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• Searching. Given a sorted array A and number x, determine if x appears in the array. 

Searching

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50



• Linear search. Check if each entry matches x. 

• Time?

• Challenge. Can we take advantage of the sorted order of the array?

Linear Search

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50



• Binary search. Compare x to middle entry m in A.  

• if A[m] = x return true and stop.

• if A[m] < x continue recursively on the right half.

• if A[m] > x continue recursively on the left half.


• If array size ≤ 0 return false and stop.

Binary Search

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50



• Time?

• Analysis 1. Analogue of recursive peak algorithm.


• A recursive call takes constant time. 

• Each recursive call halves the size of the array. We stop when the size is ≤ 0.  

• ⇒ Running time is O(log n) 

Binary Search

BINARYSEARCH(A,i,j,x)
 if j < i return false  
 m = ⎣(i+j)/2⎦

   if A[m] = x return true  
elseif A[m] < x return BINARYSEARCH(A,m+1,j,x)
else return BINARYSEARCH(A,i,m-1,x)     // A[m] > x  

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50



• Analysis 2. Let T(n) be the running time for binary search.

• Solve the recurrence relation for T(n).

Binary Search

T (n) =

(
T (n/2) + c if n > 1

d otherwise
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• We can search in 

• O(n) time with linear search. 

• O(log n) time with binary search.

Searching
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• Sorting. Given array A[0..n-1] return array B[0..n-1] with same values as A but in 
sorted order.

Sorting

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

33 4 25 28 45 18 7 12 36 1 47 42 50 16 31



• Obvious. 

• Sort list of names, show Google PageRank results, show social media feed in 

chronological order. 

• Non obvious. 


• Data compression, computer graphics, bioinformatics, recommendations 
systems. 


• Easy problem for sorted data.

• Search, find median, find duplicates, find closest pair, find outliers. 

Applications



• Insertion sort. Start with unsorted array A.

• Proceed left-to-right in n rounds. 

• Round i: 


• Subarray A[0..i-1] is sorted.

• Insert A[i] into A[0..i-1] to make A[0..i] sorted. 

Insertion Sort

4 18 25 28 33 45 7 12 36 1 47 42 50 16 31



4 25 5 20 4533



• Time? 

• To insert A[i] we use c·i time for constant c.

• ⟹ total time T(n): 

Insertion Sort

INSERTIONSORT(A, n)
for i = 1 to n-1

j = i
while j > 0 and A[j-1] > A[j]

swap A[j] og A[j-1]
j = j - 1

4 18 25 28 33 45 7 12 36 1 47 42 50 16 31

• Challenge. Can we sort faster?

<latexit sha1_base64="Qs/YFdruiD39mJnwhMOyYx6KIdo="></latexit>
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• Merge sort. 

• Idea. Recursive sorting via merging sorted subarrays. 

Merge sort



• Goal. Combine two sorted arrays into a single sorted array.

• Idea.


• Scan both arrays left-to-right. In each step:

• Insert smallest of the two entries in new array. 

• Move forward in array with smallest entry.

• Repeat until input arrays are exhausted.

Merge

1 12 16 31 36 42 47 50 4 7 18 25 28 33 45 51

1 12 164 7

18 25 28 33 45 5131 36 42 47 50



1 12 16 31 36 42 47 50 4 7 18 25 28 33 45 511 12 16 4 7 18 25 28 33 45 5131 36 42 47 50



• Time. Merging two arrays A1 og A2?

• Each step take O(1) time.

• Each step we move forward in one array.

• ⇒ O(|A1| + |A2|) time. 

Merge

1 12 16 31 36 42 47 50 4 7 18 25 28 33 45 51

1 12 164 7

18 25 28 33 45 5131 36 42 47 50



• Merge sort.

• If |A| ≤ 1, return A. 

• Otherwise: 


• Split A into halves.

• Sort each half recursively.

• Merge the two halves.

Merge Sort

4 7 18 25 28 33 45 51

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50 51

1 12 16 31 36 42 47 50

16 31 1 36 47 50 42 12

16 31 1 36 47 50 42 12 7 4 51 28 45 25 18 33

7 4 51 28 45 25 18 33



4 7 18 25 28 33 45 51

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50 51

1 12 16 31 36 42 47 50

16 31 1 36 47 50 42 12

16 31 1 36 47 50 42 12 7 4 51 28 45 25 18 33

7 4 51 28 45 25 18 33
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• Time?

• Construct recursion tree.

Merge Sort

MERGESORT(A,i,j)
if i < j

m =⎣(i+j)/2⎦ 
MERGESORT(A,i,m)
MERGESORT(A,m+1,j)
MERGE(A, i, m, j)

4 7 18 25 28 33 45 51

1 4 7 12 16 18 25 28 31 33 36 42 45 47 50 51

1 12 16 31 36 42 47 50

16 31 1 36 47 50 42 12

16 31 1 36 47 50 42 12 7 4 51 28 45 25 18 33

7 4 51 28 45 25 18 33
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45 25 18 33
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4 51 28 45 25 18 33



Merge Sort
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T (n) = cn log2 n + dn = O(n log n)
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4

<latexit sha1_base64="UIzV+ZWmEYV8eSQQziyKKud25+k=">AAACFHicbVDLSgMxFM3UV62vUXHlJlgEV2VGKnZZcOOygn1Ap5RMmmlDk8yQZIQS5jfcu9VfcCdu3fsHfobpdBa29cCFwzn3cg8nTBhV2vO+ndLG5tb2Tnm3srd/cHjkHp90VJxKTNo4ZrHshUgRRgVpa6oZ6SWSIB4y0g2nd3O/+0SkorF41LOEDDgaCxpRjLSVhu5ZwJGeqMgEkUTYYJGZepYN3apX83LAdeIXpAoKtIbuTzCKccqJ0Jghpfq+l+iBQVJTzEhWCVJFEoSnaEz6lgrEiRqYPH4GL60yglEs7QgNc/XvhUFcqRkP7WYedtWbi/95/VRHjYGhIkk1EXjxKEoZ1DGcdwFHVBKs2cwShCW1WSGeINuDto0tfcE8lHQ80VnFVuOvFrFOOtc1/6bmPdSrzUZRUhmcgwtwBXxwC5rgHrRAG2BgwAt4BW/Os/PufDifi9WSU9ycgiU4X790op+G</latexit>cn

4

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="+ta9NwiSJDYNPDkcBNOFwwfpC7M=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgqsyIYpcFNy4r2Ad0hpJJM21okhmSjFDC/IZ7t/oL7sSte//AzzCdzsK2HrhwOOde7uFEKaNKe963s7a+sbm1Xdmp7u7tHxy6R8cdlWQSkzZOWCJ7EVKEUUHammpGeqkkiEeMdKPJ3czvPhGpaCIe9TQlIUcjQWOKkbbSwD0NONJjFZsglggbLHLTyPOBW/PqXgG4SvyS1ECJ1sD9CYYJzjgRGjOkVN/3Uh0aJDXFjOTVIFMkRXiCRqRvqUCcqNAU8XN4YZUhjBNpR2hYqH8vDOJKTXlkN4uwy95M/M/rZzpuhIaKNNNE4PmjOGNQJ3DWBRxSSbBmU0sQltRmhXiMbA/aNrbwBfNI0tFY51Vbjb9cxCrpXNX9m7r3cF1rNsqSKuAMnINL4INb0AT3oAXaAAMDXsAreHOenXfnw/mcr6455c0JWIDz9Qt7Ep+K</latexit>cn

8

<latexit sha1_base64="XJH8fCtluCeCGdO5HSBdn5NJf2w=">AAACEHicbVDLSsNAFJ34rPWV6tLNYBFclaQodllw47KCfUAbwmQ6SYfOTMLMRCkhP+Herf6CO3HrH/gHfobTNAvbeuDC4Zx7uYcTJIwq7Tjf1sbm1vbObmWvun9weHRs1056Kk4lJl0cs1gOAqQIo4J0NdWMDBJJEA8Y6QfT27nffyRS0Vg86FlCPI4iQUOKkTaSb9dGHOmJCrMRiyO/CUXu23Wn4RSA68QtSR2U6Pj2z2gc45QToTFDSg1dJ9FehqSmmJG8OkoVSRCeoogMDRWIE+VlRfQcXhhlDMNYmhEaFurfiwxxpWY8MJtF0FVvLv7nDVMdtryMiiTVRODFozBlUMdw3gMcU0mwZjNDEJbUZIV4giTC2rS19AXzQNJoovOqqcZdLWKd9JoN97rh3F/V262ypAo4A+fgErjgBrTBHeiALsDgCbyAV/BmPVvv1of1uVjdsMqbU7AE6+sXPpmdLg==</latexit> lo
g 2

n



• We can sort in 

• O(n2) time with insertion sort.

• O(nlog n) time with merge sort.

Sorting



• Merge sort is example of a divide and conquer algorithm.

• Algorithmic design paradigm.


• Divide. Split problem into subproblems.

• Conquer. Solve subproblems recursively.

• Combine. Combine solution for subproblem to a solution for problem.


• Merge sort.

• Divide. Split array into halves.

• Conquer. Sort each half.

• Combine. Merge halves.

Divide and Conquer



Searching and Sorting

• Searching

• Linear search

• Binary search


• Sorting

• Insertion sort

• Merge sort


