
Technical University of Denmark

Written examination, May 18, 2018.

Course name: Algorithms and Data Structures 1

Course number: 02105

Aids: Written aids. Calculators are not permitted.

Duration: 4 hours.

Weights: Exercise 1 - 24 %, Exercise 2 - 20 %, Exercise 3 - 16 %, Exercise 4 - 15 %, Exercise 5 - 25 %. The weights are
approximate. The grade is based on an overall assessment.

All exercise should be answered by filling out the areas below the description. As your solution to the exam, just hand in
the page and the following pages. If you need more space, you may use extra pieces of paper and hand these in along
with your solution.

Asymptotic bounds should be as tight as possible. Unless otherwise specified, the base of all logarithms is 2 and logk n
means (log n)k.
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1 Complexity

1.1 (6 %) For each statement below, mark whether or not it is correct.

Yes No
2n + 4 · 4 · log4 n+ n4 = Θ(n4)

42
10000 log n+ n

p
4 + 17= O(n3)

log(2n) + log(8 · 2n) + n1/4 = Ω(n2)

84n2 + 1
1000 n3 + 1000n= Θ(n2)

�Æ

n
18 +
p

n 1
18 +
p

18n
�

· n · n1/3 = Θ(n11/6)

1.2 (6 %) Arrange the following functions in increasing order according to asymptotic growth. That is, if the g(n)
immediately follows f (n) in your list, it must hold that f (n) = O(g(n)).

Æ

log n 18 · log(n2) (log n) · n 3n−4 n2 3 · log3 n

Solution:

1.3 (12 %) State the running time for each of the following algorithms. Write your solution in O-notation as a function
of n.

ALG1(n)
i = 1
c = 0
while i ≤ n do

for j = 1 to i do
c = i + j

end for
i = 2 · i

end while

Solution:

ALG2(n)
if n≤ 1 then

return 1
else

return 1+ALG2(n/2)
end if

Solution:

ALG3(n)
c = 0
for i = 1 to d

p
ne do

for j = i to d
p

ne do
c = i + j

end for
end for

Solution:
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2 Data Structures and Algorithms

Consider the following binary search tree T .

8

3

6

11

10

5 7

2

2.1 (4 %) Write the ordering of the vertices from a preorder, postorder, and inorder traversal of T .

PREORDER :

POSTORDER :

INORDER :

2.2 (4 %) Show T after deleting the vertex with key 3.

Solution:
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2.3 (4 %) Consider the following heaps H1 og H2.

42

41

93

23

17 6

42

33

183

37

17 4

H1
<latexit sha1_base64="05vuIlZzEQrnNwPXeJ+Gh9jY8F4=">AAACAXicZVDLSgNBEOyNr5j4iHr0MhgCnsKuB/UY8GCOEc0DkiXMTmY3Q2Zml5lZISw5efaq+AnexKtf4if4F04eSEwKGoqqbrq7goQzbVz328ltbG5t7+R3C8W9/YPD0tFxS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDP1249UaRbLBzNOqC9wJFnICDZWuq/3vX6p7FbdGdA68RakXCvevoFFo1/66Q1ikgoqDeFY667nJsbPsDKMcDop9FJNE0xGOKJdSyUWVPvZ7NQJqlhlgMJY2ZIGzdTliQwLrccisJ0Cm6Fe9abin1dZNokIFIuGZuUAE177GZNJaqgk8/1hypGJ0TQONGCKEsPHlmCimH0BkSFWmBgbWsFm460msU5aF1XPrXp3NqRLmCMPp3AG5+DBFdSgDg1oAoEInuEFXp0n5935cD7nrTlnMXMC/+B8/QKez5gB</latexit><latexit sha1_base64="s2kLatyGhtzotKpG8+25dbAF7nE=">AAACAXicZVDLSsNAFL2pr9r6qLrsZrAUXJXEhbosuLDLivYBbSiTySQdOpmEmYlQQleu3Sp+gjtx69qP8BP8C6cPpLYHLhzOuZd77/ESzpS27W8rt7G5tb2T3y0U9/YPDktHx20Vp5LQFol5LLseVpQzQVuaaU67iaQ48jjteKPrqd95oFKxWNzrcULdCIeCBYxgbaS7xsAZlCp2zZ4BrRNnQSr14s1r+avrNweln74fkzSiQhOOleo5dqLdDEvNCKeTQj9VNMFkhEPaM1TgiCo3m506QVWj+CiIpSmh0UxdnshwpNQ48kxnhPVQrXpT8c+rLpsk8iQLh3rlAB1cuRkTSaqpIPP9QcqRjtE0DuQzSYnmY0Mwkcy8gMgQS0y0Ca1gsnFWk1gn7fOaY9ecWxPSBcyRhzKcwhk4cAl1aEATWkAghCd4hhfr0Xqz3q2PeWvOWsycwD9Yn7/q8Jmd</latexit><latexit sha1_base64="s2kLatyGhtzotKpG8+25dbAF7nE=">AAACAXicZVDLSsNAFL2pr9r6qLrsZrAUXJXEhbosuLDLivYBbSiTySQdOpmEmYlQQleu3Sp+gjtx69qP8BP8C6cPpLYHLhzOuZd77/ESzpS27W8rt7G5tb2T3y0U9/YPDktHx20Vp5LQFol5LLseVpQzQVuaaU67iaQ48jjteKPrqd95oFKxWNzrcULdCIeCBYxgbaS7xsAZlCp2zZ4BrRNnQSr14s1r+avrNweln74fkzSiQhOOleo5dqLdDEvNCKeTQj9VNMFkhEPaM1TgiCo3m506QVWj+CiIpSmh0UxdnshwpNQ48kxnhPVQrXpT8c+rLpsk8iQLh3rlAB1cuRkTSaqpIPP9QcqRjtE0DuQzSYnmY0Mwkcy8gMgQS0y0Ca1gsnFWk1gn7fOaY9ecWxPSBcyRhzKcwhk4cAl1aEATWkAghCd4hhfr0Xqz3q2PeWvOWsycwD9Yn7/q8Jmd</latexit><latexit sha1_base64="kZIqgJO7l43rgSEM2zWYiOf0Uaw=">AAACAXicZVDLSgNBEOz1GeMr6tHLYAh4Crse1GPAS44RzQOSJcxOZpMhM7vLTK8Qlpw8e9Vv8CZe/RI/wb9wkiwSk4KGoqqb7q4gkcKg6347G5tb2zu7hb3i/sHh0XHp5LRl4lQz3mSxjHUnoIZLEfEmCpS8k2hOVSB5Oxjfzfz2E9dGxNEjThLuKzqMRCgYRSs91Ptev1R2q+4cZJ14OSlDjka/9NMbxCxVPEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsjqrjxs/mpU1KxyoCEsbYVIZmryxMZVcZMVGA7FcWRWfVm4p9XWTaZCrQYjnDlAAxv/UxESYo8Yov9YSoJxmQWBxkIzRnKiSWUaWFfIGxENWVoQyvabLzVJNZJ66rquVXv3i3XrvOUCnAOF3AJHtxADerQgCYwGMILvMKb8+y8Ox/O56J1w8lnzuAfnK9f78SW1g==</latexit>

H2
<latexit sha1_base64="rIREnGWoHXE+XJuQ2xiMRgBzVAY=">AAACAXicZVDLSgNBEOz1GRMfUY9eBkPAU9jNQT0GPJhjRPOAZAmzk9nNkJnZZWZWCEtOnr0qfoI38eqX+An+hZMHEpOChqKqm+6uIOFMG9f9djY2t7Z3dnN7+cL+weFR8fikpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywupn67UeqNIvlgxkn1Bc4kixkBBsr3df71X6x5FbcGdA68RakVCvcvoFFo1/86Q1ikgoqDeFY667nJsbPsDKMcDrJ91JNE0xGOKJdSyUWVPvZ7NQJKltlgMJY2ZIGzdTliQwLrccisJ0Cm6Fe9abin1deNokIFIuGZuUAE177GZNJaqgk8/1hypGJ0TQONGCKEsPHlmCimH0BkSFWmBgbWt5m460msU5a1YrnVrw7G9IlzJGDMziHC/DgCmpQhwY0gUAEz/ACr86T8+58OJ/z1g1nMXMK/+B8/QKgapgC</latexit><latexit sha1_base64="tv8XWUhyZNZ9R3XXZP6l8a/tGdc=">AAACAXicZVDLSsNAFJ34rK2PqstugqXgqiRdqMuCC7usaB/QhjKZTNKhM5MwcyOU0JVrt4qf4E7cuvYj/AT/wukDqe2BC4dz7uXee/yEMw2O821tbG5t7+zm9vKF/YPDo+LxSVvHqSK0RWIeq66PNeVM0hYw4LSbKIqFz2nHH11P/c4DVZrF8h7GCfUEjiQLGcFgpLvGoDYolp2qM4O9TtwFKdcLN6+lr27QHBR/+kFMUkElEI617rlOAl6GFTDC6STfTzVNMBnhiPYMlVhQ7WWzUyd2xSiBHcbKlAR7pi5PZFhoPRa+6RQYhnrVm4p/XmXZJMJXLBrCygEQXnkZk0kKVJL5/jDlNsT2NA47YIoS4GNDMFHMvGCTIVaYgAktb7JxV5NYJ+1a1XWq7q0J6QLNkUMldIbOkYsuUR01UBO1EEERekLP6MV6tN6sd+tj3rphLWZO0T9Yn7/si5me</latexit><latexit sha1_base64="tv8XWUhyZNZ9R3XXZP6l8a/tGdc=">AAACAXicZVDLSsNAFJ34rK2PqstugqXgqiRdqMuCC7usaB/QhjKZTNKhM5MwcyOU0JVrt4qf4E7cuvYj/AT/wukDqe2BC4dz7uXee/yEMw2O821tbG5t7+zm9vKF/YPDo+LxSVvHqSK0RWIeq66PNeVM0hYw4LSbKIqFz2nHH11P/c4DVZrF8h7GCfUEjiQLGcFgpLvGoDYolp2qM4O9TtwFKdcLN6+lr27QHBR/+kFMUkElEI617rlOAl6GFTDC6STfTzVNMBnhiPYMlVhQ7WWzUyd2xSiBHcbKlAR7pi5PZFhoPRa+6RQYhnrVm4p/XmXZJMJXLBrCygEQXnkZk0kKVJL5/jDlNsT2NA47YIoS4GNDMFHMvGCTIVaYgAktb7JxV5NYJ+1a1XWq7q0J6QLNkUMldIbOkYsuUR01UBO1EEERekLP6MV6tN6sd+tj3rphLWZO0T9Yn7/si5me</latexit><latexit sha1_base64="pI9kt6RzvPlHdKZNWPM718K9Beg=">AAACAXicZVDLSgNBEJyNrxhfUY9eBkPAU9jNQT0GvOQY0TwgWcLsZHYzZGZ2mekVwpKTZ6/6Dd7Eq1/iJ/gXTpJFYlLQUFR1090VJIIbcN1vp7C1vbO7V9wvHRweHZ+UT886Jk41ZW0ai1j3AmKY4Iq1gYNgvUQzIgPBusHkbu53n5g2PFaPME2YL0mkeMgpASs9NIf1Ybni1twF8CbxclJBOVrD8s9gFNNUMgVUEGP6npuAnxENnAo2Kw1SwxJCJyRifUsVkcz42eLUGa5aZYTDWNtSgBfq6kRGpDFTGdhOSWBs1r25+OdVV00qA82jMawdAOGtn3GVpMAUXe4PU4EhxvM48IhrRkFMLSFUc/sCpmOiCQUbWslm460nsUk69Zrn1rx7t9K4zlMqogt0ia6Qh25QAzVRC7URRRF6Qa/ozXl23p0P53PZWnDymXP0D87XL/Ffltc=</latexit>

Show H1 after an EXTRACT-MAX operation.

Solution:

2.4 (4 %) Show H2 after an INSERT operation with key 35.

Solution:

2.5 (4 %) We want to support the operation MEDIAN() on each of the following data structures. MEDIAN() returns the
�

n
2

�

th largest element in the data structure, where n is the number of elements in the data structure. For instance, if
the data structure consists of the elements {6,32, 18,7, 2}, MEDIAN() should return 7 as the d5/2e= 3rd largest element
among the 5 elements. State for each of the following data structures, the running time for the MEDIAN() operation in
O-notation as a function of n.

Sorted singly-linked list:

Sorted doubly-linked list:

Sorted array:

Min-heap:

Binary search tree:
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3 Graphs

Consider the following graph G.

0 1 2 3

4 5 6 7

8 9 10 11

3.1 (4 %) Show the DFS tree for G when starting in vertex 0 and write the discovery and finish times for each vertex.
Assume that the adjacency lists are sorted in increasing order.

Solution:

0 1 2 3

4 5 6 7

8 9 10 11

3.2 (4 %) Show the BFS tree for G when starting in vertex 0 and write the BFS layer for each vertex. Assume that the
adjacency lists are sorted in increasing order.

Solution:

0 1 2 3

4 5 6 7

8 9 10 11
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3.3 (4 %) Consider the following graph. Show a shortest path tree for the graph starting at vertex 0. Write the length
of the shortest path at each vertex.

0 1 2 3

4 5 6 7

8 9 10 11

5
1

3

7

1

5

5

52
2

10

4
5

1

1 114

18

Solution:

0 1 2 3

4 5 6 7

8 9 10 11

3.4 (4 %) Consider the following graph. Show a minimum spanning tree for the graph. State the total weight of the
tree.

0 1 2 3

4 5 6 7

8 9 10 11

5
1

3

4

3

3

6

47
2

3

4
5

2

3 14

68

Solution:

0 1 2 3

4 5 6 7

8 9 10 11

Total weight:
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4 Trees

This exercise is about rooted binary trees. All binary trees in the following exercises are full binary trees, that is, all
vertices have either 0 or 2 children (such as the tree shown below). For each vertex x we store the fields x .parent, x .left
og x .right, denoting the parent, left child, and right child of x . For the root root, root.parent = null. Additionally, each
vertex stores a color, denoted x .color, which can be either r, b, or p corresponding to red, blue, or purple, respectively.

4.1 (1 %) We color each vertex x in the tree according to the following rules. Recall that a descendant leaf of a vertex
is a descendant that is a leaf.

• If x is leaf it can be either red or blue.

• If x is an internal vertex and all descendant leaves of x are blue then x is blue.

• If x is an internal vertex and all descendant leaves of x are red then x is red.

• If x is an internal vertex and x has a descendant red leaf and a descendant blue leaf, then x is purple.

Consider the tree below with leaves colored blue (marked b) or red (marked r). Color the rest of vertices in the tree
according to the rules, that is, mark each vertex by either r, b, or p directly on the vertices in the tree. Do not use colored
pens or pencils to indicate colors.

Solution:

b r

b b

r r

b
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4.2 (6 %) Assume that each leaf in the tree is colored red or blue. Give a recursive algorithm, COLOR(X), that given
a vertex x colors all internal vertices in the tree rooted at x (according to the above rules) and returns the color of x .
Write your algorithm in pseudocode and analyze the running time of your algorithm as a function of n, where n is the
number of vertices in the tree.

Solution:
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4.3 (8 %) Give a recursive algorithm, PURPLEPATH(x), that returns the length of a longest path of purple vertices
starting at x and ending at a descendant vertex of x . Write your algorithm in pseudocode and analyze the running time
of your algorithm as a function of n, where n is the number of vertices in the tree.

Solution:
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5 Study Progress Reform

Number Name
01 Unstructured Programming
11 Algorithms for Small Data Sets
13 Ethics of For Loops
10 Aesthetics of Differential Equations
22 Distributed Sequential Systems
02 Unstructured Collaborative Programming

Table 1: A set of 6 courses.

A course catalogue consists of a set of C courses and D dependencies. Each dependency is a pair (a, b) of distinct courses
and we say that b depends on a. For example, the set {01,11, 13,10, 22,02} of courses from Table 1, together with the
set {(01,13), (01,02), (01, 11), (11, 10), (10,22), (13,22)} of dependencies, is a course catalogue with 6 courses and 6
dependencies.

5.1 (2 %) Describe how to model a course catalogue as a graph

Solution:

5.2 (1 %) Draw the graph corresponding to the course catalogue in the example.

Solution:
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5.3 (6 %) We now want to study the structure of the course catalogue to optimize student progression. A start course
is any course which does not depend on another course. Give an algorithm that given a course catalogue, prints out all
start courses. Analyze the running time of your algorithm as a function of C and D.

Solution:
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5.4 (6 %) A study plan is a sequence of k ≥ 1 courses c0, . . . , ck−1, such that ci+1 depends on ci for i = 0, . . . , k − 2. A
course catalogue is invalid if any study plan starts and ends at the same course. If a course catalogue is not invalid it is
valid. Give an algorithm, that given a course catalogue determines if the course catalogue is valid or invalid. Analyze the
running time of your algorithm as a function of C and D.

Solution:
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5.5 (6 %) We now associate to each dependency d = (a, b) an overhead, denoted overhead(d), that indicates the
average extra completion time in months for students choosing to take course a and then continue to take course b. The
overhead of a study plan is the sum of the overheads of each dependency in the study plan. Give an algorithm, that given
a valid course catalogue and two courses c1 and c2, computes the fastest study plan between c1 and c2, that is, a study
plan between c1 and c2 with minimal overhead. Analyze the running of your algorithm as a function of C and D.

Solution:
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5.6 (4 %) A course catalogue is excellent if the overhead of every study plan that start in a start course is at most 4
months. Give an algorithm that given a valid course catalogue determines if it is excellent. Analyze the running time of
your algorithm as a function of C and D.

Solution:
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