U
)=
a
ij
+
x
j

;

if
lo
w
er
>
x
j

th
e
n
x
j

=

lo
w
er
;

e
ls
e u

p
p
er
=
(b
[i
]
�
U
)=
a
ij
+
x
j

;
if
u
p
p
er
<
x
j

th
e
n
x
j

=

u
p
p
er
;

e
n
d
if

e
n
d
fo
r

e
n
d
if

e
n
d
if

e
n
d
if

e
n
d
if

e
n
d
if

B
y
tr
ea
ti
n
g
al
l
va
ri
ab
le
s
of
a
ro
w
co
n
se
cu
ti
ve
ly
,
co
m
p
u
ta
ti
on
al
sa
v
in
gs
ar

ac
h
ie
ve
d
b
y
�
rs
t
co
m
p
u
ti
n
g
th
e
m
in
im
u
m
a
n
d
m
a
x
im
u
m
p
os
si
b
le
le
ve
l,

a
n
d
U
,
of
th
e
ro
w
su
b
je
ct
to
th
e
cu
rr
en
t
b
ou
n
d
s.
E
v
en
if
L
=
�1
an

U
=
1
it
m
ig
h
t
st
il
l
b
e
p
os
si
b
le
to
�
n
d
a
n
ew
�
n
it
e
b
ou
n
d
b
as
ed
on
th
i

ro
w
.
A
si
m
p
le
ex
am
p
le
of
th
is
is
th
e
ro
w
x
1
�
x
2

=

10
to
ge
th
er
w
it

th
e
b
ou
n
d
s
0
�
x
1

�
1
;
0
�
x
2

�
1
w
h
ic
h
ca
n
b
e
st
re
n
gt
h
en
ed
t

1
0
�
x
1
�
1
;
0
�
x
2
�
1
.
T
o
u
se
th
is
k
in
d
of
b
ou
n
d
st
re
n
gt
h
en
in
g

it
is
n
ec
es
sa
ry
to
co
u
n
t
th
e
n
u
m
b
er
of
in
�
n
it
e
b
o
u
n
d
s
ap
p
ea
ri
n
g
in
th

ex
p
re
ss
io
n
fo
r
ca
lc
u
la
ti
n
g
L
an
d
U
.
In
th
e
al
go
ri
th
m
ic
sk
et
ch
a
b
ov
e,
L
an

U
is
u
se
d
fo
r
th
e
�
n
it
e
p
ar
t
of
th
e
m
in
im
u
m
a
n
d
m
a
x
im
u
m
le
ve
l
of
th
e
i'
t

ro
w
an
d
L
in
f
an
d
U
in
f
ar
e
u
se
d
fo
r
co
u
n
ti
n
g
th
e
in
�
n
it
ie
s.
W
h
en
th
e
u
p
p
e

or
lo
w
er
b
o
u
n
d
of
a
ro
w
b
ec
om
es
�
n
it
e
(L
in
f=
0
or
U
in
f=
0)
th
e
ot
h
er
b
ou
n

w
il
l
al
so
b
ec
om
e
�
n
it
e
af
te
r
u
si
n
g
th
is
ro
w
fo
r
b
ou
n
d
st
re
n
gt
h
en
in
g.
W
h
e

th
is
h
ap
p
en
s
w
e
m
ar
k
th
e
ro
w
as
'�
n
it
e'
an
d
ar
e
ab
le
to
u
se
a
sl
ig
h
tl
y
fa
st
e
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3

p
ro
ce
d
u
re
n
ex
t
ti
m
e
th
e
ro
w
is
u
se
d
fo
r
b
ou
n
d
st
re
n
gt
h
en
in
g,
si
n
ce
w
e
d
o

n
o
t
h
av
e
to
co
u
n
t
th
e
in
�
n
it
ie
s
an
y
m
o
re
.

In
[1
,
8,
5]
a
n
u
m
b
er
o
f
p
as
se
s
a
re
p
er
fo
rm
ed
w
h
er
e
in
ea
ch
p
as
s
a
ll
ro
w
s

a
re
su
b
m
it
te
d
to
th
is
p
ro
ce
d
u
re
.
T
y
p
ic
al
ly
th
e
p
as
se
s
co
n
ti
n
u
e
u
n
ti
l
n
o

m
o
re
p
ro
g
re
ss
is
m
a
d
e
or
a
p
re
d
et
er
m
in
ed
m
ax
im
u
m
n
u
m
b
er
of
p
as
se
s
is

re
a
ch
ed
.
T
h
e
im
p
or
ta
n
ce
of
li
m
it
in
g
th
e
n
u
m
b
er
o
f
p
as
se
s
co
m
es
fr
om
th
e

fa
ct
th
a
t
al
l
ro
w
s
ar
e
co
n
si
d
er
ed
in
ea
ch
p
a
ss
,
ev
en
th
ou
gh
ty
p
ic
al
ly
on
ly

a
sm
a
ll
n
u
m
b
er
of
ro
w
s
co
n
tr
ib
u
te
to
th
e
p
ro
gr
es
s
in
th
e
la
te
r
p
as
se
s.
In

o
u
r
im
p
le
m
en
ta
ti
o
n
th
is
is
av
oi
d
ed
b
y
on
ly
co
n
si
d
er
in
g
ro
w
s
w
h
ic
h
co
n
ta
in

va
ri
a
b
le
s
w
it
h
b
ou
n
d
s
th
at
h
av
e
b
ee
n
st
re
n
gt
h
en
ed
si
n
ce
th
e
ro
w
w
as
la
st

v
is
it
ed
.
(W
e
re
fe
r
to
th
es
e
ro
w
s
as
th
e
ac
ti
v
e
ro
w
s.
)
T
h
is
ca
n
b
e
ac
h
ie
ve
d

b
y
m
ar
k
in
g
th
e
ro
w
s
in
w
h
ic
h
a
va
ri
a
b
le
ap
p
ea
rs
a
s
b
ei
n
g
ac
ti
v
e
ea
ch
ti
m
e

on
e
of
it
s
b
ou
n
d
is
st
re
n
gt
h
en
ed
(w
h
ic
h
ca
n
b
e
d
on
e
eÆ
ci
en
tl
y
si
n
ce
w
e

st
or
e
th
e
co
eÆ
ci
en
t
m
at
ri
x
b
ot
h
b
y
ro
w
s
a
n
d
b
y
co
lu
m
n
s)
.
In
th
e
in
it
ia
l

p
as
se
s
th
e
n
u
m
b
er
of
ac
ti
ve
ro
w
s
is
ty
p
ic
al
ly
v
er
y
h
ig
h
so
th
e
ti
m
e
sp
en
t

in
m
ar
k
in
g
ro
w
s
is
n
ot
co
m
p
en
sa
te
d
b
y
an
ev
en
tu
al
sm
al
l
sa
v
in
g
in
th
e

n
ex
t
p
as
s.
T
h
er
ef
or
e
w
e
o
m
it
m
ar
k
in
g
ac
ti
v
e
ro
w
s
in
th
e
�
rs
t
p
as
s.
In
th
e

se
co
n
d
p
as
s
al
l
ro
w
s
a
re
ex
am
in
ed
b
u
t
w
e
st
ar
t
to
m
ar
k
ac
ti
ve
ro
w
s
su
ch

th
a
t
in
th
e
th
ir
d
an
d
al
l
fo
ll
ow
in
g
p
as
se
s
o
n
ly
ac
ti
ve
ro
w
s
ar
e
ex
am
in
ed
.

T
h
e
b
ou
n
d
st
re
n
gt
h
en
in
g
st
op
s
w
h
en
th
er
e
ar
e
n
o
m
or
e
ac
ti
v
e
ro
w
s.

P
er
h
ap
s
th
e
m
os
t
im
p
or
ta
n
t
n
ew
fe
at
u
re
of
ou
r
L
P
re
d
u
ct
io
n
a
lg
or
it
h
m
is

th
e
u
se
of
fu
ll
p
ri
m
al
-d
u
al
in
te
ra
ct
io
n
.
B
y
th
is
w
e
m
ea
n
th
at
re
d
u
n
d
an
t

b
ou
n
d
s
in
b
ot
h
th
e
p
ri
m
al
an
d
d
u
al
p
ro
b
le
m
s
ar
e
u
se
d
to
�
x
va
ri
ab
le
s
in
it
s

d
u
al
p
ro
b
le
m
a
n
d
th
at
th
e
b
ou
n
d
s
w
h
ic
h
a
re
ch
an
g
ed
in
th
is
w
ay
ar
e
u
se
d

to
st
re
n
gt
h
en
ot
h
er
b
ou
n
d
s
fu
rt
h
er
,
if
p
os
si
b
le
.
T
h
is
ca
n
b
e
im
p
le
m
en
te
d

eÆ
ci
en
tl
y
si
n
ce
w
e
av
o
id
v
is
it
in
g
a
ll
th
e
ro
w
s
w
h
ic
h
a
re
n
ot
a�
ec
te
d
b
y
th
e

�
x
ed
va
ri
ab
le
s.

It
m
ig
h
t
b
e
p
o
ss
ib
le
to
o
b
ta
in
fu
rt
h
er
im
p
ro
ve
m
en
ts
b
y
u
p
d
at
in
g
th
e
va
lu
es

of
L
a
n
d
U
fo
r
ea
ch
ro
w
in
th
e
la
te
r
p
a
ss
es
in
st
ea
d
of
re
ca
lc
u
la
ti
n
g
th
em

ea
ch
ti
m
e
th
e
ro
w
is
v
is
it
ed
.
H
ow
ev
er
th
e
im
p
ro
ve
m
en
ts
,
if
an
y,
w
il
l
b
e

m
ar
gi
n
a
l
si
n
ce
th
e
ov
er
w
h
el
m
in
g
m
a
jo
ri
ty
of
th
e
w
o
rk
is
ca
rr
ie
d
ou
t
in
th
e

�
rs
t
fe
w
p
as
se
s
w
h
er
e
th
e
h
ig
h
n
u
m
b
er
of
st
re
n
gt
h
en
ed
b
ou
n
d
s
m
ak
es
th
e

u
p
d
at
in
g
sc
h
em
e
u
n
at
tr
ac
ti
v
e.

T
h
e
d
es
cr
ip
ti
on
of
th
e
al
g
or
it
h
m
co
n
ta
in
s
a
lo
t
o
f
te
st
s
o
n
th
e
si
gn
of
m
at
ri
x

el
em
en
ts
.
B
y
re
or
ga
n
iz
in
g
th
e
st
o
ra
ge
o
f
th
e
co
eÆ
ci
en
t
m
at
ri
x
su
ch
th
at

th
e
p
o
si
ti
v
e
n
on
ze
ro
el
em
en
ts
p
re
ce
d
e
th
e
n
eg
at
iv
e
n
on
ze
ro
el
em
en
ts
in

ea
ch
ro
w
,
th
es
e
te
st
s
ar
e
av
oi
d
ed
in
th
e
im
p
le
m
en
ta
ti
on
.
B
y
re
p
la
ci
n
g
lo
op
s

li
ke
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A
p
p
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be straight forward to understand - the k'th inequality is modi�ed by adding

a constant (
�Akq

Apq

) times the p'the inequality.

Inequalities which are removed from the system by Fourier-Motzkin reduc-

tion are used to reconstruct the value of the eliminated variables.

We incorporate a simple test for redundancy of the modi�ed inequalities

based on the original bounds of the variables. If a (non redundant) singleton

inequality results we can use it for strengthening the bound on the variable,

but otherwise no bound strengthening is used.

The number of �ll ins generated in an iteration is bounded by (Rp �

1)jC+
q jjC�
q j, where Rp = jfj : 1 � j � n;Apj 6= 0gj. This bound is used

for selecting the variable, q, to eliminate and can also be used to refuse to

eliminate a variable if to many new non zero elements could be generated

as a result.

C.8 A numerical example

Consider the following LP and its associated dual problem.

P: minimize � x1 � 2x2 D: maximize 4y1 + 2y2

x1 + x2 + x3 = 4 y1 � y2 + z1 = �1

�x1 + 2x2 + x4 = 2 y1 + 2y2 + z2 = �2

x � 0 y1 + z3 = 0

y2 + z4 = 0

z � 0

with primal and dual feasible regions as illustrated in Figure 1.

Myopic bound strengthening on the primal problem provides the following

implied bounds: x1 2 [0; 4]; x2 2 [0; 3]; x3 2 [0; 4]; x4 2 [0; 6]. For the

dual problem the following implied bounds are obtained by myopic bound

strengthening: y1 2 [�1;�1]; y2 2 [�1; 0]; z1 2 [0;1]; z2 2 [0;1]; z3 2

[1;1]; z4 2 [0;1].

158 Appendix C. Aggressive LP reductio

x

x

1

2

Figure C.4: Primal feasible region (projected onto x1; x2 space)

2y

y1

Figure C.5: Dual feasible region (projected onto y1; y2 space)
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st
ra
te
gy

is
se
le
ct
ed
,
it
is
p
o
ss
ib
le
th
at
ti
m
e
is
w
a
st
ed
fo
r
so
m
e
p
ro
b
le
m
s
w
h
er
e
th
is

st
ra
te
gy
d
o
es
n
ot
b
ri
n
g
an
y
fu
rt
h
er
re
d
u
ct
io
n
s.
B
u
t
if
a
re
as
on
ab
le
n
u
m
b
er

of
p
ra
ct
ic
a
l
p
ro
b
le
m
s
ar
e
su
b
st
an
ti
al
ly
re
d
u
ce
d
th
e
g
oa
l
h
as
b
ee
n
fu
l�
ll
ed
.
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o
g
ra
p
h
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]
E
.D
.A
n
d
er
se
n
an
d
K
.
D
.A
n
d
er
se
n
.
P
re
so
lv
in
g
in
li
n
ea
r
p
ro
gr
am
m
in
g.

M
at
h
em
a
ti
ca
l
P
ro
gr
am
m
in
g,
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:2
21
{
24
5
,
19
95
.

[2
]
R
.
E
.
B
ix
b
y.
P
ro
gr
es
s
in
li
n
ea
r
p
ro
gr
am
m
in
g
.
O
R
S
A
J
ou
rn
al
o
n

C
om
p
u
ti
n
g,
6(
1)
:1
5{
2
2,
19
94
.

[3
]
A
.
L
.
B
re
a
rl
y,
G
.
M
it
ra
,
an
d
H
.
P
.
W
il
li
a
m
s.
A
n
al
y
si
s
of
m
at
h
em
at
-

ic
al
p
ro
gr
a
m
m
in
g
p
ro
b
le
m
s
p
ri
or
to
ap
p
ly
in
g
th
e
si
m
p
le
x
al
go
ri
th
m
.

M
at
h
em
at
ic
a
l
P
ro
gr
am
m
in
g,
15
:5
4{
8
3,
19
75
.

[4
]
R
.
F
le
tc
h
er
an
d
J.
A
.
J.
H
al
l.
O
rd
er
in
g
a
lg
or
it
h
m
s
fo
r
ir
re
d
u
ci
b
le

sp
ar
se
li
n
ea
r
sy
st
em
s.
A
n
n
a
ls
o
f
O
.R
.,
4
3:
15
{
32
,
19
93
.

[5
]
R
.F
o
u
re
r
an
d
D
.M
.
G
ay
.
E
x
p
er
ie
n
ce
w
it
h
a
p
ri
m
al
p
re
so
lv
e
al
go
ri
th
m
.

T
ec
h
n
ic
a
l
re
p
or
t,
A
T
&
T
B
el
l
L
ab
or
a
to
ri
es
,
19
9
3.

[6
]
T
.G
al
.
W
ea
k
ly
re
d
u
n
d
a
n
t
co
n
st
ra
in
ts
a
n
d
th
ei
r
im
p
ac
t
o
n
p
os
to
p
ti
m
al

an
al
y
se
s
in
L
P
.
E
u
ro
pe
an
J
ou
rn
a
l
of
O
pe
ra
ti
o
n
al
R
es
ea
rc
h
,
19
92
.

[7
]
D
av
id
M
.
G
ay
.
E
le
ct
ro
n
ic
m
ai
ld
is
tr
ib
u
ti
o
n
of
li
n
ea
r
p
ro
gr
am
m
in
g
te
st

p
ro
b
le
m
s.
C
O
A
L
N
ew
sl
et
te
r,
13
:1
0{
1
2,
D
ec
em
b
er
19
85
.

[8
]
J.
G
on
d
zi
o
.
P
re
so
lv
e
an
al
y
si
s
of
li
n
ea
r
p
ro
g
ra
m
s
p
ri
or
to
a
p
p
ly
in
g
an

in
te
ri
o
r
p
oi
n
t
m
et
h
o
d
.
IN
F
O
R
M
S
J
ou
rn
al
o
n
C
om
pu
ti
n
g,
9
(1
):
73
{9
1,

19
97
.
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B
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L
IO
G
R
A
P
H
Y

[9
]
H
.
J
.
G
re
en
b
er
g.
H
ow
to
an
al
y
ze
th
e
re
su
lt
s
of
li
n
ea
r
p
ro
gr
am
s
-
p
ar
t4

F
or
ci
n
g
su
b
st
ru
ct
u
re
s.
In
te
rf
ac
es
,
24
:1
21
{1
30
,
19
94
.

[1
0]
H
.
J.
G
re
en
b
er
g.

C
on
si
st
en
cy
,
re
d
u
n
d
an
cy
,
an
d
im
p
li
ed
eq
u
al
it
ie

in
li
n
ea
r
sy
st
em
s.
A
n
n
al
s
of
M
at
he
m
at
ic
s
an
d
A
rt
i�
ci
al
In
te
ll
ig
en
ce

17
:3
7{
83
,
19
96
.

[1
1]
E
.
H
el
le
rm
an
an
d
D
.
C
.
R
ar
ic
k
.
T
h
e
p
ar
ti
ti
on
ed
p
re
as
si
gn
ed
p
iv
o

p
ro
ce
d
u
re
(P
4
).
In
D
.
J.
R
os
e
an
d
R
.
A
.
W
il
lo
u
gh
b
y,
ed
it
or
s,
S
pa
rs

M
at
ri
ce
s
an
d
T
he
ir
A
pp
li
ca
ti
on
s,
p
ag
es
6
7{
76
.
P
le
n
u
m
P
re
ss
,
19
72
.

[1
2]
I.
J.
L
u
st
ig
,
R
.
E
.
M
ar
st
en
,
an
d
D
.
F
.
S
h
an
n
o.
In
te
ri
or
p
oi
n
t
m
et
h

o
d
s
fo
r
li
n
ea
r
p
ro
gr
am
m
in
g:
C
om
p
u
ta
ti
on
al
st
at
e
of
th
e
ar
t.
O
R
S
A

J
ou
rn
al
on
C
om
pu
ti
n
g,
6(
1)
:1
{1
4,
W
in
te
r
1
9
9
4
.

[1
3]
B
.
A
.
M
cC
ar
l
an
d
T
.
H
.
S
p
re
en
.
A
p
p
li
ed
m
at
h
em
at
ic
al
p
ro
gr
am

m
in
g
u
si
n
g
al
ge
b
ra
ic
sy
st
em
s.
h
t
t
p
:
/
/
a
g
r
i
n
e
t
.
t
a
m
u
.
e
d
u
/
m
c
c
a
r
l

r
e
g
b
o
o
k
.
h
t
m
.

[1
4]
H
.
M
it
te
lm
an
n
.
B
en
ch
m
ar
k
of
L
P
so
lv
er
s
on
a
L
in
u
x
-P
C
.
f
t
p
:
/

p
l
a
t
o
.
l
a
.
a
s
u
.
e
d
u
/
p
u
b
/
l
p
l
i
n
u
x
.
t
x
t
.

[1
5]
M
.
A
.
S
ta
d
th
er
r
a
n
d
S
.
E
.
W
o
o
d
.
S
p
ar
se
m
at
ri
x
m
et
h
o
d
s
fo
r
eq
u
at
io

b
as
ed
ch
em
ic
al
p
ro
ce
ss


ow
sh
ee
ti
n
g
-
I.
R
eo
rd
er
in
g
p
h
as
e.
C
om
pu
te
r

an
d
C
he
m
ic
al
E
n
gi
n
ee
ri
n
g,
8
:9
{1
8,
19
84
.

[1
6]
J.
A
.
T
o
m
li
n
an
d
J.
S
.
W
el
ch
.
A
p
at
h
ol
og
ic
al
ca
se
in
th
e
re
d
u
ct
io
n
o

li
n
ea
r
p
ro
gr
am
s.
O
pe
ra
ti
on
s
R
es
ea
rc
h
L
et
te
rs
,
2:
53
{5
7,
19
83
.
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a
r

O
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P
a
p
e
r
D
:

F
o
r
m
u
l
a
t
in
g
L
in
e
a
r
O
p
t
im
iz
a
t
io
n
P
r
o
b
l
e
m
s

in
C
+
+

A
b
s
t
r
a
c
t

A

p
ro
to
ty
p
e
im
p
le
m
en
ta
ti
on
of
a
C
+
+

cl
as
s
li
b
ra
ry
,

F
L
O
P
C
+
+
,
fo
r
fo
rm
u
la
ti
n
g
li
n
ea
r
op
ti
m
iz
at
io
n
p
ro
b
le
m
s
is

p
re
se
n
te
d
.
U
si
n
g
F
L
O
P
C
+
+
,
li
n
ea
r
op
ti
m
iz
at
io
n
m
o
d
el
s
ca
n

b
e
sp
ec
i�
ed
in
a
d
ec
la
ra
ti
ve
st
y
le
,
si
m
il
ar
to
al
ge
b
ra
ic
m
o
d
-

el
li
n
g
la
n
gu
ag
es
su
ch
as
G
A
M
S
an
d
A
M
P
L
.
W
h
il
e
p
re
se
rv
-

in
g
th
e
tr
ad
it
io
n
al
st
re
n
gt
h
s
of
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
,

F
L
O
P
C
+
+
ea
se
s
th
e
in
te
gr
at
io
n
of
li
n
ea
r
op
ti
m
iz
at
io
n
m
o
d
-

el
s
w
it
h
ot
h
er
so
ft
w
ar
e
co
m
p
on
en
ts
.
T
h
e
cl
as
s
li
b
ra
ry
im
p
le
-

m
en
ts
a
fu
ll
-

ed
ge
d
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e
w
it
h
in
d
ex
ed

va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
,
re
p
ea
te
d
su
m
s,
in
d
ex
ar
it
h
m
et
ic
an
d

co
n
d
it
io
n
al
ex
ce
p
ti
on
s.
E
x
te
n
si
ve
u
se
o
f
o
p
er
a
to
r
ov
er
lo
ad
in
g

p
ro
v
id
es
a
n
at
u
ra
l
sy
n
ta
x
fo
r
sp
ec
if
y
in
g
m
o
d
el
co
n
st
ra
in
ts
.
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o
d
u
ct
io
n
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D
.1

In
tr
o
d
u
c
ti
o
n

T
h
e
a
p
p
ea
ra
n
ce
of
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
a
ge
s
su
ch
as
G
A
M
S
[2
]
a
n
d

A
M
P
L
[6
],
w
it
h
as
so
ci
a
te
d
tr
an
sl
at
or
s,
h
as
b
ee
n
a
m
a
jo
r
fa
ct
or
in
th
e
p
ra
c-

ti
ca
l
su
cc
es
s
of
a
p
p
li
ed
li
n
ea
r
op
ti
m
iz
at
io
n
.
P
ri
or
to
th
e
ad
ve
n
t
of
th
e
�
rs
t

a
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
g
u
ag
e,
G
A
M
S
,
th
e
tr
an
sl
at
io
n
fr
om
an
al
ge
b
ra
ic
d
e-

sc
ri
p
ti
o
n
of
a
m
o
d
el
to
a
fo
rm
a
t
re
co
gn
iz
a
b
le
b
y
th
e
so
ft
w
ar
e
u
se
d
to
so
lv
e
it

w
as
of
te
n
d
iÆ
cu
lt
a
n
d
er
ro
r-
p
ro
n
e
an
d
p
re
se
n
te
d
a
m
a
jo
r
ob
st
ac
le
fo
r
th
e

p
ra
ct
ic
a
l
su
cc
es
s
of
o
p
ti
m
iz
a
ti
o
n
m
o
d
el
s.
A
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es

p
ro
v
id
e
a
m
ac
h
in
e
re
ad
ab
le
n
ot
at
io
n
fo
r
fo
rm
u
la
ti
n
g
o
p
ti
m
iz
at
io
n
m
o
d
el
s

w
h
ic
h
cl
os
el
y
re
se
m
b
le
s
th
e
al
ge
b
ra
ic
n
o
ta
ti
on
w
h
ic
h
m
os
t
m
at
h
em
at
ic
al
ly

tr
ai
n
ed
m
o
d
el
le
rs
�
n
d
n
a
tu
ra
l.
U
si
n
g
th
is
n
ot
at
io
n
,
a
te
x
t
�
le
sp
ec
if
y
in
g

a
m
o
d
el
m
u
st
b
e
p
re
p
ar
ed
.
D
at
a
n
ee
d
ed
to
g
en
er
at
e
an
in
st
an
ce
of
th
is

m
o
d
el
m
u
st
b
e
p
ro
v
id
ed
in
th
e
sa
m
e
o
r,
p
re
fe
ra
b
ly
,
a
se
p
ar
at
e
te
x
t
�
le
u
si
n
g

th
e
n
ot
a
ti
o
n
o
f
th
e
m
o
d
el
li
n
g
la
n
gu
a
ge
.
W
h
en
th
e
tr
an
sl
at
or
en
co
u
n
te
rs
a

so
lv
e
st
a
te
m
en
t
in
th
e
in
p
u
t
�
le
,
a
m
o
d
el
in
st
a
n
ce
is
ge
n
er
at
ed
an
d
p
as
se
d

to
th
e
u
n
d
er
ly
in
g
o
p
ti
m
iz
at
io
n
so
ft
w
ar
e
in
th
e
re
q
u
ir
ed
fo
rm
at
.
A
ft
er
th
e

p
ro
b
le
m
h
as
b
ee
n
so
lv
ed
,
th
e
p
ri
m
al
a
n
d
d
u
al
so
lu
ti
on
s
ar
e
p
as
se
d
b
ac
k
to

th
e
m
o
d
el
li
n
g
sy
st
em
w
h
er
e
it
ca
n
b
e
u
se
d
fo
r
re
p
or
t
ge
n
er
at
io
n
.

In
re
al
is
ti
c
ap
p
li
ca
ti
on
s,
th
e
fo
rm
u
la
ti
o
n
an
d
so
lu
ti
o
n
o
f
th
e
op
ti
m
iz
at
io
n

p
ro
b
le
m
is
of
te
n
a
m
in
or
p
a
rt
.
T
h
e
m
o
d
el
d
a
ta
m
u
st
ty
p
ic
al
ly
b
e
ex
tr
ac
te
d

fr
om
on
e
or
m
or
e
to
ol
s
su
ch
as
sp
re
ad
sh
ee
ts
,
d
a
ta
b
as
es
an
d
g
ra
p
h
ic
al
u
se
r

in
te
rf
ac
es
.
A
n
d
o
ft
en
th
e
d
at
a
m
u
st
b
e
p
ro
ce
ss
ed
b
y
ot
h
er
so
ft
w
ar
e
co
m
-

p
on
en
ts
b
ot
h
b
ef
or
e
an
d
af
te
r
th
e
op
ti
m
iz
a
ti
o
n
st
ep
.
T
h
er
ef
or
e
m
os
t
m
o
d
-

el
li
n
g
la
n
gu
ag
es
in
cl
u
d
e
al
go
ri
th
m
ic
co
n
st
ru
ct
s
an
d
li
n
k
s
to
ot
h
er
so
ft
w
ar
e

to
ol
s.
T
h
e
co
m
m
u
n
ic
a
ti
o
n
b
et
w
ee
n
th
e
m
o
d
el
li
n
g
sy
st
em
an
d
ex
te
rn
al
so
ft
-

w
ar
e
co
m
p
on
en
ts
is
of
te
n
�
le
b
as
ed
,
w
h
ic
h
li
m
it
s
th
e
eÆ
ci
en
cy
an
d


ex
i-

b
il
it
y.
B
y
ex
te
n
d
in
g
th
e
C
+
+
la
n
gu
ag
e
w
it
h
cl
as
se
s
fo
r
m
o
d
el
fo
rm
u
la
ti
on

a
n
eÆ
ci
en
t
an
d
ve
rs
a
ti
le
m
o
d
el
li
n
g
en
v
ir
o
n
m
en
t
is
a
ch
ie
ve
d
.

D
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O
v
e
rv
ie
w

o
f
e
x
is
ti
n
g
sy
st
e
m
s

T
h
e
id
ea
of
em
b
ed
d
in
g
al
g
eb
ra
ic
m
o
d
el
li
n
g
fa
ci
li
ti
es
w
it
h
in
a
p
ro
gr
am
m
in
g

la
n
gu
ag
e
is
n
ot
n
ew
.
N
ie
ls
en
[1
2]
d
ev
el
op
ed
a
C
+
+
cl
as
s
li
b
ra
ry
si
m
il
ar

to
th
e
o
n
e
d
es
cr
ib
ed
in
th
is
p
a
p
er
.
H
ow
ev
er
th
e
p
ra
ct
ic
al
u
se
o
f
th
is
li
-

b
ra
ry
is
li
m
it
ed
,
si
n
ce
n
o
fa
ci
li
ti
es
fo
r
in
d
ex
in
g
va
ri
ab
le
s
a
n
d
co
n
st
ra
in
ts

ar
e
in
cl
u
d
ed
.
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A
p
p
en
d
ix
D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

T
h
e
L
P
-t
o
ol
k
it
[5
]
fr
om
E
u
ro
-d
ec
is
io
n
an
d
th
e
IL
O
G
P
la
n
n
er
[9
]
fr
om
IL
O
G

ar
e
tw
o
co
m
m
er
ci
al
C
+
+
cl
as
s
li
b
ra
ri
es
fo
r
li
n
ea
r
o
p
ti
m
iz
at
io
n
m
o
d
el
li
n
g

T
h
ey
b
ot
h
u
se
op
er
at
or
ov
er
lo
ad
in
g
to
im
p
ro
ve
th
e
sy
n
ta
x
fo
r
sp
ec
if
y
in

co
n
st
ra
in
ts
.
H
ow
ev
er
,
as
w
e
sh
a
ll
se
e,
th
es
e
li
b
ra
ri
es
h
av
e
so
m
e
im
p
or
ta
n

om
is
si
on
s
co
m
p
ar
ed
to
th
e
p
os
si
b
il
it
ie
s
fo
u
n
d
in
p
u
re
d
ec
la
ra
ti
ve
al
ge
b
ra
i

m
o
d
el
li
n
g
la
n
gu
ag
es
.

T
h
e
A
ct
iv
eX
M
at
h
em
at
ic
al
M
o
d
el
li
n
g
O
b
je
ct
s
(A
M
M
O
)
[1
]
fr
om
D
ra
y
to

A
n
al
y
ti
cs
an
d
E
Z
M
o
d
[1
1]
fr
o
m
M
o
d
el
li
u
m
In
c.
p
ro
v
id
e
m
o
d
el
li
n
g
ca
p
a

b
il
it
ie
s
si
m
il
ar
to
L
P
-t
o
ol
k
it
an
d
IL
O
G
P
la
n
n
er
,
b
u
t
si
n
ce
th
ey
ar
e
b
o
t

b
as
ed
on
th
e
A
ct
iv
eX
/C
om
te
ch
n
ol
og
y
fr
om
M
ic
ro
so
ft
th
ei
r
u
se
is
li
m
it
e

to
M
ic
ro
so
ft
W
in
d
ow
s
p
la
tf
or
m
s.
A
n
ot
h
er
d
ra
w
b
ac
k
o
f
th
is
ap
p
ro
ac
h
i

th
at
op
er
at
or
ov
er
lo
ad
in
g
is
n
ot
av
ai
la
b
le
.

T
h
e
E
M
O
S
L
li
b
ra
ry
[1
3]
fr
om
D
as
h
A
ss
o
ci
at
es
p
ro
v
id
es
fa
ci
li
ti
es
fo
r
q
u
er
y

in
g
an
d
m
o
d
if
y
in
g
m
o
d
el
in
st
an
ce
en
ti
ti
es
an
d
so
lu
ti
on
va
lu
es
in
te
rm
s
o

th
e
n
am
es
of
va
ri
ab
le
s,
co
n
st
ra
in
ts
an
d
in
d
ex
se
t
el
em
en
ts
of
th
e
m
o
d
e

H
ow
ev
er
th
e
m
o
d
el
m
u
st
st
il
l
b
e
re
ad
fr
om
a
m
o
d
el
�
le
,
w
h
ic
h
u
se
s
th

X
P
R
E
S
S
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e,
si
n
ce
n
o
m
o
d
el
li
n
g
fa
ci
li
ti
es
ar

p
ro
v
id
ed
b
y
th
e
li
b
ra
ry
.
T
h
e
O
p
ti
M
ax
20
00
[1
0]
co
m
p
on
en
t
li
b
ra
ry
fr
om

M
ax
im
al
S
of
tw
ar
e
is
si
m
il
ar
b
u
t
is
b
as
ed
on
A
ct
iv
eX
/C
om
an
d
u
se
s
th

M
P
L
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e.

In
th
e
co
n
cl
u
si
on
o
f
th
e
p
ap
er
b
y
T
eb
b
ot
h
an
d
D
an
ie
l
[1
3]
,
th
e
au
th
or

m
en
ti
on
th
e
p
os
si
b
il
it
y
of
in
cl
u
d
in
g
m
o
d
el
li
n
g
fa
ci
li
ti
es
in
th
e
E
M
O
S
L
l

b
ra
ry
:
\T
h
er
e
ar
e
tw
o
m
a
jo
r
ar
ea
s
in
w
h
ic
h
th
e
li
b
ra
ry
co
u
ld
b
e
im
p
ro
v
ed

O
n
e
w
ou
ld
b
e
to
al
lo
w
st
ru
ct
u
ra
l
al
te
ra
ti
on
s
to
th
e
p
ro
b
le
m
,
so
th
at
m
o
d
e

en
ti
ti
es
co
u
ld
b
e
ad
d
ed
or
re
m
ov
ed
w
it
h
in
th
e
ap
p
li
ca
ti
on
p
ro
gr
am
,
p
ot
en

ti
al
ly
al
lo
w
in
g
a
m
o
d
el
to
b
e
b
u
il
t
u
p
fr
om
sc
ra
tc
h
an
d
d
is
p
en
si
n
g
w
it
h
th

m
o
d
el
�
le
al
to
ge
th
er
if
th
e
u
se
r
d
es
ir
ed
."
T
h
is
h
as
re
ce
n
tl
y
b
ee
n
ac
h
ie
v
e

w
it
h
th
e
re
le
as
e
of
th
e
X
P
R
E
S
S
-M
P
B
u
il
d
er
S
u
b
ro
u
ti
n
e
L
ib
ra
ry
(X
B
S
L

[4
].
X
B
S
L
is
a
C
su
b
ro
u
ti
n
e
li
b
ra
ry
an
d
ca
n
th
er
ef
or
e
n
ot
u
se
op
er
at
o

ov
er
lo
ad
in
g,
b
u
t
is
ot
h
er
w
is
e
si
m
il
ar
to
IL
O
G
P
la
n
n
er
an
d
L
P
T
o
ol
k
it
.

T
h
e
re
ce
n
t
a
p
p
ea
ra
n
ce
of
se
ve
ra
l
co
m
m
er
ci
al
m
o
d
el
li
n
g
li
b
ra
ri
es
,
as
d
e

sc
ri
b
ed
ab
ov
e,
il
lu
st
ra
te
th
e
g
ro
w
in
g
aw
ar
en
es
s
a
m
on
g
m
at
h
em
at
ic
al
p
ro

gr
am
m
in
g
so
ft
w
ar
e
d
ev
el
op
er
s
of
th
e
u
se
fu
ln
es
s
of
su
ch
li
b
ra
ri
es
.
H
ow
ev
er

F
L
O
P
C
+
+
,
is
th
e
�
rs
t
m
o
d
el
li
n
g
li
b
ra
ry
w
h
ic
h
p
ro
v
id
es
a
tr
u
ly
d
ec
la
ra
ti
v

m
o
d
el
fo
rm
u
la
ti
on
w
it
h
in
d
ex
b
as
ed
al
ge
b
ra
ic
n
ot
at
io
n
.
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D
.3

O
v
e
rv
ie
w

o
f
F
L
O
P
C
+
+

T
h
e
F
L
O
P
C
+
+
cl
as
s
li
b
ra
ry
en
ab
le
s
al
ge
b
ra
ic
m
o
d
el
li
n
g
fa
ci
li
ti
es
w
it
h
in

a
C
+
+
p
ro
g
ra
m
.
T
h
e
u
se
of
in
d
ex
in
g
fo
r
re
p
et
it
io
n
is
an
es
se
n
ti
al
fe
at
u
re

of
a
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
g
u
ag
es
.
T
h
er
ef
or
e
F
L
O
P
C
+
+
p
ro
v
id
es
cl
as
se
s

fo
r
d
a
ta
,
va
ri
a
b
le
s
an
d
co
n
st
ra
in
ts
w
it
h
ov
er
lo
ad
ed
co
n
st
ru
ct
or
s
fo
r
ea
ch

p
os
si
b
le
d
im
en
si
on
(c
u
rr
en
tl
y
m
ax
im
u
m
5
).
D
a
ta
an
d
in
d
ex
se
ts
ar
e
m
o
d
el

in
d
ep
en
d
en
t,
b
u
t
va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
m
u
st
b
el
on
g
to
a
sp
ec
i�
c
m
o
d
el
.

T
h
is
is
a
ch
ie
ve
d
b
y
su
p
p
ly
in
g
a
p
oi
n
te
r
to
th
e
m
o
d
el
to
w
h
ic
h
a
va
ri
ab
le

or
co
n
st
ra
in
t
b
el
o
n
gs
in
th
e
co
rr
es
p
on
d
in
g
d
ec
la
ra
ti
on
.

T
o
il
lu
st
ra
te
th
e
u
se
of
F
L
O
P
C
+
+
w
e
sh
ow
h
ow
a
sm
al
l
tr
an
sp
or
ta
ti
on

p
ro
b
le
m
ca
n
b
e
fo
rm
u
la
te
d
an
d
so
lv
ed
.
T
h
e
p
ro
b
le
m
ap
p
ea
rs
in
D
an
tz
ig
's

cl
a
ss
ic
a
l
b
o
ok
[3
]
an
d
h
as
al
so
b
ee
n
u
se
d
as
a
n
ex
am
p
le
in
th
e
G
A
M
S

tu
to
ri
al
[2
].
T
h
e
F
L
O
P
C
+
+
fo
rm
u
la
ti
on
is
sh
ow
n
in
F
ig
u
re
1.

T
h
e
m
o
d
el
is
st
a
te
d
in
a
d
ec
la
ra
ti
ve
m
an
n
er
si
m
il
ar
to
a
lg
eb
ra
ic
m
o
d
el
li
n
g

la
n
g
u
ag
es
.
T
h
is
is
a
ch
ie
v
ed
b
y
u
si
n
g
cl
as
se
s
fo
r
va
ri
ab
le
s
(M
P
v
a
r
i
a
b
l
e
),

d
at
a
(c
al
le
d
p
ar
am
et
er
s
in
G
A
M
S
)
(M
P
d
a
t
a
),
o
b
je
ct
iv
e
fu
n
ct
io
n
(M
P
o
b
-

j
e
c
t
i
v
e
)
an
d
co
n
st
ra
in
ts
(M
P
c
o
n
t
r
a
i
n
t
).

T
h
e
u
se
o
f
op
er
at
or
ov
er
lo
ad
in
g,
w
h
ic
h
is
p
os
si
b
le
in
C
+
+
,
im
p
ro
ve
s
th
e

sy
n
ta
x
of
F
L
O
P
C
+
+
b
y
en
ab
li
n
g
th
e
n
ot
a
ti
o
n

s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
c
a
p
a
c
i
t
y
(
i
)

in
st
ea
d
o
f
so
m
et
h
in
g
li
k
e

l
e
s
s
e
q
(
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
,
c
a
p
a
c
i
t
y
(
i
)
)

w
h
ic
h

en
h
an
ce
s
th
e
re
a
d
ab
il
it
y

of
th
e
m
o
d
el
s.

C
on
se
q
u
en
tl
y

th
e

F
L
O
P
C
+
+

fo
rm
u
la
ti
on
o
n
ly
d
i�
er
s
fr
om

th
e
co
rr
es
p
on
d
in
g
G
A
M
S
fo
r-

m
u
la
ti
o
n
[2
]
b
y
sm
al
l
sy
n
ta
ct
ic
al
d
i�
er
en
ce
s.

In
G
A
M
S
th
e
sa
m
e
sy
m
b
ol
is
u
se
d
fo
r
a
n
in
d
ex
se
t
an
d
a
d
u
m
m
y
in
d
ex
of

th
e
se
t.
F
or
th
is
re
as
on
it
is
n
ec
es
sa
ry
to
cr
ea
te
so
ca
ll
ed
a
li
as
es
fo
r
in
d
ex

se
ts
w
h
en
tw
o
or
m
or
e
in
d
ep
en
d
en
t
in
d
ic
es
of
th
e
sa
m
e
se
t
a
re
n
ee
d
ed
.
T
h
is

is
av
oi
d
ed
in
F
L
O
P
C
+
+
b
y
d
is
ti
n
gu
is
h
in
g
b
et
w
ee
n
d
u
m
m
y
in
d
ic
es
(o
b
je
ct
s

of
th
e
cl
a
ss
M
P
i
n
d
e
x
)
an
d
in
d
ex
se
ts
.
A
t
th
e
sa
m
e
ti
m
e
th
e
fo
rm
u
la
ti
on

ge
t
cl
os
er
to
st
an
d
ar
d
al
ge
b
ra
ic
n
ot
at
io
n
(o
n
e
n
or
m
al
ly
w
ri
te
s

P i2
S
x
(i
)
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A
p
p
en
d
ix
D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

#
i
n
c
l
u
d
e
"
f
l
o
p
c
+
+
.
h
"

m
a
i
n
(
)
{

e
n
u
m

{
s
e
a
t
t
l
e
,
s
a
n
d
i
e
g
o
,
N
u
m
b
e
r
_
o
f
_
s
u
p
p
l
i
e
r
s
}
;

e
n
u
m

{
n
e
w
y
o
r
k
,
c
h
i
c
a
g
o
,
t
o
p
e
k
a
,
N
u
m
b
e
r
_
o
f
_
c
o
n
s
u
m
e
r
s
}
;

M
P
_
s
e
t
S
(
N
u
m
b
e
r
_
o
f
_
s
u
p
p
l
i
e
r
s
)
,
D
(
N
u
m
b
e
r
_
o
f
_
c
o
n
s
u
m
e
r
s
)
;

M
P
_
d
a
t
a
c
a
p
a
c
i
t
y
(
S
)
,
d
e
m
(
D
)
,
d
(
S
,
D
)
;

c
a
p
a
c
i
t
y
(
s
e
a
t
t
l
e
)
=
3
5
0
;

c
a
p
a
c
i
t
y
(
s
a
n
d
i
e
g
o
)
=
6
0
0
;

d
e
m
(
n
e
w
y
o
r
k
)
=
3
2
5
;

d
e
m
(
c
h
i
c
a
g
o
)
=
3
0
0
;

d
e
m
(
t
o
p
e
k
a
)
=
2
7
5
;

d
(
s
e
a
t
t
l
e
,
n
e
w
y
o
r
k
)
=
2
.
5
;

d
(
s
a
n
d
i
e
g
o
,
n
e
w
y
o
r
k
)
=
2
.
5
;

d
(
s
e
a
t
t
l
e
,
c
h
i
c
a
g
o
)
=
1
.
7
;

d
(
s
a
n
d
i
e
g
o
,
c
h
i
c
a
g
o
)
=
1
.
8
;

d
(
s
e
a
t
t
l
e
,
t
o
p
e
k
a
)
=
1
.
8
;

d
(
s
a
n
d
i
e
g
o
,
t
o
p
e
k
a
)
=
1
.
4
;

M
P
_
d
a
t
a
c
(
S
,
D
)
;

c
o
n
s
t
d
o
u
b
l
e
f
=
9
0
;

M
P
_
i
n
d
e
x
i
,
j
;

f
o
r
a
l
l
(
i
,
S
)

f
o
r
a
l
l
(
j
,
D
)

c
(
i
,
j
)
=
f
*
d
(
i
,
j
)
/
1
0
0
0
;

M
P
_
m
o
d
e
l
m
;

M
P
_
v
a
r
i
a
b
l
e

x
(
&
m
,
S
,
D
)
;

M
P
_
c
o
n
s
t
r
a
i
n
t
s
u
p
p
l
y
(
&
m
,
S
)
,
d
e
m
a
n
d
(
&
m
,
D
)
;

M
P
_
o
b
j
e
c
t
i
v
e
t
o
t
a
l
_
c
o
s
t
;

f
o
r
a
l
l
(
i
,
S
)

s
u
p
p
l
y
(
i
)
=
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
c
a
p
a
c
i
t
y
(
i
)
;

f
o
r
a
l
l
(
j
,
D
)

d
e
m
a
n
d
(
j
)
=
s
u
m
(
i
,
S
,
x
(
i
,
j
)
)
>
=
d
e
m
(
j
)
;

t
o
t
a
l
_
c
o
s
t
=
s
u
m
(
i
,
S
,
s
u
m
(
j
,
D
,
c
(
i
,
j
)
*
x
(
i
,
j
)
)
)
;

m
.
m
i
n
i
m
i
z
e
(
t
o
t
a
l
_
c
o
s
t
)
;

x
.
d
i
s
p
l
a
y
(
)
;

} F
ig
u
re
D
.1
:
A
F
L
O
P
C
+
+
fo
rm
u
la
ti
on
of
a
si
m
p
le
tr
an
sp
or
ta
ti
on
p
ro
b
le
m
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n
o
t

P S
x
(S
))
.
(O
th
er
la
n
gu
ag
es
,
li
ke
A
M
P
L
,
a
ls
o
d
is
ti
n
gu
is
h
es
b
et
w
ee
n

d
u
m
m
y
in
d
ic
es
a
n
d
in
d
ex
se
ts
.)

T
h
e
cl
a
ss
M
P
s
e
t
is
u
se
d
fo
r
re
p
re
se
n
ti
n
g
in
d
ex
se
ts
.
T
h
e
n
u
m
b
er
of
el
e-

m
en
ts
is
sp
ec
i�
ed
w
h
en
an
in
d
ex
se
t
is
d
ec
la
re
d
.
If
an
in
d
ex
se
t
w
it
h
n
el
e-

m
en
ts
is
d
ec
la
re
d
th
e
u
n
d
er
ly
in
g
se
t
co
n
si
st
s
of
th
e
el
em
en
ts
f0
;1
;:
::
;n
�1
g.

W
h
en
a
n
in
d
ex
ed
en
ti
ty
(d
a
ta
,
va
ri
a
b
le
or
co
n
st
ra
in
t)
is
d
ec
la
re
d
w
e
si
m
-

p
ly
sp
ec
if
y
th
e
d
es
ir
ed
in
d
ex
se
t
o
f
ea
ch
d
im
en
si
o
n
of
in
d
ex
at
io
n
.
N
ot
e
th
e

u
se
of
e
n
u
m
to
cr
ea
te
sy
m
b
o
li
c
n
am
es
fo
r
th
e
se
t
el
em
en
ts
.
F
or
ex
am
p
le
,

th
e
en
u
m
er
at
io
n
,
e
n
u
m
fs
e
a
t
t
l
e
,
s
a
n
d
i
e
g
o
,
N
u
m
b
e
r
o
f
s
u
p
p
l
i
e
r
s
g;
,
a
s-

so
ci
at
es
s
e
a
t
t
l
e
w
it
h
0,
s
a
n
d
i
e
g
o
w
it
h
1
a
n
d
N
u
m
b
e
r
o
f
s
u
p
p
l
i
e
r
s
w
it
h

2
,
th
e
n
u
m
b
er
o
f
su
p
p
li
er
s.

T
h
e
m
o
d
el
fo
rm
u
la
ti
on
is
in
d
ep
en
d
en
t
on
th
e
so
lv
er
w
h
ic
h
is
u
se
d
.

F
L
O
P
C
+
+
cu
rr
en
tl
y
o�
er
s
a
n
in
te
rf
ac
e
to
C
P
L
E
X
6.
5
[8
]
on
ly
,
b
u
t
in
-

te
rf
a
ce
s
to
o
th
er
so
lv
er
s
ca
n
ea
si
ly
b
e
im
p
le
m
en
te
d
if
re
q
u
ir
ed
.

T
h
e
op
ti
m
al
va
lu
e
o
f
th
e
d
ec
is
io
n
va
ri
a
b
le
s
ca
n
b
e
d
is
p
la
ye
d
u
si
n
g
th
e

M
P
v
a
r
i
a
b
l
e
m
em
b
er
fu
n
ct
io
n
,
d
is
p
la
y.
A
lt
er
n
a
ti
v
el
y
th
e
o
p
ti
m
al
va
lu
e
of

th
e
in
d
iv
id
u
a
l
va
ri
ab
le
s
ca
n
b
e
ac
ce
ss
ed
w
it
h
th
e
m
em
b
er
fu
n
ct
io
n
,
le
ve
l,

a
s
in
x
.
l
e
v
e
l
(
i
,
j
)
.

D
.4

A
d
v
a
n
ta
g
e
s
o
f
u
si
n
g
C
+
+

c
la
ss
li
b
ra
ry

E
ss
en
ti
a
ll
y
F
L
O
P
C
+
+
p
ro
v
id
es
th
e
sa
m
e
fu
n
ct
io
n
a
li
ty
as
ex
is
ti
n
g
al
ge
b
ra
ic

m
o
d
el
li
n
g
la
n
gu
ag
es
(o
r
ra
th
er
th
ei
r
as
so
ci
a
te
d
tr
a
n
sl
at
or
s)
,
so
on
e
m
ig
h
t

w
el
l
a
sk
w
h
y
th
er
e
is
a
n
ee
d
fo
r
F
L
O
P
C
+
+
.
B
y
u
si
n
g
a
C
+
+
cl
as
s
li
b
ra
ry

in
st
ea
d
o
f
a
tr
ad
it
io
n
al
m
o
d
el
li
n
g
la
n
gu
ag
e
w
e
p
ro
v
id
e
im
p
ro
v
ed
su
p
p
or
t

to
th
e
m
o
d
el
le
r
in
a
t
le
as
t
th
re
e
im
p
or
ta
n
t
ar
ea
s:

In
te
g
ra
ti
o
n
A
s
m
en
ti
on
ed
in
th
e
�
rs
t
se
ct
io
n
,
th
e
in
te
gr
at
io
n
of
a
li
n
ea
r

o
p
ti
m
iz
at
io
n
m
o
d
el
w
it
h
ot
h
er
so
ft
w
a
re
co
m
p
on
en
ts
is
of
te
n
in
d
is
-

p
en
sa
b
le
in
p
ra
ct
ic
al
ap
p
li
ca
ti
o
n
s.
B
y
w
or
k
in
g
in
a
p
op
u
la
r
p
ro
gr
am
-

m
in
g
la
n
g
u
a
ge
w
e
ga
in
im
m
ed
ia
te
ac
ce
ss
to
a
h
u
g
e
n
u
m
b
er
of
cl
as
s

li
b
ra
ri
es
fo
r
d
i�
er
en
t
ta
sk
s
su
ch
as
cr
ea
ti
on
o
f
g
ra
p
h
ic
al
u
se
r
in
te
r-

fa
ce
s,
li
n
k
s
to
d
a
ta
b
as
es
,
v
is
u
a
li
za
ti
o
n
to
ol
s,
et
c.

M
o
d
e
l
ta
il
o
re
d
so
lu
ti
o
n
a
lg
o
ri
th
m
s
T
h
e
a
lg
eb
ra
ic
d
es
cr
ip
ti
on
o
f
a

m
o
d
el
co
n
v
ey
st
ru
ct
u
ra
l
in
fo
rm
a
ti
o
n
th
at
is
h
id
d
en
in
th
e
co
eÆ
ci
en
t
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A
p
p
en
d
ix
D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

m
at
ri
x
re
p
re
se
n
ta
ti
on
re
q
u
ir
ed
b
y
th
e
so
lv
er
.
S
om
et
im
es
th
is
in
fo
rm
a

ti
on
ca
n
b
e
u
se
d
to
d
ev
el
op
eÆ
ci
en
t
sp
ec
ia
li
ze
d
so
lu
ti
on
al
go
ri
th
m

w
h
il
e
st
il
l
d
ep
en
d
in
g
on
a
ge
n
er
al
li
n
ea
r
op
ti
m
iz
at
io
n
so
lv
er
.
E
x

am
p
le
s
of
su
ch
al
go
ri
th
m
s
in
cl
u
d
e
d
ec
om
p
os
it
io
n
,
co
lu
m
n
ge
n
er
at
io

an
d
m
o
d
el
sp
ec
i�
c
cu
tt
in
g
p
la
n
e
al
go
ri
th
m
s.
T
h
e
d
ev
el
op
m
en
t
o

su
ch
a
lg
or
it
h
m
s
is
gr
ea
tl
y
fa
ci
li
ta
te
d
b
y
w
or
k
in
g
in
an
en
v
ir
on
m
en

w
h
er
e
th
e
al
ge
b
ra
ic
d
es
cr
ip
ti
on
of
th
e
m
o
d
el
is
av
a
il
a
b
le
,
b
u
t
eÆ

ci
en
cy
co
n
si
d
er
at
io
n
s
m
ak
e
tr
ad
it
io
n
al
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e

a
b
ad
ch
oi
ce
.
T
h
es
e
is
su
es
a
re
fu
rt
h
er
d
is
cu
ss
ed
in
[1
3]
.

S
o
ft
w
a
re
e
n
g
in
e
e
ri
n
g
P
ro
gr
am
st
ru
ct
u
ri
n
g
fa
ci
li
ti
es
in
ex
is
ti
n
g
al
ge
b
ra
i

m
o
d
el
li
n
g
la
n
gu
ag
es
ar
e
v
ir
tu
al
ly
n
on
ex
is
ti
n
g.
In
G
A
M
S
,
fo
r
ex
am

p
le
,
th
er
e
is
n
o
co
n
ce
p
t
of
a
sc
op
e.
In
p
ra
ct
ic
e
th
is
m
ea
n
s
th
at

al
th
ou
gh
m
u
lt
ip
le
m
o
d
el
s
ar
e
p
os
si
b
le
,
th
e
sa
m
e
id
en
ti
�
er
ca
n
n
ot
b

u
se
d
in
tw
o
d
i�
er
en
t
w
ay
s
in
d
i�
er
en
t
m
o
d
el
s
co
n
ta
in
ed
in
th
e
sa
m

G
A
M
S
in
p
u
t
�
le
.

T
h
e
su
p
p
or
t
fo
r
ob
je
ct
or
ie
n
te
d
p
ro
gr
am
m
in
g
fo
u
n
d
in
C
+
+
,
i

co
n
tr
as
t
to
ex
is
ti
n
g
a
lg
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
e,
p
ro
v
id
es
p
ow
er

fu
l
m
ea
n
s
fo
r
co
d
e/
m
o
d
el
re
u
se
an
d
d
ev
el
op
m
en
t
of
ap
p
li
ca
ti
on
ar
e

sp
ec
i�
c
ex
te
n
si
on
s.

O
f
co
u
rs
e
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
ar
e
n
ot
st
at
ic
.
In
d
ee
d
,
d
ev
el
op
er

of
al
ge
b
ra
ic
m
o
d
el
li
n
g
la
n
gu
ag
es
,
re
al
iz
in
g
th
e
n
ee
d
fo
r
b
et
te
r
p
ro
ce
d
u
ra

su
p
p
or
t,
h
av
e
st
ar
te
d
to
ad
ap
t
th
ei
r
la
n
gu
ag
es
to
m
ee
t
th
is
n
ee
d
b
y
in
co
r

p
or
at
in
g
m
or
e
p
ro
ce
d
u
ra
l
co
n
st
ru
ct
s,
b
u
t
it
d
o
es
n
ot
se
em

re
al
is
ti
c
th
a

th
e
ca
p
ab
il
it
ie
s
o
f
C
+
+
w
il
l
b
e
m
at
ch
ed
.
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la
n
n
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w
e
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e
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u
d
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o
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l
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p
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m
o
d
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rm
u
la
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s
u
si
n
g
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e
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ro
d
u
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s.
T
h

m
o
d
el
fo
rm
u
la
ti
on
s
w
er
e
ta
ke
n
fr
o
m
[5
]
a
n
d
[9
]
re
sp
ec
ti
ve
ly
.
A
p
p
ar
en
tl

th
er
e
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n
o
w
ay
to
ob
ta
in
d
et
ai
le
d
d
es
cr
ip
ti
on
s
o
f
th
es
e
tw
o
cl
as
s
li
b
ra
ri
e

u
n
le
ss
yo
u
b
y
th
e
p
ro
d
u
ct
s.
T
h
er
ef
or
e
ou
r
co
n
cl
u
si
on
s
co
n
ce
rn
in
g
th
e
ca

p
ab
il
it
ie
s
of
th
es
e
cl
as
s
li
b
ra
ri
es
ar
e
b
as
ed
o
n
w
h
at
w
e
d
ed
u
ce
fr
om
th
es

tw
o
ex
am
p
le
s
o
f
th
ei
r
u
se
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L
P
-t
o
o
lk
it

C
on
si
d
er
a
tr
an
sp
o
rt
a
ti
o
n
p
ro
b
le
m
L
P
-t
o
o
lk
it
fo
rm
u
la
ti
on
sh
ow
n
b
el
ow
.

#
i
n
c
l
u
d
e
"
l
p
t
k
4
.
h
"
/
/
i
n
c
l
u
d
e
t
h
e
l
p
-
t
o
o
l
k
i
t
h
e
a
d
e
r
f
i
l
e

/
/
d
e
f
i
n
e
m
a
x
i
m
u
m
s
i
z
e
s

#
d
e
f
i
n
e
n
M
a
x
C
l
i
e
n
t

1
0
0
/
/
M
a
x
n
u
m
b
e
r
o
f
c
l
i
e
n
t
s

#
d
e
f
i
n
e
n
M
a
x
P
l
a
n
t

2
0

/
/
M
a
x
n
u
m
b
e
r
o
f
p
l
a
n
t
s

/
/
s
i
z
e
s
o
f
p
r
o
b
l
e
m

i
n
t
n
C
l
i
e
n
t
s
=
4
,
n
P
l
a
n
t
s
=
3
;

/
/
n
u
m
b
e
r
o
f
c
l
i
e
n
t
s
a
n
d
p
l
a
n
t
s

/
/
R
e
s
u
l
t
s
s
t
o
r
a
g
e

d
o
u
b
l
e
v
o
l
[
n
M
a
x
P
l
a
n
t
]
[
n
M
a
x
C
l
i
e
n
t
]
;

/
/
v
o
l
u
m
e
s
d
e
l
i
v
e
r
e
d

d
o
u
b
l
e
a
c
t
i
v
[
n
M
a
x
P
l
a
n
t
]
;

/
/
A
c
t
i
v
i
t
i
e
s
o
f
p
l
a
n
t
s

/
/
C
r
e
a
t
e
c
l
a
s
s
o
f
l
i
n
e
a
r
p
r
o
b
l
e
m
,
d
e
r
i
v
e
d
f
r
o
m
C
p
x
l
p
P
r
o
b

/
/
w
h
i
c
h
i
s
a
L
P
t
o
b
e
s
o
l
v
e
d
w
i
t
h
C
P
L
E
X

c
l
a
s
s
M
y
L
P
C
l
a
s
s
:
p
u
b
l
i
c
C
p
x
l
p
P
r
o
b
{

p
u
b
l
i
c
:

M
y
L
P
C
l
a
s
s
(
i
n
t
n
M
a
x
V
a
r
,
i
n
t
n
M
a
x
C
o
n
s
t
,
i
n
t
n
M
a
x
C
o
e
f
)
:

C
p
x
l
p
P
r
o
b
(
n
M
a
x
V
a
r
,
n
M
a
x
C
o
n
s
t
,
n
M
a
x
C
o
e
f
)
{
}

i
n
t
C
r
e
a
t
e
M
o
d
e
l
(
)
;
/
/
t
h
i
s
m
e
t
h
o
d
w
i
l
l
c
o
n
s
t
r
u
c
t
t
h
e
m
o
d
e
l

}
;

M
y
L
P
C
l
a
s
s
:
:
C
r
e
a
t
e
M
o
d
e
l
(
)
{

i
n
t
i
,
j
;

/
/
i
n
p
u
t
d
a
t
a

l
p
F
l
o
a
t
A
r
r
a
y
C
O
S
T
(
n
P
l
a
n
t
s
,
n
C
l
i
e
n
t
s
)
,
/
/
d
i
s
t
r
i
b
.
c
o
s
t
s

D
E
M
A
N
D
(
n
C
l
i
e
n
t
s
)
,

/
/
d
e
m
a
n
d
s

C
A
P
A
(
n
P
l
a
n
t
s
)
;

/
/
p
l
a
n
t
s
c
a
p
a
c
i
t
i
e
s

/
/
V
a
r
i
a
b
l
e
s
a
r
r
a
y

l
p
V
a
r
A
r
r
a
y
X
(
n
P
l
a
n
t
s
,
n
C
l
i
e
n
t
s
)
;

/
/
C
o
n
s
t
r
a
i
n
t
s

l
p
C
o
n
s
t
A
r
r
a
y
D
C
O
N
S
T
(
n
C
l
i
e
n
t
s
)
,

/
/
d
e
m
a
n
d
c
o
n
s
t
r
a
i
n
t
s

C
C
O
N
S
T
(
n
P
l
a
n
t
s
)
;

/
/
c
a
p
a
c
.
c
o
n
s
t
r
a
i
n
t
s

/
/
R
e
a
d
i
n
p
u
t
d
a
t
a

C
O
S
T
.
i
n
p
u
t
(
"
c
o
s
t
.
d
a
t
"
)
;

D
E
M
A
N
D
.
i
n
p
u
t
(
"
d
e
m
a
n
d
.
d
a
t
"
)
;

C
A
P
A
.
i
n
p
u
t
(
"
c
a
p
a
.
d
a
t
"
)
;

/
/
f
o
r
e
a
c
h
v
a
r
i
a
b
l
e
,
g
i
v
e
c
o
s
t
,
b
o
u
n
d
s
,
a
n
d
a
d
d
r
e
s
s
o
f
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p
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d
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D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

/
/
p
l
a
c
e
w
h
e
r
e
r
e
s
u
l
t
i
s
t
o
b
e
s
t
o
r
e
d

f
o
r
(
i
=
0
;
i
<
n
P
l
a
n
t
s
;
i
+
+
)

f
o
r
(
j
=
0
;
j
<
n
C
l
i
e
n
t
s
;
j
+
+
)

X
(
i
,
j
)
=
n
e
w
V
a
r
(
C
O
S
T
(
i
,
j
)
,
0
.
0
,
1
0
0
0
0
.
0
,
&
v
o
l
[
i
]
[
j
]
)
;

f
o
r
(
j
=
0
;
j
<
n
C
l
i
e
n
t
s
;
j
+
+
)
{

/
/
C
r
e
a
t
e
d
e
m
a
n
d
c
o
n
s
t
r
a
i
n
t
s

D
C
O
N
S
T
(
j
)
=
n
e
w
C
o
n
s
t
(
D
E
M
A
N
D
(
j
)
,
D
E
M
A
N
D
(
j
)
)
;

f
o
r
(
i
=
0
;
i
<
n
P
l
a
n
t
s
;
i
+
+
)

/
/
c
r
e
a
t
e
n
o
n
-
z
e
r
o
e
l
e
m
e
n
t
s

n
e
w
E
l
t
(
D
C
O
N
S
T
(
j
)
,
X
(
i
,
j
)
,
1
.
0
)
;

} l
p
V
a
r
A
r
r
a
y
X
X
(
n
C
l
i
e
n
t
s
)
;

/
/
u
s
e
t
e
m
p
o
r
a
r
y
a
r
r
a
y

f
o
r
(
i
=
0
;
i
<
n
P
l
a
n
t
s
;
i
+
+
)
{

/
/
C
r
e
a
t
e
c
a
p
a
c
i
t
y
c
o
n
s
t
r
a
i
n
t
s

f
o
r
(
j
=
0
;
j
<
n
C
l
i
e
n
t
s
;
j
+
+
)

X
X
(
j
)
=
X
(
i
,
j
)
;

l
p
S
e
n
d
(
l
p
S
u
m
(
X
X
)
<
C
A
P
A
(
i
)
)
;
/
/
u
s
e
s
y
m
b
o
l
i
c
f
o
r
m

}

} i
n
t
m
a
i
n
(
i
n
t
a
r
g
c
,
c
h
a
r
*
*
a
r
g
v
)
{

/
/
D
e
c
l
a
r
e
a
p
r
o
b
l
e
m
o
f
t
y
p
e
M
y
L
P
C
l
a
s
s

M
y
L
P
C
l
a
s
s
*
t
r
a
n
s
P
r
o
b
=
n
e
w
M
y
L
P
C
l
a
s
s
(
1
0
0
0
,
1
0
0
0
,
1
0
0
0
)
;

t
r
a
n
s
P
r
o
b
-
>
C
r
e
a
t
e
M
o
d
e
l
(
)
;

/
/
g
e
n
e
r
a
t
e
m
o
d
e
l

i
n
t
s
t
a
t
u
s
=
t
r
a
n
s
P
r
o
b
-
>
o
p
t
i
m
i
s
e
(
)
;
/
/
s
o
l
v
e
p
r
o
b
l
e
m

} T
h
is
fo
rm
u
la
ti
on
re
q
u
ir
es
th
e
m
o
d
el
le
r
to
w
ri
te
a
C
+
+
cl
as
s
to
re
p
re
se
n

th
e
m
o
d
el
.
It
is
th
er
ef
or
e
n
ec
es
sa
ry
fo
r
th
e
m
o
d
el
le
r
to
h
av
e
a
ce
rt
ai

k
n
ow
le
d
ge
of
C
+
+
.
In
F
L
O
P
C
+
+
it
is
p
os
si
b
le
to
w
ri
te
si
m
p
le
m
o
d
el

w
it
h
ou
t
k
n
ow
in
g
w
h
at
a
cl
as
s
is
.
O
n
th
e
h
an
d
,
to
ta
k
e
fu
ll
ad
va
n
ta
ge
of
th

in
te
gr
at
io
n
of
al
ge
b
ra
ic
m
o
d
el
li
n
g
w
it
h
th
e
C
+
+
p
ro
gr
am
m
in
g
la
n
gu
ag
e

k
n
ow
le
d
ge
of
C
+
+
is
re
q
u
ir
ed
b
y
a
m
o
d
el
le
r
u
si
n
g
F
L
O
P
C
+
+
as
w
el
l.

W
e
n
ot
e
th
at
a
su
m

co
n
st
ru
ct
io
n
l
p
S
u
m
is
p
ro
v
id
ed
b
y
L
P
-t
o
ol
k
it
b
u

ju
d
gi
n
g
fr
om
it
s
ra
th
er
aw
k
w
ar
d
u
se
in
th
e
ex
am
p
le
,
it
ap
p
ea
rs
th
at
on
l

su
m
s
ov
er
on
e-
d
im
en
si
on
al
va
ri
ab
le
s
a
re
al
lo
w
ed
.

T
h
e
sp
ec
i�
ca
ti
on
of
th
e
m
ax
im
u
m
n
u
m
b
er
o
f
va
ri
ab
le
s,
co
n
st
ra
in
ts
a
n

n
on
ze
ro
co
eÆ
ci
en
ts
as
w
el
l
a
s
th
e
m
ax
im
u
m
n
u
m
b
er
of
cl
ie
n
ts
an
d
p
la
n
t

se
em

in
el
eg
an
t
an
d
u
n
n
ec
es
sa
ry
.
T
h
is
is
re
la
te
d
to
fa
ct
th
at
it
is
th
e
re

sp
on
si
b
il
it
y
of
th
e
m
o
d
el
le
r
to
al
lo
ca
te
m
em
or
y
fo
r
th
e
so
lu
ti
on
va
lu
es
o
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th
e
va
ri
ab
le
s.
T
h
is
b
u
rd
en
sh
o
u
ld
h
av
e
b
ee
n
h
an
d
le
d
in
te
rn
al
ly
b
y
th
e

cl
a
ss
li
b
ra
ry
,
n
ot
on
ly
to
si
m
p
li
fy
th
e
m
o
d
el
d
es
cr
ip
ti
on
b
u
t
al
so
to
en
su
re

co
n
si
st
en
cy
b
et
w
ee
n
th
e
m
o
d
el
d
es
cr
ip
ti
on
an
d
th
e
re
p
or
t
ge
n
er
at
io
n
.
It

w
ou
ld
in
cr
ea
se
re
ad
a
b
il
it
y
if
th
e
so
lu
ti
o
n
va
lu
e
o
f
a
va
ri
ab
le
X
(
i
,
j
)
w
as
re
-

fe
rr
ed
to
b
y
so
m
et
h
in
g
li
ke
X
.
l
e
v
e
l
(
i
,
j
)
(o
r
m
ay
b
e
ev
en
X
(
i
,
j
)
)
in
st
ea
d

of
v
o
l
[
i
]
[
j
]
or
so
m
e
ot
h
er
n
am
e
ch
os
en
b
y
th
e
u
se
r.

T
h
e
u
se
of n

e
w
E
l
t
(
D
C
O
N
S
T
(
j
)
,
X
(
i
,
j
)
,
1
.
0
)
;

to
d
ir
ec
tl
y
sp
ec
if
y
a
n
on
ze
ro
el
em
en
t
of
th
e
co
n
st
ra
in
t
m
at
ri
x
is
ce
rt
ai
n
ly

cl
os
er
to
th
e
fo
rm
at
re
q
u
ir
ed
b
y
th
e
so
lv
er
th
an
to
th
e
fo
rm
at
d
es
ir
ed
in
an

al
g
eb
ra
ic
m
o
d
el
li
n
g
la
n
gu
a
ge
.
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n
n
e
r

F
ig
u
re
3
sh
ow
s
a
si
m
p
le
p
ro
d
u
ct
io
n
p
la
n
n
in
g
p
ro
b
le
m
fo
rm
u
la
te
d
in
IL
O
G

P
la
n
n
er

H
er
e
th
e
su
m
co
n
st
ru
ct
io
n
is
re
p
la
ce
d
b
y
th
e
I
l
c
S
c
a
l
P
r
o
d
in
n
er
p
ro
d
u
ct

fu
n
ct
io
n
w
h
ic
h
ta
ke
s
tw
o
ar
ra
y
s
as
ar
gu
m
en
ts
.
T
h
er
e
al
so
ex
is
ts
a
I
l
c
S
u
m

fu
n
ct
io
n
,
b
u
t
it
is
si
m
p
ly
u
se
d
as
a
sh
or
t
h
an
d
n
o
ta
ti
o
n
fo
r
an
in
n
er
p
ro
d
u
ct

w
it
h
an
a
rr
ay
of
on
es
(l
ik
e
in
L
P
-t
o
ol
k
it
).

It
m
ig
h
t
se
em
ir
re
le
va
n
t
w
h
et
h
er
a
m
a
tr
ix
n
o
ta
ti
o
n

I
l
c
S
c
a
l
P
r
o
d
(
c
o
n
s
u
m
p
t
i
o
n
[
r
]
,
i
n
s
i
d
e
)

is
u
se
d
in
fa
v
ou
r
of
an
a
lg
eb
ra
ic
n
o
ta
ti
on

s
u
m
(
j
,
P
r
o
d
s
,
c
o
n
s
u
m
p
t
i
o
n
(
r
,
j
)
*
i
n
s
i
d
e
(
j
)
)

b
u
t
in
fa
ct
th
e
d
is
ti
n
ct
io
n
is
im
p
o
rt
an
t.
T
h
e
la
tt
er
n
ot
at
io
n
co
m
es
cl
os
es
t

to
th
e
w
ay
a
m
o
d
el
le
r
n
or
m
al
ly
co
n
ce
iv
es
th
e
ex
p
re
ss
io
n
.
It
is
al
so
fa
r

m
o
re
ge
n
er
al
a
n
d


ex
ib
le
.
S
u
p
p
os
e
w
e
w
an
te
d
to
k
n
ow
th
e
to
ta
l
re
so
u
rc
e

co
n
su
m
p
ti
o
n
fo
r
ea
ch
p
ro
d
u
ct
.
W
it
h
th
e
a
lg
eb
ra
ic
n
ot
at
io
n
th
is
p
os
es
n
o

p
ro
b
le
m
s
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A
p
p
en
d
ix
D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

I
l
c
M
a
n
a
g
e
r
m
(
I
l
c
N
o
E
d
i
t
)
;

c
o
n
s
t
I
l
c
I
n
t
n
b
P
r
o
d
s
=
3
;

c
o
n
s
t
I
l
c
I
n
t
n
b
R
e
s
o
u
r
c
e
s
=
2
;

I
l
c
F
l
o
a
t
A
r
r
a
y
c
o
n
s
u
m
p
t
i
o
n
[
n
b
R
e
s
o
u
r
c
e
s
]
;

I
l
c
F
l
o
a
t
A
r
r
a
y
d
e
m
a
n
d
;

I
l
c
F
l
o
a
t
A
r
r
a
y
c
a
p
a
c
i
t
y
;

I
l
c
F
l
o
a
t
A
r
r
a
y
i
n
s
i
d
e
C
o
s
t
,
o
u
t
s
i
d
e
C
o
s
t
;

c
o
n
s
u
m
p
t
i
o
n
[
0
]
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
P
r
o
d
s
,
.
5
,
.
4
,
.
3
)
;

c
o
n
s
u
m
p
t
i
o
n
[
1
]
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
P
r
o
d
s
,
.
2
,
.
4
,
.
6
)
;

c
a
p
a
c
i
t
y
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
R
e
s
o
u
r
c
e
s
,
2
0
.
,
4
0
.
)
;

d
e
m
a
n
d
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
P
r
o
d
s
,
1
0
0
.
,
2
0
0
.
,
3
0
0
.
)
;

i
n
s
i
d
e
C
o
s
t
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
P
r
o
d
s
,
.
6
,
.
8
,
.
3
)
;

o
u
t
s
i
d
e
C
o
s
t
=
I
l
c
F
l
o
a
t
A
r
r
a
y
(
m
,
n
b
P
r
o
d
s
,
.
8
,
.
9
,
.
4
)
;

I
l
c
F
l
o
a
t
V
a
r
A
r
r
a
y
i
n
s
i
d
e
(
m
,
n
b
P
r
o
d
s
,
0
,
I
l
c
I
n
f
i
n
i
t
y
)
;

I
l
c
F
l
o
a
t
V
a
r
A
r
r
a
y
o
u
t
s
i
d
e
(
m
,
n
b
P
r
o
d
s
,
0
,
I
l
c
I
n
f
i
n
i
t
y
)
;

I
l
c
S
i
m
p
l
e
x
s
i
m
p
l
e
x
(
m
)
;

f
o
r
(
I
l
c
I
n
t
r
=
0
;
r
<
n
b
R
e
s
o
u
r
c
e
s
;
r
+
+
)

s
i
m
p
l
e
x
.
a
d
d
(

I
l
c
S
c
a
l
P
r
o
d
(
c
o
n
s
u
m
p
t
i
o
n
[
r
]
,
i
n
s
i
d
e
)
<
=
c
a
p
a
c
i
t
y
[
r
]
)
;

f
o
r
(
I
l
c
I
n
t
p
=
0
;
p
<
n
b
P
r
o
d
s
;
p
+
+
)

s
i
m
p
l
e
x
.
a
d
d
(
i
n
s
i
d
e
[
p
]
+
o
u
t
s
i
d
e
[
p
]
=
=
d
e
m
a
n
d
[
p
]
)
;

I
l
c
F
l
o
a
t
V
a
r
c
o
s
t
V
a
r
=

s
i
m
p
l
e
x
.
s
e
t
O
b
j
M
i
n
(
I
l
c
S
c
a
l
P
r
o
d
(
i
n
s
i
d
e
C
o
s
t
,
i
n
s
i
d
e
)
+

I
l
c
S
c
a
l
P
r
o
d
(
o
u
t
s
i
d
e
C
o
s
t
,
o
u
t
s
i
d
e
)
)
;

F
ig
u
re
D
.2
:
A
n
IL
O
G
P
la
n
n
er
fo
rm
u
la
ti
on
of
a
si
m
p
le
p
ro
d
u
ct
io
n
p
la
n
n
in

p
ro
b
le
m
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s
u
m
(
i
,
R
e
s
o
u
r
c
e
s
,
c
o
n
s
u
m
p
t
i
o
n
(
i
,
p
)
*
i
n
s
i
d
e
(
p
)
)
;

w
h
er
ea
s
th
er
e
d
o
es
n
ot
se
em
to
b
e
a
n
y
el
eg
an
t
so
lu
ti
on
u
si
n
g
IL
O
G
P
la
n
n
er
.

It
w
o
u
ld
p
ro
b
ab
ly
in
vo
lv
e
th
e
cr
ea
ti
o
n
of
a
te
m
p
or
ar
y
ar
ra
y
(l
ik
e
in
th
e
L
P
-

to
ol
k
it
ex
am
p
le
)
to
fo
rm
u
la
te
th
is
ex
p
re
ss
io
n
in
IL
O
G
P
la
n
n
er
,
th
er
eb
y

d
es
tr
oy
in
g
th
e
il
lu
si
on
of
a
d
ec
la
ra
ti
v
e
m
o
d
el
fo
rm
u
la
ti
on
co
m
p
le
te
ly
.
(T
h
e

si
tu
at
io
n
is
eq
u
a
ll
y
h
op
el
es
s
if
th
e
fo
rm
u
la
ti
on
o
f
a
re
st
ri
ct
ed
su
m

or
a

n
es
te
d
su
m
is
d
es
ir
ed
.)

A
p
p
a
re
n
tl
y
co
n
st
ra
in
ts
ar
e
n
o
t
n
am
ed
in
IL
O
G
P
la
n
n
er
,
so
th
er
e
se
em
to

b
e
n
o
w
ay
to
re
tr
ie
v
e
th
e
op
ti
m
al
L
ag
ra
n
gi
an
m
u
lt
ip
li
er
s
in
te
rm
s
of
m
o
d
el

en
ti
ti
es
.

D
.5
.3

C
o
n
c
lu
si
o
n
o
f
c
o
m
p
a
ri
so
n
.

B
ot
h
L
P
-t
o
ol
k
it
an
d
IL
O
G

p
la
n
n
er
h
av
e
a
d
is
ti
n
ct
p
ro
ce
d
u
ra
l


av
ou
r,

w
h
ic
h
st
em
s
fr
o
m
th
e
la
ck
of
an
in
d
ex
co
n
tr
ol
le
d
re
p
ea
te
d
su
m
co
n
st
ru
ct
.

T
h
is
om
is
si
on
fa
ci
li
ta
te
s
th
e
im
p
le
m
en
ta
ti
on
of
th
e
li
b
ra
ri
es
en
or
m
ou
sl
y

si
n
ce
th
e
cr
ea
ti
o
n
o
f
ex
p
re
ss
io
n
tr
ee
s
as
d
es
cr
ib
ed
in
th
e
n
ex
t
se
ct
io
n
b
e-

co
m
es
su
p
er


u
ou
s,
b
u
t
it
al
so
co
n
st
it
u
te
s
th
e
d
is
cr
im
in
at
in
g
fa
ct
or
w
h
ic
h

m
ak
es
th
em

m
er
e
m
o
d
el
li
n
g
to
ol
s
as
o
p
p
os
ed
to
a
fu
ll
-

ed
ge
d
al
ge
b
ra
ic

m
o
d
el
li
n
g
la
n
g
u
ag
e
li
k
e
F
L
O
P
C
+
+
.

D
.6

Im
p
le
m
e
n
ta
ti
o
n

A
li
n
ea
r
p
ro
g
ra
m
is
sp
ec
i�
ed
b
y
A
2
R
m
�
n
;b
m
;c
n
;l
n
;u
n

fo
r
so
m
e
m
an
d
n
.

T
h
e
ri
m
d
at
a,
b;
c;
l;
u
,
a
re
ty
p
ic
al
ly
p
a
ss
ed
to
th
e
so
lv
er
as
ar
ra
y
s
of
d
ou
-

b
le
s,
w
h
er
ea
s
th
e
co
eÆ
ci
en
t
m
at
ri
x
A
ty
p
ic
al
ly
is
re
q
u
ir
ed
in
so
m
e
va
ri
an
t

of
co
lu
m
n
co
m
p
re
ss
ed
sp
ar
se
st
or
ag
e
fo
rm
at
b
y
th
e
so
lv
er
.
T
h
is
fo
rm
at
co
n
-

si
st
s
o
f
fo
u
r
a
rr
ay
s:
E
lm
(n
z
d
ou
b
le
s)
,
R
n
r
(n
z
in
te
ge
rs
),
C
st
(n
in
te
ge
rs
)

an
d
C
lg
(n
in
te
g
er
s)
,
w
h
er
e
n
z
is
th
e
to
ta
l
n
u
m
b
er
o
f
n
on
ze
ro
el
em
en
ts
in

A
.
E
lm
an
d
R
n
r
co
n
ta
in
s
th
e
va
lu
e
an
d
ro
w
-n
u
m
b
er
re
sp
ec
ti
ve
ly
o
f
ea
ch

n
on
ze
ro
el
em
en
t.
T
h
e
n
on
ze
ro
el
em
en
ts
o
f
ea
ch
co
lu
m
n
ar
e
st
or
ed
co
n
se
c-

u
ti
v
el
y
in
E
lm
an
d
R
n
r.
C
st
[j
]
st
or
es
th
e
p
os
it
io
n
in
E
lm
an
d
R
n
r
of
th
e

�
rs
t
n
on
ze
ro
el
em
en
t
of
th
e
j'
th
co
lu
m
n
of
A
an
d
C
lg
[j
]
st
or
es
th
e
n
u
m
b
er

of
n
o
n
ze
ro
el
em
en
ts
in
th
e
j'
th
co
lu
m
n
.

18
6

A
p
p
en
d
ix
D
.
F
or
m
u
la
ti
n
g
L
in
ea
r
O
p
ti
m
iz
at
io
n
P
ro
b
le
m
s
in
C
+
+

E
ac
h
co
n
st
ra
in
t
an
d
va
ri
ab
le
of
th
e
al
ge
b
ra
ic
m
o
d
el
d
es
cr
ip
ti
on
co
rr
es
p
on
d

to
a
u
n
iq
u
e
ro
w
or
co
lu
m
n
in
th
e
co
eÆ
ci
en
t
m
at
ri
x
.
T
h
e
m
ai
n
w
or
k
of
th

tr
an
sl
at
io
n
fr
om
al
ge
b
ra
ic
fo
rm
to
m
at
ri
x
fo
rm
co
n
si
st
s
in
ke
ep
in
g
tr
ac
k
o

th
is
co
rr
es
p
on
d
en
ce
.

A
s
th
e
co
n
st
ra
in
ts
an
d
va
ri
ab
le
s
of
a
m
o
d
el
ar
e
d
e�
n
ed
,
th
ei
r
co
rr
es
p
o
n
d
in

ro
w
or
co
lu
m
n
n
u
m
b
er
s
ar
e
as
si
gn
ed
.
T
o
d
o
th
is
th
e
M
P
m
o
d
el
cl
as
s
m
u
s

in
cl
u
d
e
co
u
n
te
rs
fo
r
th
e
n
u
m
b
er
o
f
ro
w
s
an
d
co
lu
m
n
s
d
e�
n
ed
in
th
e
m
o
d
e

so
fa
r.

A
n
ex
am
p
le
of
an
in
d
ex
ed
co
n
st
ra
in
t
d
e�
n
it
io
n
in
F
L
O
P
C
+
+
is

f
o
r
a
l
l
(
i
,
S
)

s
u
p
p
l
y
(
i
)
=
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
c
a
p
a
c
i
t
y
(
i
)
;

T
h
e
f
o
r
a
l
l
co
n
st
ru
ct
is
im
p
le
m
en
te
d
b
y
a
m
ac
ro
w
h
ic
h
ex
p
an
d
s
to
a
fo

lo
op f

o
r
(
i
n
t
i
=
0
;
i
<
S
.
c
a
r
d
i
n
a
l
i
t
y
(
)
;
i
+
+
)

s
u
p
p
l
y
(
i
)
=
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
c
a
p
a
c
i
t
y
(
i
)
;

S
in
ce
al
l
in
d
ic
es
on
th
e
le
ft
h
an
d
si
d
e
m
u
st
b
e
co
n
tr
ol
le
d
b
y
a
fo
r
lo
op
,
ea
c

ti
m
e
a
co
n
st
ra
in
t
d
e�
n
it
io
n
is
re
ac
h
ed
,
th
e
le
ft
h
an
d
si
d
e
re
fe
rs
to
a
sp
ec
i�

si
n
gl
e
co
n
st
ra
in
t
of
th
e
m
o
d
el
to
w
h
ic
h
it
b
el
on
gs
an
d
th
e
co
rr
es
p
o
n
d
in

ro
w
n
u
m
b
er
ca
n
b
e
lo
o
ke
d
u
p
.
T
h
e
co
rr
es
p
on
d
in
g
ro
w
of
A
is
g
iv
en
b
y
th

ex
p
re
ss
io
n

s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
<
=
c
a
p
a
c
i
t
y
(
i
)
;

w
h
ic
h
is
in
�
x
n
ot
at
io
n
fo
r
th
e
fu
n
ct
io
n
ca
ll

o
p
e
r
a
t
o
r
<
=
(
s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
,
c
a
p
a
c
i
t
y
(
i
)
)
;

It
is
th
er
ef
or
e
n
ot
p
o
ss
ib
le
to
im
p
le
m
en
t
th
e
re
p
ea
te
d
su
m

co
n
st
ru
c

s
u
m
(
j
,
D
,
x
(
i
,
j
)
)
b
y
a
m
ac
ro
w
h
ic
h
ex
p
an
d
s
to
a
fo
r
lo
op
.

T
h
e
fu
n
ct
io
n
s
u
m
ta
ke
s
3
ar
gu
m
en
ts
,
a
d
u
m
m
y
in
d
ex
,
an
in
d
ex
se
t
an

a
n
ex
p
re
ss
io
n
(x
(
i
,
j
)
in
th
is
ca
se
).
S
in
ce
th
e
in
d
ex
j
is
n
ot
in
st
an
ti
at
e

in
th
e
ex
p
re
ss
io
n
x
(
i
,
j
)
w
h
en
th
e
fu
n
ct
io
n
is
ca
ll
ed
,
ex
p
re
ss
io
n
s
m
u
s
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b
e
re
p
re
se
n
te
d
b
y
a
p
oi
n
te
r
to
a
n
o
b
je
ct
w
it
h
a
m
et
h
o
d
fo
r
ev
al
u
at
in
g

th
e
ex
p
re
ss
io
n
.
T
o
ev
al
u
a
te
ex
p
re
ss
io
n
s
w
h
ic
h
co
n
ta
in
d
u
m
m
y
in
d
ic
es
,
a

co
n
te
x
t
sp
ec
if
y
in
g
th
e
b
in
d
in
gs
fr
om
d
u
m
m
y
in
d
ic
es
to
se
t
el
em
en
ts
m
u
st
b
e

su
p
p
li
ed
.
T
h
e
ob
je
ct
re
tu
rn
ed
b
y
th
e
s
u
m
fu
n
ct
io
n
m
u
st
it
se
lf
b
e
an
ob
je
ct

re
p
re
se
n
ti
n
g
an
ex
p
re
ss
io
n
.
T
h
e
p
a
rt
ic
u
la
r
ob
je
ct
p
oi
n
te
d
to
b
y
th
e
p
oi
n
te
r

o
f
th
e
re
tu
rn
ed
ob
je
ct
m
u
st
in
cl
u
d
e
a
re
fe
re
n
ce
to
th
e
ru
n
n
in
g
in
d
ex
,
th
e

co
n
tr
o
ll
in
g
se
t
a
n
d
th
e
u
n
d
er
ly
in
g
ex
p
re
ss
io
n
.
T
h
e
ev
al
u
at
io
n
fu
n
ct
io
n
of

th
e
o
b
je
ct
au
gm
en
ts
th
e
co
n
te
x
t
b
y
in
st
an
ti
at
in
g
th
e
ru
n
n
in
g
in
d
ex
b
y
ea
ch

of
th
e
p
o
ss
ib
le
el
em
en
ts
o
f
th
e
co
n
tr
ol
li
n
g
se
t
in
tu
rn
.
T
h
is
is
im
p
le
m
en
te
d

b
y
a
fo
r
lo
o
p
w
h
er
e,
in
ea
ch
it
er
at
io
n
,
th
e
u
n
d
er
ly
in
g
ex
p
re
ss
io
n
is
ev
al
u
at
ed

in
th
e
cu
rr
en
t
co
n
te
x
t
an
d
th
e
re
su
lt
s
ar
e
a
cc
u
m
u
la
te
d
to
gi
ve
th
e
re
su
lt
of

th
e
ev
al
u
a
ti
o
n
of
th
e
su
m
ex
p
re
ss
io
n
.

T
h
e
ar
it
h
m
et
ic
op
er
at
or
s
ar
e
ov
er
lo
ad
ed
to
b
u
il
d
u
p
an
ex
p
re
ss
io
n
tr
ee
si
m
-

il
ar
ly
to
th
e
su
m
fu
n
ct
io
n
.
In
C
+
+
it
is
fo
rb
id
d
en
fo
r
ov
er
lo
ad
ed
op
er
at
or
s

to
ta
ke
p
oi
n
te
rs
as
ar
g
u
m
en
ts
,
th
is
is
w
h
y
th
e
p
o
in
te
rs
to
ex
p
re
ss
io
n
h
av
e

b
ee
n
em
b
ed
d
ed
in
a
cl
as
s
as
d
es
cr
ib
ed
a
b
ov
e.
In
th
is
w
ay
a
co
m
p
le
te
ex
-

p
re
ss
io
n
tr
ee
ca
n
b
e
as
se
m
b
le
d
fo
r
b
ot
h
th
e
ri
g
h
t
a
n
d
le
ft
h
an
d
si
d
es
of
a

co
n
st
ra
in
t,
w
h
ic
h
ar
e
on
ly
ev
al
u
at
ed
b
y
re
q
u
es
t
w
h
en
th
e
en
ti
re
co
n
st
ra
in
t

is
k
n
ow
n
(a
n
d
al
l
in
d
ic
es
ar
e
co
n
tr
ol
le
d
b
y
so
m
e
su
m
ex
p
re
ss
io
n
).

W
h
en
re
q
u
es
te
d
,
a
n
ex
p
re
ss
io
n
in
F
L
O
P
C
+
+
ev
a
lu
at
es
to
a
sp
ar
se
ve
ct
or

co
rr
es
p
on
d
in
g
to
a
(p
ar
ti
al
)
ro
w
of
th
e
L
P
b
ei
n
g
ge
n
er
at
ed
,
th
e
in
d
ex
-1

is
u
se
d
fo
r
th
e
ri
gh
t
h
an
d
si
d
e
el
em
en
t.
S
o
fo
r
ex
am
p
le
th
e
ex
p
re
ss
io
n

c
a
p
a
c
i
t
y
(
i
)
w
it
h
i
in
st
an
ti
a
te
d
ev
a
lu
at
es
to
a
on
e
el
em
en
t
ve
ct
or
w
it
h
it
s

n
on
-z
er
o
el
em
en
t
in
p
o
si
ti
o
n
-1
.
A
n
d
if
b
o
th
i
a
n
d
j
ar
e
in
st
an
ti
at
ed
th
e

ex
p
re
ss
io
n
x
(
i
,
j
)
ev
a
lu
at
es
to
a
v
ec
to
r
w
it
h
th
e
va
lu
e
1
in
th
e
p
os
it
io
n

co
rr
es
p
on
d
in
g
to
th
e
re
fe
re
n
ce
d
va
ri
ab
le
.

B
es
id
es
th
e
ex
p
re
ss
io
n
s
d
es
cr
ib
ed

ab
ov
e
w
h
ic
h

ev
al
u
at
es
to
a
ro
w
,

F
L
O
P
C
+
+

a
ls
o
u
se
s
in
te
g
er
va
lu
ed
ex
p
re
ss
io
n
s
(f
or
in
d
ex
ex
p
re
ss
io
n
s)
,

d
o
u
b
le
va
lu
ed
a
n
d
b
o
ol
ea
n
va
lu
ed
ex
p
re
ss
io
n
s
(f
or
co
n
d
it
io
n
s)
.

T
h
e
in
te
rp
re
ta
ti
on
o
f
ex
p
re
ss
io
n
s
re
p
re
se
n
te
d
b
y
a
b
st
ra
ct
sy
n
ta
x
tr
ee
s
is

a
fr
eq
u
en
tl
y
o
cc
u
rr
in
g
p
at
te
rn
in
ob
je
ct
or
ie
n
te
d
so
ft
w
ar
e
co
n
st
ru
ct
io
n
.
A

d
is
cu
ss
io
n
of
th
is
an
d
o
th
er
p
at
te
rn
s
ca
n
b
e
fo
u
n
d
in
[7
].

N
ot
e
th
a
t
th
e
al
ge
b
ra
ic
m
o
d
el
d
es
cr
ip
ti
on
is
ro
w
or
ie
n
te
d
,
su
ch
th
at
th
e

co
eÆ
ci
en
t
m
at
ri
x
n
a
tu
ra
ll
y
w
il
lb
e
b
u
il
d
u
p
ro
w
w
is
e.
H
ow
ev
er
it
is
a
si
m
p
le

m
a
tt
er
to
co
n
ve
rt
th
e
m
at
ri
x
re
p
re
se
n
ta
ti
o
n
fr
om
ro
w
co
m
p
re
ss
ed
st
or
ag
e

fo
rm
at
to
co
lu
m
n
co
m
p
re
ss
ed
st
or
ag
e
fo
rm
a
t
a
s
re
q
u
ir
ed
b
y
th
e
so
lv
er
.
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A
p
p
en
d
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D
.
F
or
m
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ti
n
g
L
in
ea
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O
p
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P
ro
b
le
m
s
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C
+
+
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D
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In
d
e
x
a
ri
th
m
e
ti
c

In
m
an
y
m
o
d
el
s,
ty
p
ic
al
ly
in
v
ol
v
in
g
a
se
q
u
en
ce
of
ti
m
e
p
er
io
d
s,
th
e
u
se
o

or
d
er
ed
se
ts
an
d
as
so
ci
at
ed
in
d
ex
ar
it
h
m
et
ic
(l
ea
d
s
an
d
la
gs
in
G
A
M
S
)
ar

es
se
n
ti
al
.
In
F
L
O
P
C
+
+
it
is
n
o
p
ro
b
le
m
to
sp
ec
if
y
a
co
n
st
ra
in
t
su
ch
as

f
o
r
a
l
l
(
p
,
P
)

f
o
r
a
l
l
(
t
,
T
)

B
a
l
a
n
c
e
(
p
,
t
)
=

s
t
o
c
k
(
p
,
t
+
1
)
=
=
s
t
o
c
k
(
p
,
t
)
+
p
u
r
c
h
a
s
e
(
p
,
t
)

-
c
o
n
s
u
m
e
d
(
p
,
t
)
;

A
q
u
es
ti
on
ar
is
es
ab
ou
t
h
ow
to
h
an
d
le
th
e
si
tu
at
io
n
w
h
en
an
in
d
ex
ex

p
re
ss
io
n
ta
ke
s
on
a
va
lu
e
ou
ts
id
e
th
e
in
d
ex
se
t
fo
r
w
h
ic
h
th
e
va
ri
ab
le
w
a

d
e�
n
ed
.
W
e
h
av
e
ch
os
en
to
tr
ea
t
th
is
si
tu
at
io
n
si
m
il
ar
ly
to
G
A
M
S
,
th
a

is
,
a
va
ri
ab
le
re
fe
re
n
ce
w
it
h
an
in
d
ex
ou
t
of
b
o
u
n
d
is
tr
ea
te
d
as
ze
ro
.
T
h
i

co
n
ve
n
ti
on
u
su
al
ly
al
lo
w
s
th
e
fo
rm
u
la
ti
on
of
th
e
d
es
ir
ed
b
eh
av
io
u
r
in
a
n
at

u
ra
l
an
d
el
eg
an
t
m
an
n
er
.
H
ow
ev
er
w
e
en
v
is
ag
e
th
at
F
L
O
P
C
+
+
sh
ou
ld
b

re
v
is
ed
to
is
su
e
a
w
a
rn
in
g
ea
ch
ti
m
e
an
o
u
t
of
b
o
u
n
d
in
d
ex
is
tr
ea
te
d
a

ze
ro
.
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C
o
n
d
it
io
n
s

C
on
d
it
io
n
al
co
n
st
ra
in
ts
ca
n
b
e
h
an
d
le
d
d
ir
ec
tl
y
w
it
h
th
e
C
+
+
if
-s
ta
te
m
en

si
n
ce
al
l
re
le
va
n
t
in
d
ic
es
ar
e
in
st
an
ti
at
ed
at
th
e
p
oi
n
t
w
h
er
e
th
e
in
d
iv
id
u
a

co
n
st
ra
in
t
d
e�
n
it
io
n
is
re
ac
h
ed
.
F
o
r
ex
a
m
p
le

f
o
r
a
l
l
(
m
,
M
)

f
o
r
a
l
l
(
i
,
I
)

i
f
(
m
p
o
s
[
m
]
[
i
]
=
=
t
r
u
e
)

m
y
c
o
n
s
t
r
a
i
n
t
(
m
,
i
)
=
s
u
m
(
p
,
P
,
b
(
m
,
p
)
*
z
(
p
,
i
)
)
<
=
k
(
m
,
i
)
;

w
h
er
e
m
p
o
s
is
so
m
e
tw
o-
d
im
en
si
on
al
b
o
ol
ea
n
ar
ra
y.

C
on
d
it
io
n
al
re
p
ea
te
d
su
m
s
ar
e
h
an
d
le
d
b
y
re
st
ri
ct
in
g
th
e
co
n
tr
ol
li
n
g
se

w
it
h
th
e
s
u
c
h
t
h
a
t
m
em
b
er
fu
n
ct
io
n
li
ke
th
is
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m
y
c
o
n
s
t
r
a
i
n
t
(
m
,
i
)
=

s
u
m
(
p
,
P
.
s
u
c
h
_
t
h
a
t
(
p
p
o
s
(
p
,
i
)
=
=
1
)
,
b
(
m
,
p
)
*
z
(
p
,
i
)
)
<
=
k
(
m
,
i
)
;

It
is
al
so
p
o
ss
ib
le
to
u
se
re
la
ti
on
s
b
et
w
ee
n
in
d
ic
es
,
as
in

c
o
n
s
(
j
,
h
)
=

g
a
m
m
a
(
j
,
h
)
<
=
s
u
m
(
k
,
K
.
s
u
c
h
_
t
h
a
t
(
k
>
=
h
+
1
)
,
l
a
m
b
d
a
(
j
,
k
)
)
;

T
h
e
o
p
e
r
a
t
o
r
(
)
of
th
e
cl
as
s
M
P
s
e
t
h
as
b
ee
n
ov
er
lo
ad
ed
to
a
ll
ow
th
e
si
m
-

p
li
�
ed
sy
n
ta
x
K
(
k
>
=
h
+
1
)
fo
r
K
.
s
u
c
h
t
h
a
t
(
k
>
=
h
+
1
)
.
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C
h
a
n
g
in
g
a
tt
ri
b
u
te
s
o
f
v
a
ri
a
b
le
s

B
y
d
ef
au
lt
,
va
ri
a
b
le
s
in
F
L
O
P
C
+
+

a
re
co
n
ti
n
u
ou
s
w
it
h
lo
w
er
b
ou
n
d

eq
u
al
to
ze
ro
a
n
d
u
p
p
er
b
o
u
n
d
eq
u
al
to
in
�
n
it
y.

T
w
o
sp
ec
ia
li
za
ti
on
s

M
P
i
n
t
e
g
e
r
v
a
r
i
a
b
l
e
an
d
M
P
b
i
n
a
r
y
v
a
r
i
a
b
l
e
a
re
p
ro
v
id
ed
fo
r
va
ri
ab
le
s

w
h
ic
h
ar
e
re
q
u
ir
ed
to
ta
k
e
o
n
in
te
ge
r
va
lu
es
.
T
h
e
d
ef
au
lt
u
p
p
er
b
ou
n
d
on

M
P
i
n
t
e
g
e
r
v
a
r
i
a
b
l
e
an
d
M
P
b
i
n
a
r
y
v
a
r
i
a
b
l
e
is
in
�
n
it
y
an
d
1
re
sp
ec
-

ti
v
el
y.

T
o
ch
an
ge
th
e
b
ou
n
d
s
of
va
ri
ab
le
s
th
e
m
em
b
er
fu
n
ct
io
n
s
s
e
t
l
b
an
d
s
e
t
u
b

ar
e
p
ro
v
id
ed
.
B
ou
n
d
s
ca
n
b
e
ch
a
n
ge
d
si
m
u
lt
a
n
eo
u
sl
y
fo
r
an
in
d
ex
ed
co
l-

le
ct
io
n
of
va
ri
ab
le
s
or
fo
r
an
in
d
iv
id
u
al
va
ri
ab
le
.

x
.
s
e
t
_
u
b
(
1
0
0
)
;

x
(
s
e
a
t
t
l
e
,
c
h
i
c
a
g
o
)
.
s
e
t
_
u
b
(
5
0
0
)
;

It
is
al
so
p
o
ss
ib
le
to
ch
an
ge
th
e
ty
p
e
o
f
in
d
iv
id
u
al
va
ri
ab
le
s
fr
om
co
n
ti
n
u
ou
s

to
in
te
ge
r
va
lu
ed
.

x
(
s
e
a
t
t
l
e
,
n
e
w
y
o
r
k
)
.
i
n
t
e
g
e
r
(
)
;

In
th
is
w
ay
it
is
p
o
ss
ib
le
to
u
se
a
n
in
d
ex
ed
va
ri
a
b
le
in
cl
u
d
in
g
b
ot
h
co
n
ti
n
-

u
o
u
s
an
d
in
te
ge
r
va
ri
a
b
le
s;
a
u
se
fu
l
fe
a
tu
re
w
h
ic
h
,
as
fa
r
a
s
I
k
n
ow
,
is
n
ot

in
cl
u
d
ed
in
an
y
tr
ad
it
io
n
al
m
o
d
el
li
n
g
la
n
gu
ag
e.
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T
h
e
d
e
fa
u
lt
m
o
d
e
l

F
or
th
e
o
cc
as
io
n
al
u
se
r
w
h
ic
h
d
o
es
n
ot
n
ee
d
m
u
lt
ip
le
m
o
d
el
s
it
m
ig
h
t
b

cu
m
b
er
so
m
e
to
sp
ec
if
y
th
e
m
o
d
el
w
h
en
va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
ar
e
d
e

cl
ar
ed
.
T
h
er
ef
or
e
F
L
O
P
C
+
+
su
p
p
or
ts
th
e
n
ot
io
n
of
a
d
ef
au
lt
m
o
d
el
t

w
h
ic
h
al
l
d
ec
la
re
d
va
ri
ab
le
s
an
d
co
n
st
ra
in
ts
b
el
on
g,
u
n
le
ss
th
ei
r
m
o
d
el
i

ex
p
li
ci
tl
y
in
cl
u
d
ed
in
th
e
d
ec
la
ra
ti
on
.

D
.8

O
b
je
c
t
o
ri
e
n
te
d
m
o
d
e
ll
in
g

In
an
ob
je
ct
ed
or
ie
n
te
d
p
ro
gr
am
m
in
g
la
n
gu
ag
e,
su
ch
as
C
+
+
,
co
d
e
re
u
s

is
fa
ci
li
ta
te
d
b
y
th
e
cl
as
s
in
h
er
it
an
ce
m
ec
h
an
is
m
.
B
y
u
si
n
g
a
C
+
+
cl
as

li
b
ra
ry
fo
r
m
o
d
el
li
n
g
it
is
p
os
si
b
le
to
en
ca
p
su
la
te
a
m
o
d
el
in
a
cl
as
s.
T
h
i

w
ay
in
st
an
ce
s
of
th
e
m
o
d
el
ca
n
b
e
ge
n
er
at
ed
as
ob
je
ct
s
of
th
e
m
o
d
el
cl
as
s

A
n
ex
te
n
si
on
of
a
m
o
d
el
ca
n
co
n
ve
n
ie
n
tl
y
b
e
re
p
re
se
n
te
d
as
a
cl
as
s
d
er
iv
e

fr
om
th
e
b
as
e
m
o
d
el
cl
as
s.

D
.9

P
o
ss
ib
le
im
p
ro
v
e
m
e
n
ts
a
n
d
e
x
te
n
si
o
n
s

D
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N
o
n
-l
in
e
a
r
m
o
d
e
ls

A
s
th
e
ti
tl
e
su
gg
es
ts
th
is
li
b
ra
ry
is
in
te
n
d
ed
fo
r
li
n
ea
r
m
o
d
el
s
on
ly
.
T
h
is
i

a
m
a
jo
r
li
m
it
at
io
n
co
m
p
ar
ed
w
it
h
m
o
d
el
li
n
g
la
n
gu
ag
es
su
ch
as
G
A
M
S
an

A
M
P
L
.
T
h
er
e
is
n
ot
h
in
g
in
th
e
p
ri
n
ci
p
le
s
b
eh
in
d
F
L
O
P
C
+
w
h
ic
h
p
re
ve
n

th
e
u
se
n
on
-l
in
ea
r
ex
p
re
ss
io
n
s
in
th
e
co
n
st
ra
in
ts
an
d
ob
je
ct
iv
e
fu
n
ct
io
n

H
ow
ev
er
th
e
im
p
le
m
en
ta
ti
on
w
ou
ld
re
q
u
ir
e
to
m
u
ch
w
or
k
to
b
e
co
n
si
d
er
e

in
th
e
co
n
te
x
t
of
th
is
p
ro
je
ct
.
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S
u
p
p
o
rt
fo
r
st
a
n
d
a
rd
m
o
d
e
ll
in
g
tr
ic
k
s

L
in
e
a
ri
z
a
ti
o
n
o
f
th
e
o
b
je
c
t
fu
n
c
ti
o
n

O
ft
en
th
e
fo
rm
u
la
ti
on
o
f
m
at
h
em
at
ic
al
p
ro
gr
am
m
in
g
m
o
d
el
s
in
vo
lv
e
th

u
se
of
id
io
m
s
(s
ta
n
d
ar
d
m
o
d
el
li
n
g
tr
ic
k
s)
.
F
or
ex
am
p
le
it
is
w
el
l
k
n
ow

(s
ee
fo
r
ex
am
p
le
[1
4]
)
h
ow
ce
rt
ai
n
ap
p
ar
en
tl
y
n
on
-l
in
ea
r
ob
je
ct
iv
e
fu
n
ct
io
n
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P
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ca
n
b
e
re
fo
rm
u
la
te
d
as
li
n
ea
r
m
o
d
el
s.
T
h
is
is
th
e
ca
se
fo
r
ex
am
p
le
fo
r
so

ca
ll
ed
m
in
im
ax
o
b
je
ct
iv
es
,
ra
ti
o
ob
je
ct
iv
es
an
d
p
ie
ce
w
is
e
li
n
ea
r
ob
je
ct
iv
es
.

It
w
ou
ld
b
e
u
se
fu
l
fo
r
th
e
m
o
d
el
le
r
to
re
ly
o
n
th
e
u
n
d
er
ly
in
g
so
ft
w
ar
e
fo
r

ca
rr
y
in
g
ou
t
th
es
e
m
o
d
el
re
fo
rm
u
la
ti
o
n
s.
IL
O
G
P
la
n
n
er
,
fo
r
ex
am
p
le
,
h
as

a
co
n
st
ru
ct
w
h
ic
h
al
lo
w
s
p
ie
ce
w
is
e
li
n
ea
r
fu
n
ct
io
n
s
to
b
e
ea
si
ly
ex
p
re
ss
ed
.

A
si
m
il
a
r
co
n
st
ru
ct
is
ex
p
ec
te
d
in
F
L
O
P
C
+
+
so
o
n
.

B
in
a
ry
m
o
d
e
ll
in
g
v
a
ri
a
b
le
s

B
in
ar
y
va
ri
ab
le
s
ar
e
of
te
n
u
se
d
as
m
o
d
el
li
n
g
ar
ti
fa
ct
s
fo
r
ex
p
re
ss
in
g
ce
rt
ai
n

k
in
d
s
o
f
co
n
st
ra
in
ts
.
F
or
ex
am
p
le
w
e
m
ig
h
t
ex
p
re
ss
a
co
n
st
ra
in
t
re
q
u
ir
in
g

th
e
n
u
m
b
er
of
p
la
n
ts
w
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