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Range Minimum Queries and Lowest Common Ancestor

- Range Minimum Queries (RMQ) and Lowest Common Ancestor (LCA)
- RMQ
- Simple solutions
- Better solution
- 2-level solution
- Reduction between RMQ and LCA
- Dynamic RMQ



Range Minimum Queries

- Range minimum query problem. Preprocess array A[1...n] of integers to support
- RMQ(i,j): return the (entry of) minimum element in A[i...J].

o 1 2 3 4 5 6 7 8 9
1 7712 8 2 &5 1 4 8 3

- RMQ(2,5) = 2 (index 4)

- Basic (extreme) solutions
- Linear search:
- Space: O(n). Only keep array (no extra space)
+ Time: O(j-i) = O(n)
- Save all possible answers: Precompute and save all answers in a table.
- Space: O(n?) pairs => O(n?) space
- Time: O(1)



| owest Common Ancestor

- Lowest common ancestor problem. Preprocess rooted tree T with n nodes to support
- LCA(u,v): return the lowest common ancestor of u and v.

Tt

LCA(u,v) = a



| owest Common Ancestor

- Basic (extreme) solutions
- Linear search: Follow paths to root and mark when you visit a node.
- Space: O(n). Only keep tree (no extra space)
- Time: O(depth of tree) = O(n)
- Save all possible answers: Precompute and save all answers in a table.
- Space: O(n2) pairs => O(n2) space
- Time: O(1)



RMQ and LCA

»+ Outline.
- Can solve both RMQ and LCA in linear space and constant time.
- First solution to RMQ
-+ Solution to a special case of RMAQ.
- See that RMQ and LCA are equivalent (can reduce one to the other both ways).



RMQ

Sparse table solution



RMQ: Sparse table solution

Save the result for all intervals of length a power of 2.
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RMQ: Sparse table solution

Save the result for all intervals of length a power of 2.

13

14

15

Space: O(n log n)
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RMQ: Sparse table solution

Save the result for all intervals of length a power of 2.

13

14

15

RMQ(6, 12) = ?

Space: O(n log n)
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RMQ: Sparse table solution

Save the result for all intervals of length a power of 2.

14

15

RMQ(B, 12) = min(RMQ(6,9), RMQ(9,12)) = min(2,4) = 2

Space: O(n log n)
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RMQ: Sparse table solution

 Query:

#

¢ (

- Any interval is the union of two power of 2 intervals.

.k largest number such that 28 < j — i + 1.
- Lookup results for the two intervals and take minimum.
- Time: O(1)
- Space: O(n log n)
- Preprocesing time: O(n log n)

. To compute results for length 2! use results for length 2/~1,



Reducing Space

" Divide A into blocks of size logn

Smtans ammasnanmae nann smans ammanssansas saanannanas snsans

—

logn

- 2-level data structure:
- A data structure on minimums of the blocks
- A data structure for queries inside blocks.



Reducing Space

" Divide A into blocks of size logn

logn

- 2-level data structure:
- A data structure on minimums of the blocks
- A data structure for queries inside blocks.



Reducing Space

" Divide A into blocks of size logn

1
- 2-level data structure:
- A data structure on minimums of the blocks
- A data structure for queries inside blocks.

- RMQ(,j) = min{ RMQ on blocks x toy,
RMQ inside block x-1,
RMQ inside block y+1 }.



Reducing Space: Data Structure on Blocks

X y

-

logn

- Two new arrays.

A/ . block number
* min of block

+ Array A’: minimum from each block

- P: position in A where A'[i] occurs. block number

P » Position of A’[i] in A

FE

- Sparse table data structure on A".

n n
- log ) = 0n).
logn logn

- Space: O(|A’|log|A’|) = 0O <

- Time: O(1)



Reducing Space: Data Structure Inside Blocks

y

X

-

logn

- For each block B:
- Sparse table B: %

- Sparse table data structure on B. —

logn logn

- Space: 0(|B|10g|B|)=0< > = O(logn - loglogn).

. Og
loglogn loglogn
- Time: O(1)

- Total space for all blocks: O < - logn - loglog n) = O(nloglogn) .

logn



Reducing Space: Total Space

y

\ ) L 1

logn

- Sparse table on minimum of blocks: O(n)

- Sparse table on each block: O(n log log n)

- Gives solution using

- Space: O(n loglog n) space. A e T i
- Time: O(1 o) = 0O).
ime: O(1) + O(1) = O(1) VIR B
3 sparse T —
table min{s,,}

lookups



+1RMQ




RMQ: Linear space

- Consider +1RMQ: consecutive entries differ by 1.

- 2-level solution: Combine
+ O(n log n) space, O(1) time
- O(n2) space, O(1) time.

|

- O(n) space, O(1) time.



+1RMQ

- Divide A into blocks of size 5 logn

- 2-level data structure:
- Sparse table on blocks
- Tabulation inside blocks.



+1RMQ

- Divide A into blocks of size 5 logn

- 2-level data structure:
- Sparse table on blocks
- Tabulation inside blocks.

- RMQ(x,y) = min{ RMQ on blocks i to j,
RMQ inside block i-1,
RMQ inside block j+1 }.



+1RBMQ: Data structure inside blocks

- Precompute and save all answers for each block.
- Gives solution using
- Space: O(n) + space for precomputed tables.

. Time: O(1) + O(1) + O() = O().

2 table sparse min{e,e,*}
lookups table

J




+1RMQ: Storing the precomputed tables

- Naively: log? n for each table => n log n space. &

- Observation: If X[i] = Y][i] + ¢ then all RMQ answers are the same for X and Y.
- X=[7,6,5, 86,5, 4]
- Y=[3,2,1,2,1,0]

- Describe block by sequence of +1s and -1s:
- X=Y=-1,-1,+1, -1, -1.

- How many different block descriptions are there?

1
- length of sequence = Elogn -1

1
- #sequences = 27021 <\ /.



+1RBMQ: Data structure inside blocks

- Precompute and save all answers for each normalized block.
- Size of a table: O(log? n)

- For each block save which precomputed table it uses.

- Space: 0(\/n - log?n) + O(n/logn) = O(n)
- Plugging into 2-level solution:

- Space: O(n) + space for precomputed tables = O(n).



| CA and RMQ



RMQ and LCA

- We will show

RMQ > LCA

reduces to

/

If there is a solution to LCA
using s(n) space and t(n) time,
then there is a solution to RMQ
using O(s(n)) space and O(t(n))
time.

> +1RMQ

reduces to

N

If there is a solution to +1RMQ
using s(n) space and t(n) time,
then there is a solution to LCA
using O(s(n)) space and O(t(n))
time.



RMQ to LCA: Cartesian Tree

o 1 2 3 4 5 6 7 8 9

1711218 (2|5 |1]14]|8|3
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RMQ to LCA: Cartesian Tree

o 1 2 3 4 5 6 7 8 9

1711218 (2 | 5|1 14]|8|3

- RMQ(2,5)




RMQ to LCA: Cartesian Tree

o 1 2 3 4 5
11711218 2|5

¥
6 7 8 9
1,483

—

. RMQ(2,5) = LCA(2,5)




LCA to +1RMQ

01 2 3 45 6 7 8 9 101112 13 14 15 16
74041 3 238 3146 4757

01 2 3 45 6 7 8 9 101112 13 14 15 16
o121 2343432121010

01 2 3 45 6 7 8
2 46 511512 0 8

]

E: Euler tour representation. preorder walk, write id of node when met.
- A: depth of node node in EJi].

R: first occurrence in E of node with id i

LCA(, j) = E[RMQA(RI], R[D]-



LCA to +1RMQ

0
e 01 2 3 45 6 7 8 9 101112 13 14 15 16
- E= 74041 3 238 3146 4757
1
e C A 012 3 45 6 7 8 9 101112 13 14 15 16

o121 2343432121010

2
\e R 01234568678
T |2 4 601 158 0 8

4
@

E: Euler tour representation. preorder walk, write id of node when met.
- A: depth of node node in EJi].

R: first occurrence in E of node with id i

LCA(, j) = E[RMQA(RI], R[D]-



LCA to +1RMQ

0
e 01 2 3 45 6 7 8 9 101112 13 14 15 16
- E= 74041 3 238 3146 4757
1
e C A 012 3 45 6 7 8 9 101112 13 14 15 16

0121 2/8 438 4382121010

2
\e R 01234568678
T |2 4 601 158 0 8

4
@

E: Euler tour representation. preorder walk, write id of node when met.
- A: depth of node node in EJi].

R: first occurrence in E of node with id i

LCA(, j) = E[RMQA(RI], R[D]-



LCA to +1RMQ

e 01 2 3 456 7 8 9 10111213 14 15 16
|7 40 41 32 38 31 6 4 7 5 7

e 01 2 3 456 7 8 9 10111213 1415 16
T o1 212843 43 2EB02 1010

2 4 61 155 0 8

’
@
2 2
@ a \e P 0 2 3 4.5 6 7.8
©
4
@

- E: Euler tour representation. preorder walk, write id of node when met.
- A: depth of node node in EJi].

- R: first occurrence in E of node with id i

- LCA(, j) = E[RMQAa(RIi], R[]I



LCA to +1RMQ

01 2 3 45 6 7 8 9 101112 13 14 15 16
e . E: |E|=2n -1
7 4 0 41 3 2 3 8 3 1 6 4 7 5 7

e 01 2 3 45 6 7 8 9 101112 13 14 15 16
c A= |A| = 2n-1
01 21 283 43 43 2mm2 1 0 10

’
Q
2 2
@ a \e B 0 1 23 456 7.8 Rl=n
O

2 4 61 155 0 8

4 4 Space O(n):
e - 3 tables

- +1RMQ data structure on table of length 2n

E: Euler tour representation. preorder walk, write id of node when met.
A: depth of node node in EJi].

R: first occurrence in E of node with id i

LCA(, j) = E[RMQA(RI], R[D]-



RMQ to LCA to +RMQ

0O 1 2 3 4 5 6 7 8 9

117112/ 8|12|5|1,4|8]3

12 3 45 6 7 8 9 101112 13 14 15 16 17 18

12 3 45 6 7 8 9 101112 13 14 15 16 17 18

01 2 3 45 6 7 89

R




RMQ to LCA: Cartesian Tree

0O 1 2 3 4 5 6 7 8 9
117112/ 8|12|5|1,4|8]3

9 10 11 12 13 14 15 16 17 18

01 2 3 45 6 7 89

113(5(4|12]9|0(14|{15(13




RMQ to LCA: Cartesian Tree

0O 1 2 3 4 5 6 7 8 9
117112/ 812 511483

2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18

2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18

01 2 3 45 6 7 89
113/5(4|12]19|0(14|15(13

- RMQ(2,5) = LCA(2,5) = E[RMQAa(R[2], R[5])].



RMQ to LCA: Cartesian Tree

0O 1 2 3 4 5 6 7 8 9
117 (12| 8 51,483

2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18

2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18

01 2 3 45 6 7 89
113/5(4|12]19|0(14|15(13

- RMQ(2,5) = LCA(2,5) = E[RMQAa(R[2], R[5])].



RMQ and LCA

RMQ reducesto LCA reducesto *1 RMQ
If there is a solution to LCA If there is a solution to +1RMQ
using s(n) space and t(n) time, using s(n) space and t(n) time,
then there is a solution to RMQ then there is a solution to LCA
using O(s(n)) space and O(t(n)) using O(s(n)) space and O(t(n))
time. time.

Theorem. RMQ and LCA can be solved in O(n) space and O(1) query time.



